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Preface

In this monograph we study the initial value problem (Cauchy problem) and the Dirich-
let problem for a class of degenerate diffusions modeled on the equation u, = Au™,
m > 0, u > 0. Our approach to these problems is through the use of local regularity
estimates and Harnack type inequalities, which yield equicontinuity and hence com-
pactness for families of solutions. The theory is quite complete in the slow diffusion
case (porous medium equation) m > 1 and in the super-critical fast diffusion case
me < m < 1, where m¢ = (n — 2)1/n, while problems remain open in the range
m < m,. In this book we have emphasized the techniques used in the proofs of the
results presented, in the hope that they will have a wider scope of applicability beyond
the specific problems discussed here. We have also added, at the end of each chapter,
a section which discusses further results beyond the main focus of the text and open
problems that we find challenging and important.

This book is addressed to both researchers and to graduate students with a good
background in analysis and some previous exposure to partial differential equations.
Both authors have used with success preliminary versions of the manuscript for second
and third year graduate courses in pde.

Acknowledgments. We would like to thank Gustavo Ponce for providing us with the
notes for a course C. K. taught at the University of Chicago. We wish to thank Natasa
Sesum for her diligent reading of the manuscript and many useful comments.

P. D. was partially supported by NSF, the Guggenheim Foundation and the ESPRC
at the Imperial College, London.

C. K. was partially supported by NSF and at IAS by The Von Neumann Fund, The
Weyl Fund, the Oswald Veblen Fund and The Bell Companies Fellowship.
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Introduction

We shall study non-negative solutions u of the nonlinear evolution equations

ou
5=A<p(u) xeR" 0<t<T < +00 (1)
where the nonlinearity ¢ is assumed to be continuous, increasing, with ¢(0) = 0 and
satisfies the growth condition

/
MW U forally s 0 )
@(u)

for some constant a € (0, 1) and the normalization condition ¢(1) = 1. We shall
denote the class of such nonlinearities ¢ by I',.

The growth condition (2) is a natural generalization of the pure power case
¢(u) = u™, which is well known in the literature and arises in a number of physical
problems. When m = 1 it reduces to the linear heat equation. When m > 1 equa-
tion (1) describes the flow of an isotropic gas through a porous medium (the porous
medium equation), cf. [110]. Another application refers to heat radiation in plasmas
[136]. When m < 1, equation (1) arises in the study of fast diffusions, in particular in
models of gas-kinetics [35], [44], in diffusion in plasmas [21], and in thin liquid film
dynamics driven by Van der Waals forces [64], [63]. Also it arises in geometry; the
casem = (n —2)/(n+2), in dimensions n > 3 describes the evolution of a conformal
metric by the Yamabe flow [135] and it is related to the Yamabe problem, the case
m = 0, n = 2 describes the Ricci flow on surfaces [77], [53], [133], and the case
m < 0 in dimension n = 1 describes a plane curve shrinking along the normal vector
with speed depending on the curvature [72], [68]. For a survey on the porous medium
and fast diffusion equations see [111], [127].

The main objective of this book is to present the main results regarding the solv-
ability of the Cauchy problem and the initial Dirichlet problem for equation (1) for a
wide class of nonlinearities ¢. The local regularity theory for equations of the form (1)
will be presented as well. Special emphasis will be given to the various techniques,
which although have been developed to study nonlinear equations of the form (1) may
be applied to other nonlinear parabolic problems.

In the 1940s D. Widder [132] studied the characterization of the class of all non-
negative solutions of the heat equation

]
a—”; = Au in Sy =R" x (0, T. 3)
In this case, the notion of solution is clear: u € LIIOC(ST) and the equation holds in

the distribution sense (weak solution). It follows by classical regularity theorems that
u € C®(Sr).



2 Introduction
The Widder theory can be expressed as follows. Let u be a non-negative weak
solution of the heat equation in the strip S7. Then:

(A.1) The solution u satisfies the growth condition

sup /u(x, 1) eI gy < oo %)
0<t<T)/2

where C is an absolute constant.

(A.2) There exists a non-negative Borel measure ¢ on R” such that
limu(-, 1) =du in D'(R™).
tl0

We shall call the measure u the trace of u. Furthermore, the trace u satisfies
the growth condition

2
/e_c M dp < oo 5)
where C is an absolute constant.

(A.3) The solution u satisfies the pointwise estimate
2
u(x, 1) < Co(u) e

where C is an absolute constant and C;(u) depends on u and ¢.

(A.4) The trace u determines the solution uniquely; if #, v are two non-negative weak
solutions of equation (3) and

limu(-,¢t) =limv(-,¢
tlw u(-,t) tlw v(-, 1)
thenu = v.

(A.5) For each non-negative Borel measure ; on R” satisfying the growth condition
(5) there is a non-negative continuous weak solution u of (3) in Sy, with trace
u, and

C 2
u(x,t) = t"72 /e |x—yl|*/4t du(y)
for an absolute constant C,, depending only on dimension 7.

Let us note that the assumption that the class consists of non-negative solutions is
necessary for the Widder theory to hold true, as there are specific examples of oscillating
solutions with initial data identically equal to zero which do not satisfy condition (4).

The porous medium equation, i.e. (1) = u™, m > 1, in (1) has been studied
extensively and is by now well understood. In fact, by combining the results of Aronson
and Caffarelli [8], Bénilan, Crandall, and Pierre [20] and Dahlberg and Kenig [45] one
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obtains the complete analogue of the Widder theory for this case. Let u be a non-
negative continuous distributional solution of the equation

3
a_”t‘ —Au"™, m>1, (x,1) € Sr. (6)

Then:
(B.1) The spatial averages of the solution u satisfy the growth condition
1

sup sup—_/ u(x,t)dx < oo.
0<t<T R>1 Rn+2/(m=1) |x]<R

(B.2) The initial trace p exists; for any continuous distributional solution u of (1)
there exists a Borel measure u such that

limu(-,t) =du in D'(R")
tl0

and satisfies the growth estimate

1
SUp ————~ / du < oo. 7
R>1 R2/0m=0" [ g

(B.3) The solution u satisfies the pointwise growth estimate
") < Cow) (L+ k) for 1€ (0,T/2)
where C; (1) = Cr (u(0, T))t ™, A =n/Q2+n(m —1))ast | 0.

(B.4) The trace u determines the solution uniquely; if u, v are two non-negative
continuous distributional solutions and

li 1) =1 ot
tlﬁ)lu( ) t%lv( )

then u = v.

(B.5) Forevery measure i on R” satisfying (7) there exists a non-negative continuous
distributional solution of (6) with trace u satisfying (7).

Let us note that the assumption on the continuity of u is not essential, due to the
result of Dahlberg and Kenig in [49] where it is shown that if u € LfgC(Q), u > 0and
du/dt = Au™ in D'(2), then u is continuous.

In order to extend the above results from the porous medium equation ¢ () = u™,
m > 1 to the case of equation (1) we consider the class 4, of nonlinearities ¢, corre-
sponding to slow diffusion, which is defined by the following conditions:

(1) ¢: [0, 00) — R is continuous, strictly increasing with ¢(0) = 0;
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(i1) there exista € (0, 1) such that for any u > 0
/

_ugl 1

pu) ~a

(iii) there exists ug > 0 such that and for any u > ug

IA

(polynomial growth);

- u @' (u)

14+a

(super-linearity);

(iv) ug = 1 and ¢ (1) = 1 (normalization).
The condition (iv) is only technical and imposed to normalize the class §,. Condi-
tions (ii) and (iv) imply the pointwise polynomial growth condition

u’/® <o) <u® for0<u<1

while conditions (iii) and (iv) imply the pointwise super-linear polynomial growth
condition
ulte < ou) < u’? foru > 1.

Itis clear that the porous medium equation ¢ (u) = u™,m > 1, belongsto §,. However,
the super-linear growth on ¢ (u) € 4, is only assumed for large values of u.

The Widder theory in this case can be described as follows: by hypothesis v (1) =
@(u)/u, for u > 1 is an increasing function, so that we may define A (u) = v w).
Thus if u# is a non-negative continuous weak solution of (1) then the following holds:

(C.1) Growth condition (B.1) holds with A (R?) instead of RZ/ (=1,

(C.2) Condition (B.2) holds with A(R?) instead of R%/=1 in the growth estimate
(7) on the initial trace.

(C.3) The pointwise estimate (B.3) holds with ¥ (u) instead of um—t,

(C.4) and (C.5) are similar to (B.4) and (B.5).

Following the ideas in [49] one can remove the assumption on the continuity of u in
the case where ¢ is convex. For general ¢ in the class 4, an analogous result remains
an open problem.

Consider next equation (1) with nonlinearity ¢ which is either a power ¢ () = u™
with (n —2)/n < m < 1 or, more generally, it belongs to the class ¥, corresponding
to super-critical fast diffusion, which is defined by the following conditions:

(1) ¢: [0, 00) — R is continuous, strictly increasing with ¢ (0) = 0;

(i1) there exists a € (0, 1) such that for any u > 0

a<u¢/(u)
T o)

IA

1
— (polynomial growth);
a
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(iii) there exists ug > 0 such that for u > ug

_2 !
n +a<u<p(u)

< 1—a (sublinearity);

n @(u)

(iv) up = 1 and ¢ (1) = 1 (normalization).
Conditions (ii) and (iv) imply the pointwise polynomial growth condition
ul/® < o) <u® for0<u<1

while conditions (iii) and (iv) imply the pointwise sublinear (since 1 — a < 1) and
super-critical (since (n —2)/n +a > (n — 2)/n) polynomial growth condition

n=2 _
un <o) <u'"% foru=>1.

The above growth conditions generalize the fast diffusion equation ¢ (1) = u™, in the
super-critical range of exponents (n — 2)/n < m < 1, which in particular belongs to
the class F,.

It follows by the results of Herrero and Pierre [81], and Dahlberg and Kenig [47]
that in the fast diffusion case no growth conditions need to be imposed on the initial
trace for existence, as described next:

(D.1) For any non-negative continuous distributional solution u of (1), there exists a
unique locally finite Borel measure  on R” such that

lim u(x,t)lﬂ(x)dx:/ Y(x)du(x)
t}0 Jpn Rn

forall € Cj°(R").

(D.2) The trace p determines the solution uniquely: if u, v are two non-negative
continuous distributional solutions and

Iimu(-,t) =limv(-, ¢
tlwu( ) im v(-, 1)
thenu = v.

(D.3) For any locally finite Borel measure  on R” there exists a continuous distri-
butional solution « of (1) in Soo = R” x (0, co) with trace u.

(D.4) For any non-negative continuous distributional solution u of (1) in Sz, there
exists a non-negative continuous distributional solution & of (1) in S with
u=1iin ST.

The super-critical assumption (iii) is essential for the theory described above. In-
deed, in the sub-critical case m < (n — 2)/n the analogues of the above results do
not hold true. In particular, there is no continuous distributional solution of equation
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uy = Au™, m < (n — 2)/n with initial data the Dirac mass. We refer the reader to
Section 3.3 for details.

One particularly interesting case of fast diffusion is the case where ¢(u) = logu,
corresponding to the limiting case of ¢ (1) = u™, when m — 0. It has been shown by
Esteban, Rodriguez and Vazquez in [69], and Daskalopoulos and del Pino in [52] that a
strong non-uniqueness phenomenon takes place in this case. In the critical dimension
n = 2 this phenomenon is related to the topological properties of solutions to the Ricci
flow, corresponding to evolving metrics on compact surfaces, non-compact surfaces
and orbifolds. We refer the reader to Section 3.2 of Chapter 3 for the details on the
solvability and well-posedness of the Cauchy problem for the logarithmic fast diffusion
equation.

A brief outline of the contents of the book is as follows.

In Chapter 1 we shall collect a series of preliminary, yet very important results, con-
cerning continuous distributional solutions of equation (1). These results will be used
throughout the book. We emphasize the a priori L° bounds, the Harnack inequality
for solutions of slow diffusion, and the equicontinuity of solutions.

Chapter 2 deals with the solvability of the Cauchy problem for equation (1) in
the slow diffusion case ¢ € 4,. We shall provide a complete characterization of
non-negative weak solutions of (2.0.1) in terms of their initial condition, showing in
particular the results (B.1)—(B.5) and their extensions (C.1)—(C.5).

The first part of Chapter 3 is devoted to the solvability of the Cauchy problem for
equation (1) in the super-critical fast diffusion case ¢ € ¥,. We shall present a theory
which completely classifies the class of continuous weak solutions of (3.1.1) in terms
of their initial condition, showing in particular (D.1)—(D.4). The second part of this
chapter is devoted to the Cauchy problem for the logarithmic fast diffusion equation
u; = Alogu, in dimensions n > 2. We give special emphasis to the critical case
n = 2, where many interesting phenomena can be observed with important geometric
applications. We show that in this case a strong non-uniqueness phenomenon takes
place and establish the existence a continuum of solutions with a given initial data.
In the last section of this chapter we comment on the solvability and well-posedness
of equation u; = Au™ in the sub-critical case 0 < m < (n — 2)/n as well as in the
super-fast diffusion case m < 0.

In Chapter 4 we study the class of non-negative strong solutions of the initial
Dirichlet problem for equation (1) on D x (0, co0), D C R" open bounded, in the slow
diffusion case ¢ € 4,. We establish the existence of an exceptional solution « with
infinite initial data. We then show that any other strong solution of the initial Dirichlet
problem is uniquely characterized by its initial traces @ and A, namely non-negative
Borel measures that are supported on D and d D respectively. We also study in this
chapter the initial Dirichlet problem for equation (1) in the pure power fast diffusion
case, ¢(u) = u™, in the range (n — 2)1/n <m < 1.

Our last Chapter 5 is devoted to the study of the regularity properties of weak
solutions to the porous medium equation u, = Au’, m > 1. We establish that weak
solutions are continuous.
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The last section in each chapter is devoted to a brief summary of further known
results as well as several open problems related to the theory presented.

Denote by I'; the class of nonlinearities ¢ which satisfy the following conditions:
(1) ¢: [0, 00) — R is a continuous non-negative function with ¢(0) = 0;

(ii) there exist a constant a € (0, 1) such that

/
a < ug () 5(1_1 forall u > 0;
@(u)

(iii)) ¢(1) = 1 (normalization).

For future reference, we close the Introduction with the statement of three results,
proved in following chapters, which will play a fundamental role throughout the book.

The following compactness result due to P. Sacks [118] will be proved in Section 1.5
of Chapter 1, and will be used extensively throughout the book.

Theorem H.1. Let {uy} be a sequence of continuous non-negative distributional solu-
tions of the equation du /0t = A@(u) in R, with ¢ € I',. If {uy} is uniformly bounded
in R, then the uy’s are equicontinuous in S.

In the case that ¢ € 4,, the following stronger result due to DiBenedetto and
Friedman [67] holds: Let u be a non-negative continuous distributional solution of the
equation u; = Ag(u) in a compact domain R C R" x (0, 00), with ¢ € 8,. Then

uGe, ) —u(x', )] < M) {Ix = | + [t = 1]}
for any (x,1), (x', 1) € S CC R, where a = a(a, n) and the constant M is given by
M = sup, [pu(x,1)dx.
In other words, continuous solutions in R are Holder continuous in S. This result

is sharp, i.e. examples show that # need not be more regular than Holder continuous.
To see this consider the Barenblatt self-similar solution of the Cauchy problem

u; = Au™  inR" x RT,
u(x,0)=680) xeR"?,

which has the explicit form

Py 7
B(x,t) =t ¢ [(M —k—) }
).

o= é’ 13 — ;
nm-—1)+2 nm-—1)+2
and M, k specific constants which depend only on m, n. It is clear that for m > 2, the
solution B(x, t) is Holder continuous with exponent o < o (m, n) but not Lipschitz.
We shall use the following weaker version of (C.5) which will be proved in Sec-
tion 1.6 of Chapter 1:

with
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Theorem H.2. Let f € L'(R") be a non-negative function. Then there exists a unique
non-negative continuous distributional solution of the equation (1) in R:’fl such that

sup/u(x,t)dx < / f(x)dx
t>0
and

tim (1) = FOllp1any = 0.
Furthermore if f is radially decreasing so is u( -, t), for each t > 0.

The following uniqueness result due to M. Pierre [113] will be proved in Section 2.4
of Chapter 2:

Theorem H.3. Ifu| and u; are continuous non-negative distributional solutions of the
equation (1) with ¢ € T, such that

SuP/(”l(LU-f—Mz(x,t))dx < 00
t>0

with
ui,uy € L°R" x [1,00)) foreacht >0

and
ltifl(f)l ui(-, 1) = lliin(f)luz(-, 1) in D'(R")

then uy = us.



Chapter 1
Local regularity and approximation theory

We shall collect and prove in this chapter various preliminary results which will be
used throughout the coming chapters. All the results in this chapter will be concerned

with non-negative solutions of equation
M _ Apw) (1.0.1)
— = u 0.
or 7

where the nonlinearity ¢ is assumed to belong to the class I', defined by the following
conditions:

(1) ¢: [0, 00) — R is a continuous non-negative function with ¢(0) = 0;

(ii) there exists a constant a € (0, 1) such that

!
a <" U ol s 0 (1.0.2)
o (u)

(iii)) ¢(1) = 1 (normalization).

For some of the results ¢ will be assumed to belong to the subclass 4§, of [, corre-
sponding to slow diffusion, which is defined by the additional condition:

(iv) for the same constant a € (0, 1), ¢ satisfies the additional growth condition
(super-linearity)
ug'(u)
@(u)

l4+ac<

forallu > 1. (1.0.3)

1.1 Maximum principle and approximation

In this section we shall establish a preliminary version of the maximum principle. This
will be used to prove an approximation procedure which justifies the a priori estimates
in the coming sections.

For xp € R* andr > 0, set B = B,(x9) = {x € R" : |[x — x9| < r}, and for
71 < T2, let Q = B x (11, 72). Denote by 9,0 the parabolic boundary of 0, i.e.
8,0 =00\ (B x {n2)).

We shall consider the following boundary value problem (BVP):

N0
o - A in Q. (1.1.1)

u=g ind, 0,
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where g € C(9, Q) with g > 0 is given.

Definition. A function u(x, t) is said to be a weak solution of (1.1.1) if u > 0,
uecC ([rl, 7] : LI(B)) N L*°(Q) and u satisfies the integral identity

// |:<p(u)An+ua—n:| dxdt
0 dt

19 P
=/ f w(g)a—ndodtwa u(x,rz)n(x,rz)dx—fg(x,n)n(x,n)dx

T] B n B B
(1.1.2)

forany n € Coo(é) vanishing on 9B X [11, 12].

Here d/0n denotes the exterior normal derivative on d B and o denotes the surface
measure on 0 5.

Remarks. 1. The conditionu € C ([, 12] : L'(B)) N L>(Q) guarantees that (1.1.2)
makes sense.

2. It will be proved later (Proposition 1.1.3) that if u is a weak solution on the
cylinder Q then it is also a weak solution on any cylinder Q' C Q with the appropriate
boundary condition.

We have the following comparison principle for weak solutions of (1.1.1).

Theorem 1.1.1 ([12] [45]). Let g1, g2 € C(9,Q) and let uy, us be weak solutions of
the BVP (1.1.1) with boundary values g1 and g respectively. If 0 < g1 < g2 on 9,0,
thenuy; < up in Q.

Proof. Fix s € (11, 1] and consider the cylinder Q(s) = B x [t1, s]. Setb = u; —u»
and consider 7 a non-negative test function, with n = 0 and dn/dn < 0 on 9;Q(s),
where 9; Q(s) = 0B x [11, s] denotes the lateral boundary of Q(s). Using the integral
identity (1.1.2) it follows that

/ b(x,s)n(x,s)dx < // b |:8_n +AA17j| dxdt (1.1.3)
B o) Lot

with A > 0 given by
= Uy 7 uz,
@' (u1) up = uy.

{w

Fix now a function 1 € C{°(B), h > 0. For E € C*®(Q) with E > 0 on Q, let
n = S(E) be the solution of the following (backward) BVP on Q(s):

an/dat+EAn=0 in O(s),
n=0 on 9 Q(s), (1.1.4)
n(x,s) =hx) xe€B.
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By the classical linear theory we have that n € C*°(Q), n > 0in Q(s) and dn/dn < 0
on 0; Q(s). Moreover

1
// E (An)?dxdt < —/ |Vh|*dx. (1.1.5)
0(s) 2/

To prove (1.1.5) we multiply the equation in (1.1.4) by A7 and integrate in Q(s). Thus

0
f/ E (An)zdxdt =— /f An —ndxdt
o(s) 0(s)
8( m
hAhdx—I— n(x T)An(x, t1)dx + o7 dxdt
Q(S)
a(An)
|Vh| dx — |Vn| (x, 1) dx + dxdt
Q(s) dt

5/ |Vh|2dx—/f E (An)%dxdt
B 0(s)
because

// —B(A")d dt = f/nA(EAn)dxdrz —//E(An)zdxdt

since An = 0 on the lateral sides (E Anp = —adn/dt and E > 0).
An approximation argument shows that if we only assume that E satisfies 0 < ¢ <
E < C in Q(s) then there exists n = S(E) with an/dt + E An = 01in Q(s), and

3
/ b(x, $)h(x)dx < // b [—” +A An} dxdt.
B o) Lot

Choose now a sequence ¢ | 0 and define

o) — o)

= ,  Ap = oy + &,
ek + |lur — uz|

and
nk = S(Ap).
Thus we obtain

1 _/ b(x,s)h(x)dx < // [aﬂ + A Ank:| dxdt
0(s)

= // b(A — Ay)Any dxdt
0(s)

and from (1.1.5) it follows that

. 2
(max(1, 0))% < (/f Ag (Ank)2> (// A= 407 dxdt)
0(s) o) Ak
_ 2
< (1/ |Vh|2 dx) (// szdxdt)
2Jp o) Ak

(1.1.6)
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Next, observe that

A-A)’=A—ar—e)? < (A—ap)? +¢f

and
erA
A—op=—
ek + luy — uz|
Hence
(A—ap)?b? g A%D?
Ay T Ag(er + luy — uz))?

el A |b|
T e+ lup — uz|
<& lor) —e(u)| < Ce

since Ay = oy + & > op and uq, up € L°°(Q). Also

81% b? )
—— < gb” < C g.
k

Therefore, letting k — oo in (1.1.6) it follows that
f h(x)b(x,s)dx <0
B

forany h € C3°(B), h > 0. Thus b(x,s) = u1(x,s) — uz(x,s) < 0, finishing the
proof. O

The following approximation result will be used extensively in the sequel.

Corollary 1.1.2. Let g € C(9,Q) be non-negative, and suppose u is a weak solution

of the BVP (1.1.1). Assume also that u is continuous in O and that Gy € C®(R" x R)
have been chosen so that gx = Gila,o are strictly positive, § < gr+1 < gk, and
that g converges to g uniformly. Let ¢ € C™ ([0, 00)), @i belonging to the class
[, defined above such that ox — ¢ uniformly on compact subsets of [0, 00). Let uy,
solve duy /0t = Agr(uy) in Q with uy = g on 8, Q. Then each uy € C>®(Q) and uy
converges to u uniformly on compact subsets of Q.

Proof. Since 0 < infapQ gk = mp < up < My = maxy,og, by the maximum
principle, the existence and regularity of uj follows by combining the classical linear
theory for parabolic equation with the Picard method (see [103]). From Theorem H.1
stated in the introduction (i.e. the equicontinuity result due to P. Sacks [118]) it follows
that there exists w uniform limit of a subsequence of {uy}. Then w is a weak solution
of (1.1.1). Hence, by Theorem 1.1.1, w = u which yields the corollary. O

Proposition 1.1.3 ([8]). Let u be anon-negative continuous solution of du /ot = A (u)
in D'(), @ C R" x R. Then forany Q CC R, u is a weak solution of the BVP (1.1.1)
with boundary value g = uly, .
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Proof. 1t suffices to show that u satisfies the integral identity (1.1.2) in Q. Let Q =
B, x (11, 1) and let n be a COO(Q) function with n = O on 9;Q = 9B, x (11, 12).
For each ¢ € (0,r) and 6 € [0, ¢) let W9 denote the continuous function such that
Wep (x) = Weg(|x|) with

1 forO<p<r—e,

Wes (p) = {0 forp >r —0,

and

AW = x| (1x]"™" Wep) =0 in Brg \ By

One can compute VW,g explicitly as

v —Weg - |;‘n forx € Br—p \ Er—s,
6 = .
¢ otherwise,

where forn > 2
(n—2)(r—0)(r —e)" >
r—6)m—2—(@F—gn2’

Wae =
As a distribution in R"”, AWy is the signed measure
(AWeg)(dx) = Wep {8r—o(Ix]) — 8,—c(|x]) }dw

where dw denotes the surface element on the unit ball in R”, and §;(|x|) denotes
the Dirac measure concentrated at |x| = A. Similar expressions can be derived for
n=1,2.

Let K, be a C* radially symmetric function with support in B, (0), K, > 0 and
[ Kydx = 1. Define

WY (x) = / Ko(x — £) Wi (€)de.

In particular, if v is sufficiently small AW}, is supported in two disjoint annular re-
gions: one containing d B, _. and the other containing d B, _g. A simple approximation
argument (in the time variable) shows that

// [¢(u) AWy +uWly, 8_7] :| dxdt
Q at

=/l;(un\IJ:Q)(x,'cz)dx—L(unwgg)(x,tl)dx.
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When v tends to zero in the above identity we obtain

d
// |:ga(u)\IfegAn +u \Ilgg—n:l dxdt
0 ot

2]
+ 2/ / o) VW - Vdxdt
7] Br—9\Br—¢

©
+Weef {/ w(u)ndd—/ w(u)ndd}dt
Tl 0Br—p dBr_¢

=fB(un‘Ifae)(x,tz)dx—/B(un‘l'ae)(x,n)dx.

Now we let & — 0. Since n = 0 on 0B, X [171, T2] it follows that
an
o)WV 0An + M‘I’sOE dxdt + I, + J,
0

= /B[ (unWeo) (x, 12) — (unWeo)(x, 71) Jdx

where ,
2
I, = 2/ / o)V oVndxdt
71 r—Br—¢

and

1]
Je = _WSO/ / pu)ndo.
T] 0B, _¢

Using polar coordinates we find

T pr 87’
I, = —2W50/ / </ <p(u)—||x|:pdo> dodt.
7 r—e sn—1 on

Observe that limg g Weo = r"~1. Therefore

n—1 2 8;7
lim I, = —=2r"" —|\x|=r dodt.
it =2 [ o do

On the other hand, since n = O for |x| = r, we have

©
Je = WaOf / o (u) {77||x|:r - 77||x\:r—a} dodt
7 sn—1

implying that

n—1 2 877
lim J, =r"" — |ix|=rdodt.
81?3 € r fn /S"—l ou) an ||x\—r o

Letting ¢ | O01in (1.1.7) we obtain the desired identity (1.1.2).

(1.1.7)
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Corollary 1.1.4. Suppose that u is a non-negative continuous solution of du/dt =
Apu) in D'(R2), Q CR" x R. Let ¢ € C*®([0, 00)) N T, and ¢ — ¢ uniformly
on compact subsets of [0, 00). Then for Q CC <2, there are non-negative solutions
up € C*(Q) of dur /ot = Agr(uy) in Q, that converge uniformly to u on compact
subsets of Q.

Proof. The corollary follows easily from Corollary 1.1.2 and Proposition 1.1.3. [

1.2 A priori L*°-bounds for slow diffusion

In this section we shall first deal with smooth, non-negative solutions of du/dt =
A@(u), where ¢ belongs to C*°([0, 00)) N §,. Our aim is to establish pointwise
estimates of u in terms of averages. The proof given here [45] is based on a variant of
the Moser [109] iteration technique.

We shall use the following notation:

0 ={(x,n) eR"™ x| <2, —4 <1 <0},

Q={(X,I)EQ*2IXI<1, —1<t<0},

R=B,0 X(_T?O]’

§ =B, x (=T,0]
withO<r<p, 0<T <.

Theorem 1.2.1. Let u be a smooth non-negative solution of the equation du/dt =
Ap(u) in QF, with ¢ € 8,. Then

0/p
lullpogy < C {1 + // u? dxdt} (1.2.1)

where C, p, 6 are positive constants which depend only on a and n.
To prove Theorem 1.2.1 we need first some preliminary estimates:

Lemma 1.2.2. Let v be a smooth non-negative solution of dv/9t < A (v) in R. Then
fora > & > 0 there is a constant C, = C¢(a, n) such that

/ aCDa(v(x,O))dx—l—//|Vg0ﬂ(v)|2dxdt
r S
<Cllp—-r*+@@-1""} // [0* (v) + & Do (v) ] dxdt  (1.2.2)
R

where

@y (v) =/0 [p(s)]*ds (1.23)
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and 41
o
p="—5—
Proof.: We begin by choosing ¢ € C*®°(R"*!) such that
®» o=y =1

(i) ¥ = 1on S and ¥ = 0 outside R,
(i) [Vy(x, )| <C(p—r)"'and |3,y (x,0)] <C(t—T)"'in R\ S.

By hypothesis, if 7 is a Lipschitz non-negative function supported in R, then
f/;[n 0rv+ Vn - Vo) ldxdt <0.
Taking n = ¥2¢%(v) we obtain
/ /R [¢* 3w+ ag® ' ) [Ve)? ]y dxd

<=2 // ©*(v) Vo(v) - Vi ¥ dxdt.
R

Hence, for any § > 0,
//R [0 v + a2 |VeP )| [y dxdt
<-287" //R 0P () VP (v) Vi  dxdt
58;3“/fR|wﬂ(v)|21/f2dxdz+a—‘ﬁ—1 //szﬂ(v) |V |? dxdt.

Choosing § = «/28 and combining terms we find that

)
// 0% (v) v Y2 dxdt—}—ozﬁ2 // |V(pl3(u)|2 v dxdt
R R

< 207! /f o*P(v) |Vy|? dxdt.
R

Let ®, be as in (1.2.3). Integrating by parts in ¢ and using that

0, Py (v) = at/o [(p(s)]ads = 900{(”) orv

we obtain that
052,3*2 2
[ avaweonviooas + L= [[ 19wl 2 avar
B, R

< 2// 0* (v) |V¢|2dxdt+2f/ o Oy (VY |39 dxdt.
R R
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From the hypotheses on v and using that 8 = "‘—J{l we obtain (1.2.2), whena > ¢ > 0.

O

Corollary 1.2.3. Let v be as in Lemma 1.2.2 and o > ¢ > 0. Then

sup {/ adbo,(v(x,t))dx}—i-//|V(p’3(v)|2dxdt
te[—T,0] B, S

(1.2.4)
<Cllo-N+@-17" /f [0? (v) + & @y (v)] dxdt
R

with ®, given by (1.2.3).

Proof. Pick ty € [0, T) such that

/Cba(v(x,—to))dle sup /Cba(v(x,t))dx.
: 2 1/B,

te[-T,0

Using Lemma 1.2.2 with R replaced by R" = B, x (—t, —19] and S replaced by
S’ = B, x (=T, —ty] we obtain (1.2.4). O

In the proof of Theorem 1.2.1, we shall use the following variant of Sobolev’s
inequality.

Lemma 1.2.4. Let w be a non-negative smooth function defined in R. Let g* =
q/(q—1), g =n/2forn>3,andq =2 forn=1,2. Then fork € (1, q*), we have

p ! // wkdxdt < C {,0” ! /(w2 + p? |Vw|?) dxdt
R R

1/q
sup <p n (w(x, 1))?*=Da dx) }
IG(—T,O) Bp

(1.2.5)

where C depends only on n.

Proof. Since the estimate (1.2.5) is scaling invariant we can assume that p = t = 1.
Using Holder and Sobolev inequalities we have that

/ka(x,t)dx=/ w?(x, Hw* VD (x, 1) dx
B

B

. 1/q* 1/q
< (/ w2 (x, t)dx) (/ wz(k_l)q(x, t)dx)
B B

1/q
<C </ (w? + Ilez)dx> ( sup / w2h=Da t)dx) .
B te(—1,0) 4 By

By integrating in time we obtain (1.2.5). O



18 1 Local regularity and approximation theory

Proposition 1.2.5. For any q > 1 there exists «g > 1 such that if &« > og andu > 1
then

@*PE=D4 () < My, @y (u) (1.2.6)
where L+1 41
k=k@ = TV1 g @
14+ 1/a 2
and |
M, = max <a+a’ —).
a a

Proof. Since ¢ € 4,

1 7 1 ld
/ go(u)duf—/ a for any x € (0, 1]
x o) aly u

Hence, ¢(x) > x!/¢ for x € (0, 1], and

1 1
D, (1) =/ 0% (s)ds 2/ stlags = 2
0 0 oa-+a

Therefore, taking M,, sufficiently large (1.2.6) holds at u = 1.
On the other hand, we have

u di[ My @ () — (p(u))?P =11
u

> o Mau 9% (u) — 2™ B (k — 1)g (p(u)) P4~
> ¢%(u) [aMyu —2a~ "B (k — 1)g] > 0

foru > 1 and M, > a~'. Observe that k = iiwg (hence in particular k > 1 if
o>op>gq)and 28 =« + 1, thus
(@ —¢q)
0<28k—1)g=(@+1 =a—q<a. O
B( )q = ( )((x+l) q

Proof of Theorem 1.2.1. To simplify the notation we set
v=max{u,1} and F = (p— r)*2 + (t — T)*l.
Observe that because of growth condition (1.0.3), ¢ (v) > v, therefore
Do (v) < 09" () < 9" (V). (1.2.7)
Assume now that 0 € S C R C Q*. By Lemma 1.2.4 with w = (¢(v))? we find

/ / o (v)dxdr < C { / f o)+ Vel )| dxdr
S S

1/q
. sup (f <p2ﬂ<k—1>q(v)dx> . (1.2.8)
te(=T,0) B,
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By Proposition 1.2.5 we have @*Pe=Da () < o &, (v), for @ > a9 > 1. Hence by
1.2.3 and the above remarks we obtain the estimate

f / () *P* dxdr
N
1/q
<CF |:// ((go(v))m + o d>a(v)> dxdt:| - sup (/ o @a(v)dx>
R te[=T,0] \J B,
14+1/q
<CF'tVigy <// (p(v)* dxdt)
R

where C = C(n, ap), for o > «y.
Define next the sequence o, o, ... and Bg, B1, . .. inductively by letting og be as
in Proposition 1.2.5, and

(1.2.9)

b= "0 pun =k@py and k(@) = - - ijz (12.10)
with ¢ = n/2, when n > 3 and ¢ = 2 otherwise. Also, define
rv:% and R, ={(x,1) :|x| <r, —r& <t <0}
and
1/28,
M, = ( / / wzﬂ"(v)dxdt) .
It then follows from (1.2.9) that
Mfiulﬂ <C Fvl-i-l/q a, Mgﬂv(1+1/q).
Using (1.2.10) and the estimate F), < C rU2 < Cv*, we conclude that
M1 < [C 8,/ @i FD pr (1.2.11)

with 0, = (1 + 1/q)/k(a).
Sincelimy— 0 k() = 1 4+ 1/q,itfollowsthat EV < «,, < (E*)" for some numbers
1 < E < E* < 00. Thus from (1.2.11) we obtain that
MU+1 = eVVva’

where 0 <y, < C(v+ 1)E™". Observe that 1 < 6, < 1+ C E™", and so it easily
follows that lim,_, oo M, < C Mgo which proves Theorem 1.2.1. O

We shall now give a rescaled version of Theorem 1.2.1. Let O, = B, X (=r2,0].
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Corollary 1.2.6. Let u be a smooth non-negative solution of the equation ou/dt =
Apu) in Qp, with 1/2 < p < 2. Then, forany 1/2 <r < p <2,

1 o/p
lull oo, sc{1+—// updxdt} (12.12)
L>®(Qr) (,O—V)N 0,

where C, p, 0, N are positive constants which depend only on a and n.
We shall now estimate the maximum of a solution in terms of spatial averages.
Lemma 1.2.7. Let u be a smooth non-negative solution of the equation du/dt =

Ap(u), in Q*, with ¢ € 8,. Then

o
”u”LOO(Q) < C {1 + sup / M(X,t)d.X} (1213)
—4<t<0J|x|<2

where the constants C, o depend only on n and a.

Proof. Let S = B, x (=T,0], R = B, x (—7,0] satisfy Q C S C R C Q* and set
v = max{u, 1}. From (1.2.4) and (1.2.5) for k € (1, ¢*) we have that

//gozﬂk(v)dxdt
S
2B(k—1)q 1/q
§C(a)F( / / wzﬁ(v)dxdt>- sup [ / <<p(v)) dx]
R te(—r,0] B,

Asbefore, F= (o —r) 2+ (1 —T)"!, B=(a+1)/2.
Choose « sufficiently large so that v” < @(v)*#¥ forevery k > 1and v > 1, with p
as in Theorem 1.2.1. We shall bound |, o @(v)?P* dxdt in terms of spatial averages,

for Q C Q' C Q*. This combined with Theorem 1.2.1 will imply (1.2.13).
To this end observe first that since ¢ (v) < vM for some M > 1l and all v > 1, if
we pick k € (1, ¢*) so close to one such that

28k — )gM < 1

it follows that
// 0¥ () dxdt < C F 14 // o*f (v) dxdt (1.2.14)
S R

where I = sup;¢(_4,01 /<2 V(x, 1) dx.
Forr € [1/2,2] and s > O we define

L(r) = B, x [—r%, 0]

m(r,s) = // w'dxdt
L(r)

and
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with w = ((p(v))zﬁ. From (1.2.14) it follows that for 1 /2 <r < p <2

m(r, k) <C(p—r) 219 m(p, 1). (1.2.15)
Using Holder’s inequality we have

m(p, 1) < m(p, )" *m(p, )1~/

for any s € (0,1) with 8 = % € (0,1). Fory > landr € [1/2,1], (1.2.15)
shows that

1
logm(2r? k) < —log I +log C + log(2(r — r?)) ™2
q

1-6
s

0
+ ; logm(2r, k) + logm(2, s)
since m(2r, s) < m(2,s). Integrating in r from 3/4 to 1 we find after a change of
variable that

1
d
y_I/ logm(2r, k)—r <Cilogl+ Cylogm(2,s)+ C3
3 r

/4 (1.2.16)

o (! dr
+ - logm2r, k) —.
k 3/4 r

Now we choose s so small that ((p(U))zﬁS <wvforallv > 1, and y so close to 1 such
that y~! > %.

If m(3/2,k) < 1, then Theorem 1.2.1 shows that |[u|  ~ o) < C and the proof is
completed.

Hence, we may assume m(3/2,k) > 1. Thus logm(2r, k) > 0 for r € [3/4, 1],

and from (1.2.16) we obtain

o\ [! d
<y‘1 — E) / logm(3/2, k)—r <Cilogl+ Cylogm(2,s)+ C3
3/4 r

o2
/ / o*Pk(v)ydxdr < C I ( / / <p2f“(v)dxdz>
L(3/2) 0

where C, o1, o» depend only on #n, s, and a. By our choice of s it follows that

/ / P wydxdr <C1°
L(3/2)

which together with Theorem 1.2.1 completes the proof of the lemma. O

which yields

Our final result is an improvement of Lemma 1.2.7 which shows that if the spatial
averages of the solution are small so is its LZ°°-norm.
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Theorem 1.2.8. Suppose that u is a smooth, non-negative solution of the equation
ou/ot = Ap(u) in Q*, with ¢ € 8,. Then there exist constants C, y, o > 0 such that

lull ooy < C{IV + 17} (1.2.17)

where I = SUp_4_, o [, u(x, 1)dx.

x|<2

Proof. If I > gy > 0 then from Lemma 1.2.7 we obtain (1.2.17) with a constant C
dependingongg. If 0 < I < gy < litfollowsfrom (1.2.13)that0 < u < Co = Cy(rp)
in Qp = {(x,1) : |x| < ro, —rg <t <0}, forrg € (1, 2).

Claim. There exists ¢g € (0, 1) such thatif I < gy = go9(rg,r1),then 0 < u < 1in
Or,withl <r; <rp < 2.

The proof of this claim readily follows by combining the equicontinuity result H.1
stated in the Introduction and the assumption on the smallness of the spatial integrals.

Thus we have reduced the problem to the following: If 0 < u < | in Q¥ then
lullpoocoy < C1°.

To prove the last statement we begin by combining Corollary 1.2.3 and Lemma 1.2.4
with w = (¢(u))? and B = (a + 1)/2, we obtain

/ / 0**uydxdt < C F { / / 0% () +ad>a(u)dxdt}
S R

1/q
-+ sup ( f (p(u))*P-Da dx)
[-T.0] \JB,

withk > 1 and S, R, F, 8, ®4 as in the proof of Theorem 1.2.1.
Observe that there exists n = n(a) > 0 such that u > ¢"(u), foru € (0, 1). For
o > 0, define

(1.2.18)

_etn
q(a+1)
where ¢ = n/2 forn > 3,and ¢ = 2 for n = 1, 2. Observe that

k=k(a) =1+

1
lim k(@) =14+ — e (1,¢%), ¢*=—1_
o—00 q q—]

We choose g > 0 such that 1 < k < ¢* for « > «g. From our choice of k and 7,
there exists M > 0 such that for u € [0, 1]

d _
u—{aM o () = (p) 07}
>aMug®u)—C(a+1)k—1g (eu)** =0
since u > ¢(u)". Since ®,(0) = ¢(0) = 0, we conclude that

()P D4 < Ma @y (u).
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On the other hand for u € [0, 1]

Do () < u® ) < o).

Thus from Lemma 1.2.2 and (1.2.18) we find that

1+1/q
/f 0** () dxdt < C (@F)'*/4 (f/ w“(u)dxdt) (1.2.19)
S R

because also ¢2# (1) = ¢*T1(u) < ¢* (), for u € [0, 1].
Arguing in a similar manner to the proof of Theorem 1.2.1 from (1.2.9), it follows

from (1.2.19) that
o/a
”M”LOO(Q) <C ([/ (pa(u) dxdt)
Q*

fora > ap and 0 = o (a, n). Choosing a > «g such that ¢* (1) < u foru € [0, 1] we
finish the proof. O

1.3 Harnack inequality for slow diffusion

In this section we shall consider non-negative solutions of the generalized porous
medium equation du /9t = Ag(u), where ¢ belongs to C*°([0, c0)) N &,, where 4, is
the subclass of I',, corresponding to slow diffusion, defined by the growth conditions
(1.0.2) and (1.0.3). We shall establish a suitable Harnack inequality which controls
the size of the spatial averages in terms of the value of the solution at one point. This
result will be used to prove the existence of an initial trace for non-negative solutions
of the generalized porous medium equation. In the special case of the porous medium
equation ¢ (u) = u™, m > 1, the Harnack estimate was first established by Aronson
and Caffarelli [8]. Their proof used, among other things, the explicit formula of the
solution of the porous medium equations with initial trace the Dirac measure (i.e. the
Barenblatt solution described in the introduction). Ughi [122] extended this result to a
class of nonlinearities that were asymptotically u™, both at u = 0 and at u = oo. The
corresponding result for nonlinearities in the class 4, was established by Dahlberg and
Kenig [45].

For simplicity of the exposition we shall first consider the case of the porous medium
equation and at the end we shall explain how one can extend the result to the general
class of nonlinearities 4.

We shall consider then non-negative solutions of the porous medium equation

ou

— = Au"", 1 1.3.1
” u m > ( )
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on the strip St = R” x (0, T'). We shall study the class P(M) of all non-negative
continuous weak solutions u of (1.3.1) in Soo = R” x [0, 00) such that

sup/ u(x,t)dx < M.

t>0

Our first result is concerned with pointwise estimates in the class P(M).
Lemma 1.3.1. Ifu € P(M) then there exists C = C(m,n, M) > 0 such that
u(x,t) <C fort>1

and
2

/m—1)
u(x, 1) < C (pT) fort € (0, 1)

where

2\ /(m=1)
(p_) — —n/(m=1)+2).
t

Proof. The proof is based on local estimates and rescaling arguments.
If t > 1 consider the interval (¢ — 1, 7). By hypothesis

/ u,v)dé <M
& —x|<1

forany x € Rand any T € (¢t — 1, t). Therefore from Theorem 1.2.1 we can conclude
that u(x,t) < C for any (x,t) € R"” x (1, 00).
For small ¢, if u is a solution of the equation (1.3.1) then so is

2\ 1/(m—1)
v(x,t):M ify:(%) .

Define
pz 1/(m—1)
v, 1) = V71 u(x + p&, tt), wherey = <T)

and p satisfies the equation
21 1/0m=1)
n p
— =1.

" — 1 we then have

Since y ! p~

/n v(E, TdE =y p" /Rnu(y, tt)dy < M.

Hence v € P(M) and v(0, 1) = ”0;”) < C. Thus

02 1/(m—1)
ux,1) <C (T)

as desired. O
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Next we establish the existence of trace in the class P(M).
Lemma 1.3.2. Ifu € P(M) then there exists a positive measure [ such that
(i) [du <M,
(i) u(-,t) > dpin D'R" ast | 0.
Proof. From Lemma 1.3.1 we have
u"Yx,n<cr°

for t € (0, 1) with
nim—1)

T am—1)+2
Let n € Cg°(R") be a test function. Then for0 < 7 < ¢

// An(x)u(x, s)dxds
T JR?

t t
<Cy / /s_"u(x,s) dxds < Cy M f s %ds < Canl—”
T T

€ (0, 1).

/ [u(x,t) —u(x,t)]nx)dx
Rn

(the equality above can be justified by the limit process proved in Section 1.1). Thus

lim, o f u(x,t) n(x)dx exists and the lemma is proved. O
Corollary 1.3.3. Let uj,uy € P(M) have the same trace. Then uy = uy in R" x
(0, 00).

Proof. If follows immediately by combining the H.3 result stated in the Introduction
and Lemma 1.3.1. O

The following compactness result will be used in this section.

Lemma 1.3.4. Suppose that uy € P(M) with trace uy for k = 1,2, ... such that
wr — win D'(R"). Then there exists a unique u € P (M) such that uy — u uniformly
on compact sets and u has trace (.

Proof. By hypothesis and Theorem 1.2.1 it follows that the sequence {u} is uniformly
bounded. Hence it is equicontinuous (by the result H.1 stated in the Introduction).

Let u be the uniform limit on compact sets of some subsequence {uy;} of {u}.
Then u is a continuous non-negative weak solution of the equation (1.3.1). Also, by
Fatou’s Lemma, f u(x,t)dx < M forany t € (0, c0). Moreover since, as in the proof
of Lemma 1.3.2, we have for any n € Cj°(R")

/ lug (x, 1) — ug(x, ) I n(x) dx| < Cy Mt'™°

independently of k, by taking the limit when k; tends to infinity and ¢ tends to zero
we prove that u has trace . Hence, by Corollary 1.3.3 any subsequence of {u;} will
converge to the same limit and the proof is complete. O
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The following result is concerned with the existence of the fundamental solution. In
the case of the porous medium equation (1.3.1) the following result follows immediately
from the explicit form of the fundamental solution (the Barenblatt—Prattle self-similar
solution described in the Introduction). However, we give here an independent proof
of its existence and bound from below which also valid for more general nonlinearities
o(u), with ¢ € 4,.

Lemma 1.3.5. There exists Q € P (1) with initial trace the Dirac mass at the origin 8.
Moreover, there exists T = T (m, n) > 0 such that

000, T) > 1/2. (1.3.2)

Proof. Let { f ,-} C C{°(R") be a sequence of radially decreasing functions such that
[ fi=1,and f; — § in D'(R").

Let us denote by u ; the solution of the porous medium equation in P (1) with data
fj which is radially decreasing. The existence of u; follows from the result stated
in Theorem H.2 in the Introduction. By Lemma 1.3.4 we conclude that there exists
Q € P(1) with initial trace é.

Now we pick n € C°(R") suchthatf n(x)dx = landn(0) = 1. Thenu;(0,T) >
f u;j(x, T)n(x)dx and by the argument in Lemma 1.3.4

‘/ uj(x, T)nx)dx —1| < CT'™®
Rr‘l

which completes the proof. O

Using the estimate (1.3.2) we shall give a preliminary version of our Harnack
inequality.

Theorem 1.3.6. Let u be a non-negative continuous weak solution of equation (1.3.1)
in S = R" x [0, 1]. Then there exists C = C(m, n) > 0 such that

/ u(x,0)dx < C H,, (u(0, 1)) (1.3.3)
|x|<1
where
1 fors € (0, 1),
Hy (s) = { | 1=
K 2 fors > 1.

Proof. We divide the proof in two cases.

Case 1. Assume that the support of u( -, 0) is contained in the ball By = {x : x| < 1}
and that u € P(M) for some M > 0.

We shall use a contradiction argument. If (1.3.3) does not hold, then for each
k=1,2,... there exists uy € P(Mjy) with supp uy(-,0) € Bj such that

I, = / urp(x,0)dx >k Hy,, (ur(0, 1)) .
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Observe that I > k since H,,(-) > 1.
Define ay such that
_ 2 —1
ot,'{l . (O[I%)l/(m D _ L, = ak/(m )’
and v (x, 1) = W (rescaled solution).
Thus o — ocoask — o0, vg isasolutionof(1.3.1)withf vr(x,0)dx = land vy €
P (1) by the result H.2 stated in the Introduction and with supp vy (-, 0) € B/, (0).

Therefore vi(x,0) — § in D'(R") and, by Lemma 1.3.4, vy — Q (fundamental
solution) uniformly on compact sets. Thus

w(0,1) = 0(0, 1) > 0. (1.3.4)
On the other hand since v, (0, 1) = %2’1) then ux (0, 1) — +oc. Finally

Ie > k Hy (0, 1)) = k (uy (0, 1))+

hence
2 24+n(m—1)

o=y " = k0, 1) 5.

Thus o’ "™V > Yk ur (0, 1), with ¢ = (2 + n(m — 1))/2. In other words

- u (0, 1)
k 14 > m = Uk(o, 1)
k

Therefore vg (0, 1) — 0 when k — o0, which contradicts (1.3.4), hence finishing the
proof.
Case 2. General case.

Denote by & a continuous function in R” such that 0 < 4 < 1 with support contained
in B; = {x : |x| < 1}, and consider the BVP

dwpr/dt = Awly inCgr={(x,t): |x| <R, 0<t <R},
wr(x,0) = h(x)u(x,0) for |x| < R, (1.3.5)
wrx,1) =0 for |[x] = Randt € (0, R).

The existence of a solution wg of (1.3.5) will be proved in a following section. The
uniqueness follows by Theorem 1.1.1. In fact, for R < p we have that wg < w, < C
in CR.

Let v be the solution of (1.3.1)in R” x [0, oo) with data & (x)u(x, 0) (this existence
result follows by H.2). Then by Theorem 1.1.1

wr <w, <v inCg withv € P(M).
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By the equicontinuity result H.1 there exists sequence {px} such that w,, — w uni-
formly on compact sets with w € P(M). From Case 1 we have that

/ h(x)u(x,0)dx < C Hy (w(0, 1)) < C Hy, (u(0, 1))
[xl=1

which completes the proof. O
Now we shall rescale the estimate (1.3.3).

Theorem 1.3.7. Letu be anon-negative continuous weak solution of the porous medium
equation (1.3.1)in ST = R" x [0, T]. Then for R > T1/2

R2\ /0n=D
/ u(x,0)dx < C {R” (7) +T"? H,, (u(0, T)) } (1.3.6)
|x|<R

Proof. Define y = (RTZ)I/(m_l) and v(x, 1) = “BETD  Then y is also a solution of
the porous medium equation and by (1.3.3)

R2 1/(m—1)( —1
v(x,0)dx = R"[ — u(x, 0)dx
T
|x|<1 [x|<R

= CHy, (v(0, 1)

R2\ /=D -1
<C {1 + |:R” (-) } T"2 H,, (u(0,T)) } .
r 0

We shall finish this section by explaining how to extend the above to the equation
du/dt = Agp(u) with ¢ € 4,. For the detailed proof of the results we refer to [45].

For ¢ € 4,, ‘”L”) is monotonically increasing on [1, co). Denote by A its inverse.

1/m—1

(i) In Lemma 1.3.1, (%2) must be replaced by A(pTZ).

(ii) In Theorems 1.3.6 and 1.3.7, in the definition of H,,(s) fors > 1, st g must
be replaced by s(@)n/z.

N

(iii) Tn Theorem 13.7, (£2)"/" ™ must be replaced by A (£2).

1.4 Local L°°-bounds for fast diffusion

In this section we shall establish local L°°-bounds for smooth, non-negative solutions
of du/dt = Ap(u), where ¢ belongs to C*([0, 0c0)) N F,. The subclass ¥, of [y,
corresponding to fast diffusion, is defined by the conditions
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(1) ¢: [0, 00) — R is a continuous non-negative function with ¢(0) = 0,
(ii) there exist a € (0, 1) such that for all u > 0

u@' (u) < -1

a < a
@(u)

— ’

(ii1) there exist a € (0, 1) and ug > 0 such that for u > ug

_ /
n 2<u(p(u)§1

“t n = o)

—a, (1.4.1)

(iv) up =1, and (1) = 1.

Here the lower bound in (1.4.1) enters (and of course, it necessarily enters (see [25]
and [81])).

The main result in this section is the following estimate [47] (and [81] for the pure
power case).

Theorem 1.4.1. Let u be a continuous, non-negative weak solution of du /ot = A (u)
in Q* ={(x,t):|x] <2,—4 <t <0}, withp € F,. Let

O={x,t):|x]<1,-1 <t <0}

and define Hy(s) tobe 1 for0 < s < 1, and s [@(s)/s1"/? for s > 1. Then there is a
constant C = C(a, n) > 0 such that

I Hp (W) = C{llull1gr + 1} (1.4.2)
The proof of Theorem 1.4.1 will be based on the following a-priori estimate.

Lemma 1.4.2. Let u be a smooth, non-negative solution of the equation du/dt =
Ag(u)in R = B, x (—p?, 0], where ¢ € F, N C>®([0, 0)). Then,

1 6
el os) < C {1+— // u”dxdt} (14.3)
=S o=~ /e

where C, p, 8, N are positive constants which depend only on a and n and S =
B, x (—=r2,0], 1/2<r<p<?2

The proof of Lemma 1.4.2 is similar to the proof of Corollary 1.2.6 and is left to
the reader.

Proof of Theorem 1.4.1. First note that the lower bound in (1.4.1) implies that H, is
increasing for s > 1. Next, let p be as in Lemma 1.4.2 (and we can also assume
that p > 1). For such a fixed p, we define now Hp ,(s) tobe 1 for 0 < s < 1, and
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sPlo(s)/s]"/? for s > 1. Again, H), , is increasing for s > 1. Let F), ,(s) be the
inverse function to H), ,, defined again for s > 1. We first claim that

u(0,0) < CF,, {// uP(x, 1) dxdt + 1}. (1.4.4)
Q*

In order to establish (1.4.4) we first note that if u is a continuous weak solution of
du/dt = Ag(u) in 2, and for given ¢« > 0,8 > 0,y > 0 we define v(x,?) =
u(ax, Bt)/y,thenvisacontinuous weak solution of dv /3t = A (v) inthe appropriate
', where ¥ (s) = Bo(ys)a 2y~ L. Suppose now that B/a* > 1and ¢ € F,. Let
Gy(y) = y/9(y), which by the right-hand side inequality in (1.4.1) is increasing for
y = 1. Let E,(s) be its inverse function defined for s > 1, and choose y = E,, (B/a?).
Then ¢ (1) = ﬂgo(y)a_zy_l = 1, and it is easy to see that ¢ € F.

Assume now that (1.4.4) fails. We can then find ¢y € ¥,, uy continuous weak
solutions such that

ug(0,0) > k Fp g {// uy (x, t)dx dt + 1} :
Q*

First note that F), o, (1) = 1, and that F), 4, (s) is increasing for s > 1, so that
ur (0, 0) > k. Because of (1.4.3) this forces that

Ik=// u,f(x,t)dxdt—>+oo as k — oo.
Q*

For a4 small (to be chosen momentarily), let

up(ag x,t) 1
i =0 (1)

Vi ©

The vg are continuous weak solutions of dv/dt = Ay (v), Y € F, in QF, by our
previous discussion. In addition

/ /0 v,f(x, 1) dxdt = ;zak*"lk.
x| <2/ J —4 [Eg (1/a)]P

Choose «j so that

1 —-n
—— o, Iy =1,
[Eg (1/a2)r &

or equivalently
_[Eg(1/a))?

I
k /et

This is possible because Egk (s)/s"/? is increasing for s > 1, by the left-hand side
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inequality in (1.4.1), and Iy — + oo. Moreover, oy — 0 as k — oco. But then

1. (0,0) = ur(0,0)

Eg (1/a?)
k

> _ F Iy +1
Eg(1/a2) potle + 1)

> ——— Fp o ()
Ecpk(l/“/%) PPk

_ep a1 1
TPk 1/al Ey (1/a2)
=k

by the definition of F), ,, and E,, . However, this contradicts (1.4.3), by our choice of
o, and thus (1.4.4) is established.

We next note that by using translation and dilation (x, t) — (ax, o?t), (1.4.4) has,
as a consequence,

1
||u||Loc<B,/2x<rz/4,m>ECFp,w{rm / / 2 uP(x,z>dxdr+1} (14.5)
X (=r=,0)

for 0 < r < 2. Finally, using (1.4.5), translations, the dilations (x, ) — (ax, o?t),
and a simple covering argument, one can show

1
w5y < CF —_— P(x,tdxdt + 1 1.4.6
lullLo(s) = p,w{(p_r)nJrz //Ru (x, )dx dt + } (1.4.6)

where S = B, x (—r2,0], R = B, x (—,02,0], 12<r<p<?2.

To conclude the proof of the theorem, we use an argument which originates in the
work of Hardy and Littlewood (see [70]), and which was first used in the context of
the porous medium equation in [45].

We shall first show that

lulleogy < Clllulli g + 117, (1.4.7)

where 0 = o (a, n). Once (1.4.7) is established, the theorem will follow by repeating
the argument that we used to establish (1.4.6), with p = 1, and using (1.4.7) instead
of (1.4.3).

In order to establish (1.4.7) we need to point out two properties of F, ,. First,
Fp o(As) < CA% Fp 4(s), for A > 1,5 > 1. This is an easy consequence of (1.4.1).
Another easy consequence of (1.4.1) is that Fp#,(sp_]) < Cs'=¢, for s > 1, where
e =¢(a,n).
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Now, for 1/2 <r < 1, let

Sy = By, x (—4r%,0]

m(r) = |ullpee(s,)

1 =// u(x, t)dx dt

J = max{[, 1}.
We want to show that
m(1/2) < {I +1}°. (1.4.8)

If there exists r, 1/2 < r < 1 such that m(r) < 1, we are done, and hence, we can
assume that m(r) > 1 forallr, 1/2 <r < 1. Picknow 1/2 < r < p < 1. Then
(1.4.6) implies that

m(r) < CFP’(p{(V—]W//S up(x,t)dxdt—l—l}
J

m(p)ﬁ‘}

=Cris G

J o
Aepmm] vmor

J 7 1—¢
{g=ap) mo'

Choose now y,0 < y < lsothat® = (1 —¢)/y < 1, and let p = r?. Taking
logarithms, we see that

IA

IA

logm(r) < ClogJ + Clog (1 —¢&)logm@?).

1
") "
Integrating with respect to the measure dr/r, between 1/2 and 1, we obtain

1 dr 1 dr
/ 10gm(r)—§C10gJ—|—C+9/ logm(r) —
1/2 r 1/2v r
1 dr
fClogJ—l—C—l—@/ logm(r) —.

1/2 r

The inequality (1.4.8) immediately follows from this, and our theorem is established.
0

Remark. In the case when ¢(#) = u™,0 < m < 1, the technique of the proof of
Theorem 1.4.1 allows one to show

m
lullzoeco) = Cq{ </f uq) + 1}, (1.4.9)
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for each ¢ such that ¢ — (1 — m)n/2 > 0. Note that ¢ = 1 is allowed precisely when
m > (n — 2)/n, giving another explanation of the result in [25]. Moreover, at least in
the range m > (n — 2)/n, an inequality of the form

o
lull (o) < {// uq+1}
Q*

can only hold if ¢ — (1 — m)n/2 > 0, as can be seen by considering the Barenblatt
solutions ([7], [17], [25], [81])

Uy(x,t) = tiﬂ{a + 2my71|x|2t72’3/"}_s,

_ 1 -2 _
wherea>0,s_m,y_1_m

n, B! =m—1—|—%.
By rescaling we obtain the following general L*°- estimate from (1.4.2).

Theorem 1.4.3. Let u be a weak solution of equation du /ot = A@(u)in B4g x (0, T),
continuous in Bag x [0, T, with ¢ € F,. Suppose that T/R2 > 1. Then

H,(u( T))<C{ ! / (x,0)d +E<T><T>n/2} (1.4.10)
su u(x, < —— u(x, 0)dx — )| = . (1.4.
|x|<pR ¢ T2 ) ¢ <ar '\ R2 R?

1.5 Equicontinuity of solutions

In this section we shall prove the equicontinuity result H.1 stated in the introduction due
to P. E. Sacks [118]. More precisely we shall show that if {u;} is a uniformly bounded
sequence of continuous weak solutions of the equation du/d¢t = Ag(u) in a compact
domain R of R” x (0, T'), then {uy } is equicontinuous in any compact domain § CC R.
Consider weak solutions of the equation
Ju .
= Apm) in Qr =Qx(0,7). (1.5.1)

I we can write (1.5.1) as

0p (u)
ot

The equicontinuity property is a consequence of the following theorem which con-
stitutes the basic result in this section.

Theorem 1.5.1. Letu € C*(Q7) be a solution of (1.5.2) with § € C*(R), (0) = 0,
0 <pB < ooand

Denoting 8 = ¢~

= Au inQr =Qx(0,T). (1.5.2)

0<p1(®) < B'(s) < (8 forls|=8>0. (1.5.3)

Let Cy be a bound for ||ull g g,y and [|Bu) | poo(opy. Then, for any Q CC Qr, the
modulus of continuity of u in Q depends only on C1, w1, i1, n, and dist(Q; 0,07).



34 1 Local regularity and approximation theory

Notation and Remarks. Without loss of generality we can assume that 1 and [i] are
monotone increasing and decreasing respectively. We shall use the following notation:
Qxoi)(R) = {(x. 1) : |x = xol < R, 1o — R* <t < 1o},

Q(R) = Q,0(R) and Q= Q(),
V2(Qr) = L®((0, T) : L*(2)) N L*((0, T) : Hy ().

Recall the 5
Sobolev Embedding Theorem. For u € Vo (Qr), we have

" < o 1.54
IIMIILz( 12 oS Co [lull (1.5.4)

Va(0r)

We shall first present a simpler proof of this result, due to Bouillet, Caffarelli and
Fabes [26], in the special case where the nonlinearity § satisfies, in addition to (1.5.3),
the growth condition:

B(s)>n>0, s>0 (1.5.5)

together with the assumption §(0) = 0. This is the case of the porous medium equation,
where B(u) = ul/M m > 1. We shall show the following:

Theorem 1.5.2. Letu € C*°(Q), 0 < u < 1 be a solution of equation (1.5.2) in Q
with B satisfying (1.5.5) and B(0) = 0. Then

lu(x, 1) —u(0,0)] < o (x|, |z]), (1.5.6)
where o is a modulus of continuity depending only on 8(1), n and the dimension n.

We shall present the proof due to Bouillet, Caffarelli and Fabes. It is based upon
two basic lemmas. The first uses the ideas of De Giorgi:

Lemma 1.5.3. Under the hypotheses of Theorem 1.5.2, there exists a constant [,
depending only on B(1), n and the dimension n, such that if

[0 N{u <1/2}| > p, (1.5.7)

then 3
sup u < - (1.5.8)

oy 4

Proof. Throughout this lemma, C will denote various constants which depend only on
B(1), n and the dimension n. For k > 1, let uy = (u —3/4 + 1/2¥* 1)+, Using energy
estimates we shall show that

// uzdxdt — 0 ask — oo,
0(1/2)

provided that the measure of the set Q N {u < 1/2} is sufficiently close to one.



1.5 Equicontinuity of solutions 35

Let ¢ (x, t) be asmooth test function,0 < ¢ < 1,{ = Oneard, Q(r) andlet K > 0.
Multiplying (1.5.2) by (u — K)Jrg’2 and integrating over B, (0) x (—r2, 1), for some
TE (—rz, 0), we obtain

T T
/ /ﬂ’(u)(u — K)tu, 2 dxde = —/ /VMV((M — K)Ye?) dxde
2 2
which in combination with Holder’s inequality gives the estimate

f /ﬂ’(u)(u — K)Tu; L2 dx dt +%/ /lV(u —K) 1?2 dxde
—r2 2

T
< c/ /(u — K)t2|ve |2 dx dr.
2

In order to transform the first term on the left hand side of the previous estimate, we
define

(1.5.9)

B(u) = /u B'(s +k)sds,
0

so that 3B(( — K))
T = /3/(”) (u— K)+ Ug.
Note that for 0 < u < 1, we have
Ju = B) Supw) < p(hyu.
Hence

f((u KO e dx + f:/IV(u — Kt ePdad

T
scf  [a-02veP + w- k) igldrar.
—r2
Taking the supremum of the left side over T € (—r2, 0] we obtain the estimate

sup / (= K)T 0 limr dx + f / V(= K)P ¢ dx di
re(—r2,0] Q(r)

(1.5.10)
<C // (u—K)YP\Ve)? + (u— K)F|¢ | dx dt.
o)

On the other hand the proof of the variant of Sobolev’s inequality (1.2.5) in Lemma 1.2.4
applied to k = (n 4+ 2)/n, g = n/2 gives us the estimate

// (u— K)te) "™ dxdt
Q(r)

<C {// IV —K) ¢+ (u— K)“ﬁdxdr} (1.5.11)
o(r)

1/q
- sup ( / (= K)T0) |y dx) :
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Combining (1.5.10) and (1.5.11) we conclude that for p = 2(n 4 2)/n we obtain

2/p
<// ((u — K)+§)pdxdt)
o(r)

(1.5.12)
<C /f (u—K)P\VeP? + (u— K)H¢g | dxdt.
o(r)

Fork > 1,setry = 1/2 + 1/2" and Oy = Q(ry). Choose ¢ to be smooth in
Ok = O(rr), & = Onear 0,0, 0 < & < 1, & = 1 on Q1. Moreover, ¢ can be
chosen to satisfy the bounds

IVEe)? + (¢ ] < CF

for some constant C > 1. Setting uy = (u — K)*, with K = 3/4 — 1/2**! and
applying (1.5.12), we obtain

2/p
< / (url)? dxdt) <ck / (u? + uy) dxdt
Ok Ok

from which we conclude that

2/p
(// u,’jdxdz) §Ck/ (uf + uy) dxdt (1.5.13)
Qk+1 Ok
for all &.

We shall use (1.5.13) to show that

14+¢/2
// g < CF :// (ui + uk)} : (1.5.14)
Ok+2 Qkt1

We begin by observing that by Holder’s inequality

2/p
f/ ui+15(// uf+|) Ntk > 0} N Qua|P72/P. (1.5.15)
Ok+2 Ok+2

Since

Hugs1 > 0} N Qrpal < |{ur > 17242} 0 Q| < C4kf uj  (1.5.16)

Ok+1

combining (1.5.13), (1.5.15) and (1.5.16), we obtain

I+
// gy < C* (// (u,%+uk)dxdt) : (1.5.17)
Qk+2 Ok+1
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withe = (p —2)/p =2/(n + 2). Also, since uy > 1/272 when uj1 > 0, we have

// Uyl < // i1 (w2
Ok+2 Ok+2
1/2 172
< (ff,,.2) (/] )
Ok+2 O 1Nug>1/2k+2}

and therefore from (1.5.17) we conclude (1.5.14).
Setting now ax = [/, | (u? + ug), (1.5.17) and (1.5.14) imply that

1+¢/2
Qi1 < Ck Olk+8/ .
Hence,
lim o =0,
k— o0
provided that

e [l d), oo 2w

is sufficiently small, depending only on 8(1), n and the dimension n. This readily
implies that limg_, o, oy = 0 provided that the measure of the set Q N {u < 1/2}1is
sufficiently close to one showing the desired result. O

The next lemma is due to Bouillet, Caffarelli and Fabes [26].

Lemma 1.5.4. There exist positive numbers N = N(B(1),n) and § = 5(B(1), n),
depending only on B(1), n and also on the dimension n, such that if 0 < u < lisa
smooth solution of (1.5.2) on the cylinder Qn = {|x| < 6} x(—N, 0), with B satisfying
the assumptions of Theorem 1.5.2, then

inf u(x,0)>68§ or sup u(x,0)<1-34. (1.5.18)

lxl=<1/4 lx|<1/4
Proof. For j =0,1,...,N —1,set Q11 ;j = {lx| < 1} x (=(j + 1), —j). Since the
functipn u solves (1.5.2), the function v = 1 — u solves the equation (,é(v))t = Av,
with 8(v) = B(1) — B(1 —v) still satisfying the hypotheses of Lemma 1.5.3. Therefore,

if for some j
Q)41 N1 —u < 1/2)| = . (15.19)

with @ as in Lemma 1.5.3, it follows from this lemma that
1 < 3 1 . 1 .
—u_Z 0n{|x|<§}x(—]—z,—J).

In particular, we shall then have u(x, —j) > 1/4, for |x| < 1/2. We shall show that in
this case
u(x,0)>8 forlx| <1, (1.5.20)
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for an appropriate positive constant §, depending only on 7 and the dimension . Indeed,
let ¢ solve

1
—Ap =A@ in|x| =< > (1.5.21)

with¢ = Oat |x| = 1/2, where A1 > 0 denotes the principal eigenvalue of —A. Since,
B’ (1) > n, it is easy to check that for alla > 0

w(x, 1) = ae M MNP (x)

satisfies

— A <0.
Fap T E
Hence, if « is chosen sufficiently small, depending only on dimension # and 7, so that
) 1
M(.x, _J) 2 Z 2 a¢(-x) = w(-x7 0)3
we can deduce from the maximum principle on {|x| < 1/2} x (—J, 0), that

1
u(x,0) > wlx, j) forlx| < X

Since w(x, j) = ae *14/1¢(x), we conclude that (1.5.20) holds true by choosing

“MNISnf . 1.5.22
wintse? (1:22)

§ < ae

Therefore, we may assume that
[Qjy1,;N{1—u<1/2} <p forallj=0,1,...,N—1
which implies that
[Qjy1,jN{u=<1/2}>1—pu=A>0 forallj=0,1,...,N—1.

Hence, the set
E=({lx <1} x (=N +1,0) N {u <},

has measure
[E]| = (N —1)A.

Let & be a subsolution of (1.5.2) such that
u=1/2 onE and u=1 ond,0n

where 9, Oy denotes the parabolic boundary of Q. In fact, i can be chosen so that
itis a solution in Qy \ E. It follows by the maximum principle that

u>u inQN.
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Therefore, in order to show that u(x,0) < 1 — § for |x| < 1/4 it is sufficient to show
the same for u. Define

1 [0 ~
¥ix) = N/_N(l . s))ds.

Since ¥ > 0 and

1[0 1
Ay s /_N (Bt ), ds < 2.
it follows by the Harnack estimate that
. B(1)
inf ¥ + — > (x)dx.
[x|<5 w N |x]<6 w

But on the other hand

/|x|<61/f(x)dx>—/-/(1—u)dx> N %

since # = 1/2 on E and the measure of F is at least (N — 1)A. Therefore we conclude

that Bl) N1
f L S
\x|<5w+ N — N 2
and hence we can make
inf > —
lx|<5 4

by choosing N sufficiently large depending on B(1) and A. This implies that there
exists a point (xg, fp), with |xg| =5, —N < f9 < 0 such that

1 - ( 1 ) > —
u(xo, .

We shall show that . {
1 —u(z, 1) > 1 for |z| < 3 (1.5.23)

Indeed, let IT denote the hyperplane which is the perpendicular bisector of the line
segment joining z and xg. The plane IT divides the ball {|x| < 6} into two parts. We
denote by D,, the part which contains xo and D, the domain which is obtained by
reflecting D,, across the plane I1. Also, let T denote the transformation of reflection
across I1. Then 1 — u(T'x, t) is a solution of equation (1.5.2) in D, x (=N, 0), since
Dy, C On \ E, while 1 — ii(x, t) is a super-solution of equation (1.5.2) in the same
cylinder. Moreover
1—u(Tx,t) <1—u(x,t)

on its parabolic boundary. It follows by the maximum principle that

1—i(Tx,t) <1—ii(x,t) inD x (=N, 0),
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and therefore in particular
- ~ - A
1- M(Z7 tO) = 1- M(TZ, t()) =1- u(-x07 tO) = Za

showing (1.5.23). We can conclude, as before, that

1—ii(z,0) > are N/ inf for |z| < 1,
u(z,0) > are |X|121/4¢ or[z] < g
with ¢ being the solution of (1.5.21) and all the constants depending only on dimension
and 7. Therefore the lemma follows. O

The following result readily follows from Lemma 1.5.4 via simple rescaling.

Lemma 1.5.5. Under the hypotheses of Theorem 1.5.2 there exist positive constants
o =pm, B())ands§ = §(n, B(1)), depending only n, B(1) and the dimension n, such
that if u is a smooth solution of equation (1.5.2) on the unit cube Q, with0 < u < 1,
then
maxu —minu =:oscu <1 —34.
op Qp oy

We are now in position to finish the proof of Theorem 1.5.2.

Proof of Theorem 1.5.2. The proof is based on Lemma 1.5.5. For 6 > 0, consider the
class By of nonlinearities g satisfying the hypotheses of Theorem 1.5.2 and (1) < 6.
Let +Ag denote the class of all solutions u € C®°(Q) of equation (1.5.2) in Q, with
B € By, satisfying 0 < u < 1. We shall show that there exists a sequence p; | O for
which
wy = sup oscg, u —> 0 ask — oo.
ucAy
This readily implies (1.5.6).
To this end, set
@ = sup 0sCq u
u€eAp

and for u € Ay, let us define the function

u—infou

w

Then v satisfies the equation (B(U)), = Av, where B(s) = B(sw + infp u)/w. More-
over, by Lemma 1.5.5
oscv<1-9$§
r1
with § = §(n, B(w +infg u)/w) and p1 = p(n, B(w +infg u)/w). Since infpu < 1
and w < 2, this implies that

1
oscu < |:1 —46(n, —Cg)] 10)
w

P1
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with
Co = sup{B(3); B € By}

and p; = p1(n, Cg/w) < 1. We conclude that

1
W] := sup osc u < |:1 —8(n, — Ce)] w.
w

u€eAg Qm

Now, for any u € Ay, we set

wi(x, 1) =u(pix, pi1), (x,1) € Q.

The rescaled function u; still satisfies equation (1.5.2) in Q and therefore we can
conclude, using once more Lemma 1.5.5, that

1
wy = sup oscu < |:1 —8(n, o Ce)} w)

UE Ay Qﬂz

with p» = p(n, Cg/w1). Repeating the same argument, we find a decreasing sequence
Pk such that the oscillations w; = oscg o Wks satisfy

1
oy < [1 —8(n, — Ce)} W —1.
Wi —1

This implies that the sequence {wg} is decreasing and therefore it has a limit A. If
A = 0, then we have proven (1.5.6). If > > 0, then t~he term Cy/wy remains bounded
in k, which implies that p; — 0 and that for a fixed § € (0, 1), we have

wp < (1 —8) wp—

showing that wy — 0 and contradicting that A > 0. This finishes the proof of the
theorem. O

We shall now give the proof of the general result, Theorem 1.5.1. We shall combine
the ideas of De Giorgi (see [76]) and Krylov—Safonov [101].

Lemma 1.5.6. Let M > 0 and p1(s) = w1(—s) for s < 0. Define

A

1 X
B()C,M):)7/0 wi(M —s)sds, x>0

and

1 X N
m2(x) = @/0 /() wi(rydrds.

Then iy is non-decreasing and é(x, M) > ur(M) for x € [0,4M].
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Proof. By definition

d 1 * 1 rors
— =— dr — — drds >0
) =105 A pi(rydr 8x3/0 ./o pi(rydrds >

by the convexity of x — f(f w1(r)dr. Also by the monotonicity of 1
d -
—B(x, M) <0 forx e[0, M].
dx

Thus by Fubini’s theorem
. . 1 (M
B(x,M) = BM, M) = —/ w1 (M —s) sds
M2 ),

1 M r
ZW/O /Om(ndzdszm(m

for x € [0, M]. On the other hand, for x € [M, 4M] we have

A 1 X
B(x,M) = ;/0 u1(M —s)sds

16M?% 1
>

M
X—ZW/O wi(M —s)sds > u(M). 0

Now, using the truncation method of De Giorgi we shall prove the next lemma.
Lemma 1.5.7. There exists a non-decreasing H with0 < H (M) < M/2, for M > 0,

such that if Q(xy.10)(R) € O, lul < M in Qxg,10)(R), 0 < M < Cy (with Cy as in
Theorem 1.5.1) and

1 .
. — // (M — u)dxdt < H(M),
Q0.0 R S 0y R

thenu > M /2 in Q (x,19)(R/2).

Proof. Let n be a smooth function such that 0 < n < 1 with n = 0 near 9, Q(R) =
0p O (x0,10) (R). Pick k € [0, M /2], and define w = M — u > 0 in Q(R) so that

Jw
"M — — = Aw.
B( w)at w

Multiplying this equation by (w — k)*#5? and integrating by parts over the cylinder
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B(xo,r) X (to — R?, 1), where t € (fo — R?, 1), we obtain
/ dw +.2
B (M—w)g(w—k) n“dxdt

=/wa(w—k)+ 2:—//Vw-v<(w—k)+n2)

[y =2 [[avn v bt -0t
3

_Z// n|Vw -kt +C //|vn|2 (w—Hk)T).

We can replace n> |V(w — k)*"2 by |V (77 (w— k)+) ’2 because the error is equal to
IVal? ((w — k)*)*. Thus

’ 3w + 2
//IB(M—w)W(W—k) 0
3
5—2//|V(n(w—k)+)|2+C //|Vn2|((w—k)+)2-

Let us denote

IA

(1.5.24)

B(x) = /X,B/(M—k—s)sds
0
so that

0 , Jw
5B (w—0")=pM —w)w -kt

and also
B(w—kt) = (w-0") B(w-kT, M—k)

by the definition of B. Since k < M/2,u < M and w = M — u, it follows that
(w—k)* €[0,4(M — k)], so by Lemma 1.5.6 and the above inequality

B (w—k") > (w=0*) maM —k) = ((w—0%)? paM/2).
We also have
B((w— k") < (w—k* f " ot -k -y ds
<@w-k* [/Z<M —k)—BM —w)] < C [w-b*].

Let
I = // B (M —w)y(w—k)T i)_lf n? dxdr.
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Then

I = // %B ((w — k)+) 172 dxdt
= / B((w—k)") n?limcdx — 2// B ((w—k)*)n?3 (1.5.25)
Br(x0)

> pua(M/2) / (w—0)") nPliee — C / (w— k2| 2.

Without loss of generality we can assume o (M /2) < 3/4. Hence, combining (1.5.24),
(1.5.25) we obtain

n2(M/2) [/B ( )((w—k)Jr n)’ |t:r+//|v(77 (w—k)+)|2}
R(X0

<C [/f 1Val* ((w —k)+)2+//<<w —k)+)2n|?,—';|} <C.

From the Sobolev Embedding Theorem, inequality (1.5.4), mentioned at the beginning
of the section, we obtain

[ =07 2w < Cllw=07nl; o0

C ) 1/2 (1.5.26)
< — IVnl“+nIn I} .
u2(M/2) [//{wzk}ﬁsuppn '

We start now the iteration process. For m € N let

M 1
km ? 1_2_}11 )

R R1+1
m—2 2m ’

Qm = Q(Rm)y

and

1 2
= —— — k)T dxdt.
IQoI//m[(w )] dxar

1
Joz—/f (M — u)dxdz.
[Qol JJo(ry)

In order to prove the lemma it suffices to show that

In particular,

lim J, =0 (1.5.27)

m—0o0

provided Jy < H (M).
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Let n,, € C3° such that n,, = 1 on Q41 with , = 0 near 9, Q,,, and IV |2,
|07, /0t < 4™/ R2. Thus we have from Holder inequality and (1.5.26) that

1Qol - Imt1 = // [(w— km+1)+]2dxdt
Om+1

n

n+2
= (// (0 = k)™ )" dx‘”) 1O N {w > kpt}|72 (1.5.28)

- C 4m 0
= ua(M/2)2 R2 "

2
N{w > kg1 )] T2

But
/f [(w - km)+]2 > (km+1 — km)2 1Om N{w = kpm41}

so that
|Om N{w > ki1 < CR™24"M? J,,. (1.5.29)

By combining (1.5.28), (1.5.29) it follows that for R < 1

C 4m R+24m g 1+2/(n+2)
Jm+l = ( m)

MZ(M/Z)Z Rn+2 M?2

< ¢ (42+2/(n+2) )m 1 1+2/(n+2)
= pua(M)2)? M2+4[(nt2) '

Thus it is easy to see that J,, — 0 provided
Jo < € = C*M" (ua(M/2))"*?
which completes the proof of the lemma. O

Corollary 1.5.8. There exists a non-decreasing function H(M) with 0 < H(M) <
M /2, suchthatif Q(R) € QO7, lul < Min M(R)forO < M < Ci,andu(x,t) < M/2
for (x,t) € Q(R/2), then

IQ(R) N{u =M — H(M)} = HM) |Q(R)].

Proof. Let HM) = ﬁ(M)/(2C1 + 1), with I:I(M) as in the previous lemma. We
shall argue by contradiction. Assume that the result were false. Write

// (M—u)dxdtz// —|—// (1.5.30)
Q(R) Al Ay

Al =0R)N{u <M - H(M)}
Ay = Q(R)N{u > M — H(M)).

where
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Therefore

// (M —uydxd <2C[QR) N {u < M — HOM))| + H(M) |0(R)]
Q(R)

< H(M)|Q(R)|.

Thus using the past lemma u > M /2 in Q(R/2), which contradicts the hypothesis.

0

Fix ¢ > 0, m > 0 and denote by g = g.,» € C a function such that g > 0,

g'>0,0<g <land[s—e—1/m]"t <g(s) <[s —e]".
Lemma 1.5.9. Let z(x,t) = g (u(x,1t)). Then

7zt —a(x,t)Az <0
where § < a(x,t) <871, 8 = 8(e, u1(e), fi1(e), C1, n).

Proof. We have

0z ;. ou
5 =8 (M)E
and 5
, u
— — Au=0.
B (u) o7 u
Also,

Az =g"(u) |Vul® + ¢ ) Au > g’ (u) Au.

Define u(x, t) = max{u(x, t), ¢} and
_
Bl (i (x, 1)

From our assumptions on 8 and u, there exists § > 0 such that

a(x,t) =

§<alx,1) <5 .

(1.5.31)

Ifu <e¢,thenz = g(u) = 0and dz/9t = Az = Vz = 0 almost everywhere. Thus
(1.5.31) holds. If, on the other hand, u > ¢ thena(x, r) = 1/8'(u), and B’ (u) 9z/0t —

Az < 0 with B/(u) > 0. Therefore (1.5.31) also holds in this case.

O

The following result is due to Krylov and Safonov [101]. We refer the reader to

their paper for its proof.

Theorem 1.5.10. Let w be a non-negative function in Q g such that

2

0x;0x;

Jw
o —a;j(x,1)

>0 in Qg.
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Assume that the coefficients a;; satisfy

1) |é§|2 <a;j(x,t)&&; forall (x,1) € Qg (1.5.32a)

and
laijlliLeg, <87, (1.5.32b)

and that
[Q(R) N{w > 1} = 6 [Q(R)]

for some 6y € (0, 1). Then there exists ay = ao(8, n, 6y) such that
w(x, to) > ap for |x —xol < R/2.

Corollary 1.5.11. Under the hypotheses of the above theorem, if

1 —(1—6/2)%0+2
k2 =min {1/5; inf (=672
0e[0,1] 62

there exists ag = ag(8, n, 6y) such that

w(x,t) >ag forall (x,t) € Q(k,6pR).
Proof. Let o = k,0p and pick any ¢ € [to — (@R)?, to]. Then

Qo) (V1 —a?R) C Qxg.10)(R).

We also have that
10 o.10) (R) \ Qo) (V1 — a2 R)|

o
<1 =1 =" 100 0 (R)] < > |0 x0,10) (R

0\ 2/ +2) g0\ 2/ +2)
1—o¢2=1—k;‘:9§zl—<1—(1—?0> ):(1—3")

o o
1— (-2 = (1-(1-=))==.
(1 —a%) > >
Thus

O, 6
QoW1 —a2 Ry N{w > 1} > 3" | Qo (R)| = 3°|Q(x0,t>(¢1 — a2 R)

and this for all 1 € [to — («R)?,t9]. Thus by the Theorem 1.5.10 there exists ag
depending only on n, §, and 8y such that

since

and

V1 —a?R

w(x,t) >ag for|x —xo| < 5
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forallt € [ — (OlR)z, to]. Since a < 1/«/5, then o < /1 — a2/2. Therefore
Qxo.i0)(@R) € By (V1 — a2 R/2) x [tg — (@R)*, 1o]
which proves the corollary.
Corollary 1.5.12. Suppose that z(x, t) verifies
(i) z < M in Q(R);
.. 92 .
(i) 5 — aijgige <0 in Q(R);
(i) [Q(R)N{z < M/2}| = 6p |Q(R)| for some 6y € (0, 1).
Then there exists ag depending only on n, 8, and 6y such that

May
Z(x, 1) <M — > in Q(k,0R).

Proof. Set
2
)= — (M — ,1)).
w(x, t) i ( z(x, 1))
Then
1) w=0,
.. 2 .
(i) 5 —aijzrge =0 in Q(R),
(i) [Q(R) N{w > 1}| = 6 |Q(R)I.
Thus by the previous corollary there exists ag = ag(n, 8, 8p) such that
w(x, 1) = ap in Q(xg,r) knoR)

which implies that

May .
Z(-x3 t) 5 M — T 1n Q(x(,,t())(anOR)-

O

Let Or =2 x (0,T), Q CC QOr,and d = dist(Q, 9,07). For R < d consider
O(R) = Qxp.10)(R) with (x,1) € Q. For the proof of Theorem 1.5.1 we shall also

need the following lemma.

Lemma 1.5.13. Given M, ¢, 6y, m and z = g¢,» (1) (as in Lemma 1.5.9), there exist

R* and o* depending only on M, g, 0y, and the “data” (i.e., u1, (i1, c1) such that

0<R*<d/c, O0<o™<M)2

and for R < R*
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(i) z< M in Q(R);
(i) if1Q(R) N{z =0} = 6o |Q(R)|, thenz < M — o* in Q(k,O0R).

Proof. We observe that z verifies the conditions in Corollary 1.5.12 with § depending
only on ¢ and the data (see Lemma 1.5.9). Let dy be the constant in Corollary 1.5.12
which depends only on n, § and 6y. Setting R* = R/2 and 6* = min{M /2, May/2}

we have "
a
z2(x,t) <M — 0

<M—0" in Q(k,6)R). O

Proposition 1.5.14. Let (xo,t) € Q such that u(xo, tg) = 0. Then there exist My |, 0
and Ry | 0 as k 1 oo depending only on the “data” such that

lu(x, )] < My in Q (xy,1) (Rk)-
Proof. With the same notation as in Lemma 1.5.13 let

o(M) = o* (H(M), M — H(M), H(M))

and
R*(M)=R*(HM),M — H(M), HM)) .
We have
H(M)
O<o(M) <
and
d
0 < R*(M) < > for M € (0, Cq].
Let

My =ci, Miy1 = Mg —o(Mp)
Ri=R(M), Riti=min{R(My11), ks H(My) Ry).
Claim. |u(x, )| < M in Q (xy,19) (Ri).
We shall use induction:
(1) Fork = 1, Ju| < ¢; = My in Q7 D Qi) (RD).
(2) Assuming that
ul <M on Q(Ry)

we shall prove that

lu] < Mgy1 on Q(Riy1).



50 1 Local regularity and approximation theory

Set ¢ = e(My) = My — H(My). For m > 0 define z(x,7) = gem(u). Thus
7 <[u—eM]T < HMy) in Q(Ry). Also since u(xg, to) =0

[Q(R) N{z =0} = [Q(Rx) N {u < e(M)}|
= |Q(R) N{u < My — H(Mp)}|
> H(M;) |Q(Ri)l

by Corollary 1.5.8. Hence, by the previous lemma
2z < HMy) —o(My) in Q(knH(Mi)Rik) O Q(Rp+1).

By the triangle inequality
17" 1 1
lul < lu—eMy)— —| +eMy)+ — <z+4+e(My)+ —
m m m
1 1
< HMy) — o (M) + e(My) + = Mje1 + = Mict1

(since m is arbitrary in the g construction). Thus

lu| < My11  in Q(Riq1).

Now it is easy to see that My | 0 and Ry | 0 as k — oo which finishes the proof of
the proposition. O

Proposition 1.5.15. Let M} and Ry be as in the previous proposition. Let (xg, to) € Q
such that dist((xo, o), 0p Q) > 2d, where d = dist(Q, 9, Q). Suppose that

Mio+1 < u(xo, o) < My, for some ky.

Then
u> % in Q.0 (Riy) = Q' (1.5.33)
where
Rk, = min { Ry 41; %}
and

Q ey B = {(x. 1) 1 |x — x| < R, |t —to] < R?).
Proof. Suppose that (1.5.33) does not hold. Then there exists (x1, ;) € Q' such that

M
ulxy,n) < %.

If 11 < 19, then by using induction as in the proof of the previous proposition we obtain

[u| < Myg+1 in QO (xg,10) (Rig+1)
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which implies that u(xg, o) < Mpy,+1, impossible. Thus we have that u > @ in
Q' Nt < 1o}

Suppose now that u(xy,t1) < My,/2, for some t; > fo. It then follows that
(x0, f0) € Q(xo,1)(Riy+1). Using once more the induction argument as in Proposi-
tion 1.5.14 together with u(x1, ;) < My,/2 and Lemma 1.5.7 we obtain that |u| <
Mig+1 10 Q (x,1) (Rig+1), 1.€.,

u(xo, t0) < Myy41  (since (xq, o) € O (xg,1) (Rig+1))

which is a contradiction. Thus we have that

My, . 1 =
TO 1mn Q(xo,tl)(RkO)

u=

which proves the proposition. O

Proof of Theorem 1.5.1. Fix ¢ > 0 and (xg, #p) € Q. We must find n depending only
on ¢ and the “data” such that

if [(xo, t0) — (x1, t1)| < n, then |u(xp, to) — u(xy, )| < &.

Call L = u(xo, to), and without loss of generality we can assume that L > 0, otherwise
we replace u by —u. We shall consider two cases:

Casel. L <g/3.

Claim. There exist n1 > 0 depending only on ¢ and the “data” such that

2¢e
lu(xy, t)] < Y for (x1,11) € B(xy,10)(M1).

To prove this we use the induction method of Proposition 1.5.15. Without loss of
generality we can assume that /3 < M7 /2. Then by using that M} |, 0 we get that if
M e My
2 73 2

then |u| < Myy1 < 2¢/3in Q(xy,10) (Rk+1). By the same argument given in the proof
of Proposition 1.5.15 it follows that there exists > 0 such that

2e
|M| = ? m B(xo,to)(n)-

which proves the result.
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Case?2. L > ¢/3.

Claim. There exists 1o > 0 such that
& .
u(x,t) > 3 in(x,t) € Bxg,)(M2)-

Indeed, by case 1, there exists 17, > 0 such that if for some (x1, 1), u(x1, t1) < €/6,
then u(x,t) < &/3 for every (x,t) € B )(1n2) (notice that n; is independent of
(x1, 11)). Now let (x, 1) € B(xy.10)(n2). Ifu(x, 1) < £/6 then u(xop, tp) < 2¢/6 =¢/3
which contradicts our hypothesis. Thus u(x, t) > ¢/6 forany (x, t) € B(y,.1)(1). But
in this neighborhood of (xg, 79) u satisfies the equation

ou (. DA
— =a(x, u.
ot

wherea (x, t) = m withc; < a(x,t) < c;.
By the Krylov—Safonov Theorem, u|p, ) is Holder continuous with exponent

and constants depending only on ¢ and the “data”. In particular we obtain the desired
result. O

1.6 Existence of weak solutions

This section is concerned with the existence of weak solutions of the equation
L (1.6.1)
_——= u 0.
T

with ¢ € T';,. We remind the reader that the class of nonlinearities I',, is defined by the
following conditions:

(1) ¢: [0, 00) — R is a continuous non-negative function with ¢(0) = 0.
(ii) there exist a € (0, 1) such that for all u > 0
/
< u @' (u) <aq !
@u)

We start by considering the existence problem in finite cylinders. Let Q7 = 2 x
(0, T'], where 2 C R" is an open bounded set. As in the previous section we denote
by B the inverse function of ¢. Thus g: [0, co) — [0, c0).

We shall study the following initial Dirichlet problem (IDP):

(B(w)=Av  inQr,
B (v(x,0)) =up(x) x e Q, (1.6.2)
v(x,1) =0 (x,1) € 92 x (0, T.

We assume that the nonlinearity 8 satisfies the following conditions:
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(a) B: R — Ris locally absolutely continuous.

(b) B strictly increasing with (0) = 0.

(c) there exist u, & and sg > 0, such that
(i) wpisincreasing on [0, sg] and decreasing on [sg, co) with fszo w(s)ds = oo,
(i) /1 is decreasing on [0, so] with [;° fi(s) ds < oo,

(i) 0 < p(lsl) < B'(s) = a(ls), for any s.

Remark. It is easy to verify that if ¢ € I',, then = ¢! satisfies the hypotheses

(a), (b) and (c). In particular, in the case where (1) = u™, m > 0, it follows that
B(u) = u'/™. Hence (a)—(c) are immediate.

Notation. We introduce the following notation:

ou

Whor) = {ue L@ vu 5= e L2Qn |,

W' (Qr) = closure {7 € CX(Qr) :n=00n0Q7} C W"'(Q7),
E={y e W'Qr): ¥k, T)=0),

V2(0r) = L®((0, T1; L)) N L*((0, T1; H ().

Definition. A function v 6\32 (Qr) is called a solution of the IDP (1.6.2) if 8(v) €
L*(Q7) and

// <,3(v)% —Vu- Vlﬁ) dxdt = / uo(x) ¥(x,0)dx
or dt Q

forall ¢ € E.

Theorem 1.6.1. For any ug € L°°(R2) there exists a solution v € L (Q7) N C(Q71)
of the IDP (1.6.2).

Proof. Let J 7 denote an n-dimensional mollifier which is positive, symmetric, with
JJ} = landsupp J? € Bi/;(0). Define

o (x) up(x) x €9,
up(x) =
0 0 otherwise,

and
uoj = (J xito) - ¢
where ¢; is an appropriate smooth cut-off function such that
uo;j € C5°(82),
ug; — up in LP (L), forany p < oo
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and
luojllLoe@) < lluollLe(g) -
Also define
Qj = ﬂj_l
where

Bi=(Jj *B)s) = (J] x $)(0).
It is clear that
(i) B € CF (M),
(i) B;(0) =0,
(iii) Bj(s) = J} % p'(s) > 0,
since B( - ) is locally absolutely continuous. Hence we have that
pj € C¥(R),
and for any M > O there exists ¢ = ¢(j, M) > 0 such that
@i(s) = e(j, M) forls| < M.

By the classical theory of non-degenerate quasilinear equations (see [103]) we conclude
that the IDP
() = Agj(uj) in Qr,
u;j(x,0) = ug; x €, (1.6.3)
uj(x,t)=0 on 92 x (0, T,

has a classical solution u ;. By the maximum principle u; € L*°(Q7) with

lujllLeor) < luojliLe) < lluollp=(g) -

Therefore {u ;}5° is uniformly bounded. Set v; = ¢;(u;).
We claim that {v;} is uniformly bounded. Indeed, since the ¢;’s are increasing and

the {u;} is uniformly bounded it suffices to show that {¢; (”)}?io is bounded in j for

all » > 0. To this end, let r > 0 and set 0; = ¢;(r) so that r = B;(o;). Thus

r= /Uj B (s)ds = /Uj Jj % B/ (s)ds.
0 0

If 0 > so + 1 then
1 i 1
Jj*,B/(s)=/ Jj(t),B/(s—t)dt
—-1/j

1/j
> [ sous -z ue -
—1/j
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and therefore r > fs?+1 (s — 1)ds. Thus if {p;(r)} is not bounded it follows that
oj 1 ooas j 1 oo, ie.,

o o

rZ/ u(s—l)ds:/ u(s)ds = 0.
so+1 )

a contradiction. Thus we have established that {v;} is uniformly bounded.

Now we shall show that {v;} is an equicontinuous family. From the results in
Section 1.5, it suffices to prove that {8;} satisfies uniformly on j the assumptions of
Theorem 1.5.1. Thus we have to show that there exist 1 and /1| (independent of j)
such that

0 <pi(8) <Bjls) <) for0<é8<|sl<C (1.6.4)

where C is an upper bound for [|u || (0,) and [|B(u ;) || L= 07)-

Let 1 and [ as in condition (c) defining the class of nonlinearities 8, with sg =
C1 + 1. We shall show (1.6.4) for s > 0. The case s < 0 can be treated the same way.
Define

1 N
ni(s) = T 1/0 min{u(r), u(Cy + D} dr

Cy

IA

s .
S min{(s), u(C1 + D}
< min{u(s), u(C1 + D} < B'(s)

for s < Cjp. Since p(-) is increasing, it follows that p(-) is convex and thus for
0 < 8 < |s] < C;| we obtain

By =Jj % B'(5) = T} % pui(s) = pi(s) = i ).

Defining
" (s) = max{ a(s), A(C1 + 1) }

) 2
jo=|:—j|+1
S

(where [ -] denotes the integer part), for j > jo it follows that
l _ 7l l 1 A ~ (S
Bi&) =} B = I} win) < it (3)

since

1/j
J} * [1(s) =/ J}(z)/l(s —1)dt
—1/j
and

Is—tl>s—=1/j>s—1/jo>s/2

with i decreasing in [0, s9]. Thus

s —n=i(3) =i(3).
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For j < jo we have

Bi(s) < Jj % us) < Jjy + 1 (0) < 0.
Set

fr(s) = max [ 4*(3): 7L, #4°O)|
(since [ is decreasing). Thus j1] is decreasing and

Bi(s) < fir1(s) < i (8) for0 <8 <|s| <Ci.

We have shown above that there exist 41 and 2] as in the assumption of the equicon-
tinuity Theorem 1.5.1 (since the w1, i1 are independent of ).

Now {v;} is equicontinuous and uniformly bounded, therefore there exists a sub-
sequence {v;, } such that

vj — v uniformly on compacts.
We shall show next that v is a solution of the IDP (1.6.2). In fact, it is clear that
(1) v € L*®(Q7) with

vl oo (@) < sup lvjillLecgr) < Ci.
Jk

(i) v € C(Q7).

(iii) Also, v €V (O7).
Indeed, from i) it follows that v € L*° ((0, T) : L?(2)). From the equation

// (ﬂjk(vjk)% - Vv, - Vl//) dxdt +/ uoj Y (x,0)dx =0 (1.6.5)
or ot Q

it follows that
// Vv, |* dxdr < M. (1.6.6)
or

The formal proof of (1.6.6) follows by an argument similar to that given in Section 1.2.
Thus {v;,} are bounded in L? ((0, T); HOl (Q)). Therefore, there exists a subse-
quence (with the same notation) {v;, } such that

vj, = w weakly in L?((0, T); H ().

Sincevj, — vin Lz((O, T); LZ(Q)) itfollowsthatv = wandv € L2 ((O, T); HOI(Q)).
Taking j — oo in the equation (1.6.5) and using that

(i) Bj, — B uniformly on compacts,

(ii) vj, — v uniformly on compacts and is uniformly bounded.
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(iii) Vvj, — Vu weakly in L?

we obtain that

f/ (ﬂ(v) Wy vw) dxdt +/ wo(x) ¥ (x,0)dx =0
or ot Q

which completes the proof of Theorem 1.6.1. O

To finish the section let us mention how one may extend this result on R”, with
vo € L' (R"). Let us consider weak solutions of the initial Cauchy problem (ICP)

(1.6.7)

Bw),=Av  inSr=R"x(0,T],
B (v(x,0) =up(x) xeQ.

We have the following existence result for the ICP (1.6.7).

Theorem 1.6.2. Foranyug € L®(R")NLY(R"), there exists a solutionv € L*(S7)N
C(ST) of the ICP (1.6.7).

Proof. We only give a sketch of the proof, leaving the details to the reader. For an
increasing sequence of numbers R; 1 oo, let v; be a solution of the IDP (1.6.2) on

QJT = Bg; X (0, T, with B, = {x :|x| < R;}. The main estimate is

/ B (vj (x, t)) dx < / uo(x)dx. (1.6.8)
BRj

BRj

Once this has been established one uses the estimates in Section 1.2, i.e., an priori
estimate on the L of the solution in terms of its L! means. O



Chapter 2
The Cauchy problem for slow diffusion

This chapter is concerned with the solvability of the Cauchy problem for the equation

u
Fn = Ag(u) onR" (2.0.1)

with ¢ € 4,, corresponding to slow diffusion. We shall provide a complete charac-
terization of non-negative weak solutions of (2.0.1) in terms of their initial condition,
showing in particular the results B.1-B.5 stated in the Introduction.

Let us review that for a € (0, 1), 4, denotes the class of nonlinearities ¢ which
satisfy the conditions:

(i) ¢: [0, 00) — R is a continuous non-negative function with ¢(0) = 0.
(i1) Forall u > 0, ¢ satisfies the growth conditions

/
< u@'(u) <a !

(2.0.2)
@u)
(iii.1) There exist ug > 0 such that for u > ug
/

l4a<"?W _ -1, (2.0.3)

p(u)
(iii.2) up =1and (1) = 1.

2.1 Pointwise estimates and existence of initial trace

In this section we shall combine the a priori estimates of Chapter 1, Section 1.2 with the
Harnack inequality of Section 1.3 to obtain sharp upper bounds for the size of a solution
u(x,t)of (2.0.1), with ¢ € 8,,on St =R" x (0, T) ast — 0 and as |x| — oo.

For simplicity of the exposition we shall first consider the case of the porous medium

equation
d
a—’:zAum on Sy =R" x [0, T), m > | @.1.1)
and at the end we shall explain how one can extend the result to the general class of
nonlinearities ¢ € 4,,.
We introduce the following notation: for p a non-negative measure on R” and
o > 1 we define
n({lxl <R}

Rn+2/(m—1) (212)

lelllp = sup
R>p
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Notice that for 1 < p <, [|ulll- < llnlll, and so

leelloo = Lim gl (2.1.3)
P—>00
exists. We shall set |||u]l| = |[|«]ll1, and for a non-negative function on R”, ||| f|ll =

ILf dx]ll.

Lemma 2.1.1. Let u be a non-negative continuous weak solution of (2.1.1). Assume
that 0 < v < min (T, 1). Then for any § > 0 there exists constant C = C(u, §, m, n)
such that fort <t <T —§

l2
W™ (x, 1) < 14 Culx, 1) — (2.1.4)
T

where | = tV/®m=D+2) (1 4 |x|).

Proof. The estimate (2.1.4) is trivial if u(x,t) < 1, and so we shall assume that
u(x,t) > 1.
As a consequence of the Harnack estimate we have that

B= sup |lu(,9ll=Cw,T,$).
O0<s<T—§

For (&,5) € R" x (0, t~'T), set

l , 12 1/(m—1)
14

Then, for0 < s < (T — §)/t, we have

/ v@,s)ds:l—"y—l/ u(E, vs)dé
&<l

[x—&|<l
<1y~ / u(, ts) dé
[E]<I+]x]|

< CBl—l’ly—l(l + |x|)l’l+2/(m—l)
<C

since [y "1 (1 4 |x|)"T%/(m=D = 1, by the definition of /, and [ < 1 + |x|,if r < 1.
By Lemma 1.2.8

u(x, t) -

v(0,1) = <C.

Hence we conclude the estimate

12 1/(m—1)
u(x,r)ny:C(—) . O
T
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Remark. The estimate (2.1.4) can be rewritten in the following form:

nim—1)
W x, 1) <14 Ct mm—0+2 (1 + |x]?). (2.1.5)

The following result generalizes that given in Lemma 1.3.2 in Chapter 1 concerning
the existence of a trace.

Theorem 2.1.2. Let u be a non-negative continuous weak solution of equation (2.1.1).
Then there exists a measure u on R" with ||| < oo such thatu(-,t) — du in D’'(R")
ast | 0.

Proof. 1f n € CG°(R"), it follows from (2.1.5) that

t
/ / Anu™(x,s)dxds
T n

t
5/ / A (14 |x1?) s u(x, s)dxds — 0
T R"l

/ [u(x,t) —ulx, )] n(x)dx

when 7,1 — Osince o < 1. O

To complete this section we explain how the above results extend to solutions of

ou .
5 Ap(u) withgp € 4,.
(i) In the definition (2.1.2) of |||l , R%/™m=1 must be replaced by A(R?) where
A () is the inverse of @: [1,00) — [1, 00).

(i) Fors > 0and 0 < 7 < 1, notice that the equation
n R2 n 2
R'A(—)=0+9" A0 +97)

has a unique solution R = R(s, 7). Moreover there exists § = §(n, a) > 0 such
that
R(s,7) < (1 +s)7°.

Thus in Lemma 2.1.1 the estimate (2.1.4) must read

2
¢ W(x, ) <1 +Cu(x,[)m'

2.2 Uniqueness of solutions

In this section we shall establish that the solutions in S7 = R" x [0, T) are uniquely
determined by their initial trace. We shall present the results in the case of the porous
medium equation (2.1.1), referring the reader to [46] for the more general case of
equation (2.0.1), with ¢ € 4.

We begin with the following preliminary results.
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Lemma 2.2.1. Suppose that u, v are non-negative continuous weak solutions of the
equation (2.1.1), such that for any R > 0

lim [v(x,t) —u(x,)]Tdx =0
130 Jix|<R

where AT = max{A, 0}. Then v < u in St.

Proof. Define w = v —u and ¢ = x{y>y4) (characteristic function). Let n € C°(R"),
n > 0.
We claim that for0 < 7 <t < T, we have

/n(x)er(x,t)dxs/ n(xwt(x, T)dx
¥ ¥ (2.2.1)

t
+/ / An(x) [vm(x,s) —um(x,s)]+ dxds.

Indeed, by Corollary 1.1.2 in Chapter 1 it suffices to prove (2.2.1) when u and v
are smooth functions. By Kato’s inequality [98]

A" —u™t > g A" —u™)
in the distribution sense (d.s.). Since dw™ /3t = g dw/dt in the d.s. it follows that

0
—8L FAQ™ —u™)t >0

in the d.s. Hence

// {———I—A(v um)"'} n(x)dxds >0

and (2.2.1) follows by integration by parts.

Let
P .
A=) ifv > u,
0 otherwise.

We wish to estimate A from above using (2.1.5). In the pure power case that we are
presenting here one may easily estimate A using that A < m v ~! and therefore for
0<t<T—-8A<Cl+|xPrt°, by (2.1.5), where 0 = o(m,n) € (0, 1)
and C = C(u, v, §, T). However, in the more general case of equation (2.0.1), where
¢ € 8, and ¢’ (u) is not necessarily an increasing function one needs to use a different
argument.

We shall give in the sequel a proof which immediately generalizes to the more
general case. We shall first show thatif v > 2, thenfor0 <6 < Tand0 <t < T — 34,
we have

A<CU+xPee (2.2.2)
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where 0 = o(m, n) € (0,1) and C = C(u, v, §). To prove (2.2.2) consider two cases:
() If0<u <v/2and v > 2 then

m

A<2P oyl <+ 1xD) e
v

by (2.1.5).

(i) Ifu > v/2and v > 2 then A < mz™ !, for some z € (u, v). Therefore using
(2.1.5) again we obtain (2.2.2).

We next let T |, 0in (2.2.1) and use the hypothesis and (2.2.2) we obtain that for
te0,T)

t
/ wh(x, ) nx)dx < C / / A+ |x12)s Cwt(x,s) |An|dxds
R 0 Jix|<2r

t (2.2.3)
+2/ / V™ |An(x)| dxds.
0 JO<v<2

Forr > 1, let

M, (1) = [lw* (-, D)l = sup

: / tand
SR wr(x,t)dx.
Rep RAT2/=D [ g

Choose R > r such that
1
/ wt(x, t)dx > = M,(t) R"?/m=D
|x]<R 2
and assume that n € Cy°(R") satisfies

0<n=<1 mn=Tlon{lx| <R}, suppnC{lx] <2R}

and

C
[An] < —5.
RZ

Substituting in (2.2.3) we obtain

1 t
— M, (t) R"T?/m=D < ¢ / / A+ |x1?)s Cwt(x,s) |An|dxds
2 0 Jix|<2r

t
+2/ / v |An(x)| dxds.
0 JO<v<2

Since 1 < r < R it follows that

t
M.(t) <C {trq —{—/ s M, (s) ds} (2.2.4)
0
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where g = —2 —2/(m — 1) for 0 <t < T — §. Defining

t
F() = / sT7 M, (s)ds
0
we have that 4
TFn=C lat™ 1 4177 F(1)}

where o« = r?, fort € (0, T — §). Note that in the pure power case we can take o = 0,
so that the above ODE readily shows that F'(t) = 0, since F'(0) = O finishing the proof
of the lemma. However, for a proof that can be generalized in the case of equation
(2.0.1) one needs to continue the argument, as shown next.

It is then easy to see that

Ft)<Ca forO<t<T—36§
where C' = C'(u, v, 8, T). Hence, by (2.2.4)
2

M,(t) <Ca=Cr 2 mT,

In particular, for I <r < R
/ whrx,ndx <Cr" 2, 0<t<T-36. (2.2.5)
|x|<r

Now we shall combine (2.2.3) and (2.2.5) to improve (2.2.5). Notice that for
0<u<v<?2wehave v —u™ < C, (v —u). Hence, if R > r and 7 is chosen as
before, then by (2.2.3)

/ wt(x, t)dx
|x|<R

t
5// [v" —u™]" |An| dxdt
0 JR2

t t
5CR"+m21/ 50 M,(s)ds+CR—2/ / wt(x, ) dxds.
0 0 [x|<2R

Dividing through by R"*2/@=1 and using (2.2.5) and the fact that R > r we obtain
that

t
M,(1t) <C / s M,(s)ds + Ct r~2/m=D=4 (2.2.6)
0

By the same method as above, where instead of (2.2.4) we use (2.2.6), we conclude
the improved estimate

/ whr, ndx <Cr"™™* forr>1,0<r <T —38. (2.2.7)
|x|<r
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Let h(x,t) = fé [v’” (x,s) —u"(x, s)]Jr ds. Then, arguing as above we find using
(2.2.2) that

t
r_”/ hix,t)dx < C/ r_"/ wh (x, s)dxds
|x|<r 0 |x|<r

t
—I—Crz_"/ s_"/ wh(x, s)dxds
0 |x|<r

<Ctr t4+croty2

However & is subharmonic in x for every t € (0, T'), because for n € Cgo ®R"),n >0
we have

t aw+
/ n(x) Ah(x,t)dszf / n(x) dxds:/ nx)wt(x,t)dx > 0.
R? 0 JR» 0 R~

N

Hence as
h(x,t) <Cy r_"/ h(y,t)dy - 0, r — oo,
lx—yl<r
h is identically 0, which easily yields the lemma for the case n > 3. Forn = 1, 2 define
u*(E,1) = u(x, ) with & = (x, y) € R"*2 and notice that u* solves du/dt = Au™,
in R"*2. Therefore using the result for n > 3 we complete the proof. O

Now we shall prove the general uniqueness result by using the approximation
technique in [45].

Theorem 2.2.2. Let u, v be continuous non-negative weak solutions of equation (2.1.1)
and assume that

lijgl [u(-, 1) —v(-, )] =0 in D'(R")

t

Then u = v.

Proof. Let i be the common trace (its existence follows from Theorem 2.1.2). Pick
h e C(‘)’O (R™) with 0 < h < 1, and denote by w(x, t, h) the solution of the porous
medium equation in R" x (0, oo) with initial trace hp and sup,. g f w(x,t,h) < oo.
The existence result follows from Lemma 1.3.4 and Theorem H.2 (see the Introduction),
while the uniqueness follows from Corollary 1.3.3 in Chapter 1. Moreover,

sup/w(x,t,h)dx f/hdu < 00
t>0
Claim. w < u.

For 0 < ¢ < T/2, let U, be the unique solution in R" x (0, co) of the porous
medium equation with data h(x)u(x, ¢) att = 0 and

sup/Us(x,t)dx < /h(x)u(x,s)dx <Cp

t>0
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where C}, does not depend on ¢, by the Harnack estimate. For any continuous function

m/n(x)h(x)u(x,s)dx=/n(x)h(x)du.

li
e—0
By the compactness result in L*°(R : LY(R")) (Lemma 1.3.4, Chapter 1).

Iim Ug(x, 1) = w(x, 1)
e—0

uniformly on compact subsets of R” x (0, 0co). The data for U,, namely the function
h(x)u(x, €) belongs to L'(R™). Moreover from Lemma 1.3.4 of Chapter 1, we have

lim Ug(x, 1) = h(x)u(x, ) in L'(R").
tl0

Thus by the continuity of u(x, t 4+ ¢) and Lemma 2.2.1
Us(x,t) <ulx,t+¢e) forO<t<T—c¢.

Hence w < u in R" x (0, T'), which proves the claim.
Now if we choose 0 < hj < hjy1 <1, h; € CP(R") with limj o hj(x) = 1
for all x € R", it follows that

wx,t,hj) <wx, t,hjr) <ulx, ).

Let

Woolx, 1) = lim w(x, 1, hj).
J—>00

Since {w}} is locally bounded in R" x (0, T'), from H.1 it follows that {w} is locally
equicontinuous and hence wy, is a continuous weak solution of the porous medium
equation in R" x (0, T'). Let A denote the trace of weo. Observe that h; u < A <
for all j. Hence A = p.

Since woo < u it follows that

lim / lu(x, 1) — weo(x,1)|"dx =0 forall R > 0.
t—0 |x|<R

Hence # = wso (Lemma 2.2.1), and similarly v = weo, which concludes the proof of
the theorem. 0

Corollary 2.2.3. Let u, v be solutions of the porous medium equation (2.1.1). Assume
that u, v have traces j, v respectively. If w < v, thenu < v in St.

Proof. Lethj € Cg°(R"),0 < hj < hjy1 <1, and such that lim; , h;(x) = 1 for
all x € R".

Let u, v; be the solutions of the porous medium equation in R"” x (0, co) with
initial traces h; u and h; v respectively. Then u; < v; since by Lemma 1.3.4 in
Chapter 1, u; = limg_,ou;,, v; =limg_ov; ¢, whereu; ¢, v; . are the solutions with
initial data n, * (h; - 1), e * (h - v) respectively, where n € C°(R"), f n=1,n>0
and n,(x) =& " n(x/e). By Lemma 2.2.1, u;, < vj, and our claim follows. Since
u =limu; and v = lim v; we obtain the result. O
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Next we have the following general compactness principle.

Theorem 2.2.4. Let {uy} be a sequence of non-negative continuous weak solutions of
the porous medium equation (2.1.1). Assume that sup, uy(0, T) < C. Let uy denote
the initial trace of uy, and assume that . converges weakly to a non-negative measure
i on R™. Then there exists a unique continuous weak solution to the porous medium
equation (2.1.1) such that uy converges to u uniformly on compact sets and u has
trace L.

Proof. From the Harnack inequality in Section 1.3 of Chapter 1 and the pointwise
estimates in Section 2.1 of this chapter, it follows that for each compact set K <
R* x (0, T)

Sl;P lukllLoe (k) < C(K).
From the equicontinuity result Theorem H.1 it follows that there exists w uniform local
limit of a subsequence of {u}.

Claim. w has trace u.
In fact on [0, T /2] we have

Mur (- Ol < Cux(0,T)) < C.
By the pointwise bound (2.1.5)
W N < Cr (14 xh), 0<o <1,

and hence
t
/ [ur(x, 1) —up(x, s)In(x)dx E/ / An ui”_l(x, T ug(x, r)dxdr < Ct'™°
RVI s n

independently of k, which completes the proof of the theorem. O

2.3 Existence and blow up

In this section we shall study the solvability and the maximum time interval of existence
[0, T') for the porous medium equation (2.1.1), with m > 1, shown in [20], referring
the reader to [46] for the general case du/dt = A¢@(u), with ¢ € 4.

Lemma 2.3.1. There exists a number § = §(m, n) > 0 such that if |||l < 6, there
exists a unique solution u of the porous medium equation (2.1.1) in R" x (0, 1), with
initial trace (.

Proof. Using Lemma 2.1.1 and Theorem 2.2.4 it is enough to show that there exist
constants § = &(m,n) and C = C(m,n), such thatif f > 0, f € CF°(R") and
Il £l < & and u solves

u; = Au™ imR" x (0, 00),

u(x,0 = f(x) xeR"
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then
sup [lu(-, DI < C.
O<t<l1
Let g() = [llu(-, 0|l and ng(x) = n(x/R), where 0 < n < 1, n € CF(R"),
n =1for |x| <1,and n = 0 for |x| > 2. Then

/ u(x,t) np(x)dx
Ri’l

t ) X
= d R2 An(2)u (x, ) dxdx.
/Rnf(x)nR(x) X+/O /n n<R>u (x, 7)dxdt

For0 < t < 1, R > 1 define v(x,s) = u(px,st)/y, where p = 2R, y =
(p2/0)Y =D Thus v is again a solution of the porous medium equation. By Theo-
rem 1.2.8 in Chapter 1, we have

23.1)

sup v(x, 1) = sup U, v <c{l’+1%)

[x[<1 x|<2R YV

where I = sup; ;5 ;1 [, V(x, 5) dx.
Define G(t) = sup{g(s) : t/2 < s < t} so that

I < G(x)tV/m=D
and

sup u(x, ) < Cy {7 D(G()? + 7D (G())7 }.
|x|<2R

Using (2.3.1) we obtain that

t
/ u(x, t)dx 5/ fx)dx +/ / u(x,z){fff—l (G(r))"(’”_l)
|x|<R [x|<2R 0 J|x|<2R
+ 771 (G ()" Ydxdr

and therefore
t
Git)<Cs+C / _L_cr—l(G(_C))o(m—l)—&-l + _59—1 (G(t))e(m_l)"‘l dz.
0

It is then easy to see that there are My and §p > O such that if 0 < § < §p, then
G(t) <My forte(0,1),
finishing the proof. O

Proposition 2.3.2. Let u be a non-negative continuous weak solution of the porous
medium equation (2.1.1). If w is the initial trace of u then

itllloo < € T~H =D, (2.3.2)
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Proof. By the Harnack inequality

R2\ /=1
f u(x,0)dx < C {R” (T) + T2 H,, (u(0, T))}
[x|<R

Dividing by R"*%/("=D and letting R 4 oo we obtain (2.3.2). O

Theorem 2.3.3. Let  be a positive measure with |||(t||lcc < 00. Then there exists
T = T(n) > 0 such that p is the initial trace of a solution u of equation (2.1.1)
defined in St = R" x [0, T). More precisely there exists c = c(m, n) such that

ltllos = (T ()~ m=D, (2.3.3)

where
T(w) =sup{T : u is the trace of a solution u of (2.1.1) }.

Proof. For0 < t < p2, ¥y = (p2/7)"/™=D we have that if u is defined in S7 then
v(x,t) =u(px, tt)/y is defined in Sy,-1. Let A be a measure defined by

n(x)dr=p "y n(%) du

so that if y is the initial trace of u then A is the initial trace of v.

Forr > 1
Ml <rh = o7y~ ndixl < prd)
< llll, ™y~ L(pr)¥ =D
R )
Therefore

Al < /=Dl

Suppose ||| itlllco < 00. We pick 7 such that ||| 4]l /"1 < § (8 as in Lemma 2.3.1)
and find p > 1 such that |||/,L|||p‘l.’l/(m_1) < §. Therefore |||1]|| < 8, and hence v is
defined in S with trace A. O

Corollary 2.3.4. w is the trace of a solution u of the porous medium equation du /dt =
Au™ in Soo = R" x [0, 00) if and only if || t||cc = O.

2.4 Proof of Pierre’s uniqueness result

This section is concerned with the proof of the uniqueness result H.3 stated in the
Introduction. This result has been used in the previous sections and will be proven
independently of the results in those sections.
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Theorem 2.4.1. Let u, v be continuous non-negative weak solutions of 9z /0t = Ag(z)
onR" x (0, co) with ¢ € 8,. Assume that

sup/[u(x, H)+uvlx,t)]dx <C
t>0

for some C > 0 and that u, v € L*°(R" x [t, 00)) for each T > 0. If
lim /[u(x, t)y—v(x,)]nx)dx =0
110

forany n € C°(R"), then u = v.
Proof. Define

A = (‘O(u’i:‘ﬁ(v) u # v,
0 u=vu,

and let & € L'(R") N L®(R") N C*°(R") such that & > 0, and
||€k||Lo<>(]Rn) + ||8k||L1(R”) — 0 ask — oo.

Also define

lp) — p()|

lu— vl + e’

and

A = oy + &k.
Notice that Ay is continuous and strictly positive on compact sets.

Fix n € C°(R"), n > 0, and pick R > 1 such that support n C Bg(0).

Step 1. Denote by 6 the solution of the problem

AbBg = —n in Bg(0),
Or =0 on dBg.

Fix T > 0, and define, for any smooth positive function o : R R, ¥ = S(a, R)
as the solution of the heat equation

Y +a Ay =0 in B x (0, T1,
Y(x,T) =06g(x) in Bg, (2.4.1a)
Yi(x, 1) =0 on dBg x [0, T].

Setting h = Ay we see that

h: + Alah) =0 in Bg x (0, T],
h(x,T) = —n(x) in Bg, (2.4.1b)
h=0 on 0Br x [0, T].
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By integration by parts (the same argument used in the proof of Theorem 1.1.1, estimate
(1.1.5) in Chapter 1) we obtain that

1
f/ o (AY)? = // ah’ < -/ IVn|? dx. (2.4.2)
Brx[0,T] Brx[0,T] 2 Jge

Also by the Classical maximum principle
0=y < 0rllo-

We claim that
h(x,1) <O. (2.4.3)

Indeed, by integration it follows that for T € (0, T')

/h(x,T)&(x,T)dx—/ h(x, ) ¥(x, 7)dx
Bg

Br

T T
=/ (h(x,t)&(x,t))tdxdtzf / (hnﬁ+hxﬁ,) dxdt  (2.4.4)
T Br T Bpr
T T
:/ (—A(ah)lff—i—hzﬂ,)dxdt:/ (Y — o AV ) hdxdt
T Br T Bpr

for any smooth function 1} d~eﬁned in Bg x (t, T) which vanishes on 9 B x (t, T).
In particular we choose i to be the solution of the problem

Vi—aly =0 Brx(z,T),
V=0 ondBg x (7, T),
1/~/(x, 7) =w(x) x € Bg,
where w € C{°(Br(0)), w > 0.
From (2.4.4) it follows that
/ hx,T)Y(x,T)dx = / h(x,7) w(x)dx.
Br Bg
Since h(x, T) = —n(x) < 0, and by the maximum principle 1,7/ > 0, we conclude that

/ h(x, Hwx)dx <O0.
Bp

Therefore h(x, ) < 0, which proves the claim (2.4.3).
From (2.4.3) it follows that

d
L e )] dx = —/ h(x. 1) dx
dt Br Br

:/ A(ah)dx :/ oek) do >0
Bg

dBr n
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since h(x,t) < 0on Br x (0, T), and vanishes on the boundary. Hence,

f |A(x, t)|dx
Bg

is monotone increasing, and

/ |h(x,t)|dx < / n(x)dx (2.4.5)
Br Bpg
for any ¢t € [0, T']. Also,

0

a—f — Ay = —ah>0 (2.4.6)

i.e. ¥ (-, t) is an increasing function. Therefore for any 7 € (0, T)
0 <¢¥(x, 1) <Or(x). (2.4.7)
By rescaling (using that 6 is a Green’s potential)
0
H v < C(m R (2.4.8)
I L8y

Step 2. Let b = u — v, where u, v are continuous weak solutions of dz/9t = Ag(z).
Then

E ::/ b(x,T)0r(x)dx —/ b(x,t)Y¥(x,1)dx
Br Bg

L
:/ f — (b(x, ) Y(x,t)) dtdx
BrJr Ot

T
=fB / [Ap@W) — p) ¥ — ba Ay 1drdx

T T avf
= / / b(A— o)Ay dtdx — / / — o) — ()] dtdo.
Bgr Jt d0Br Jt on

Denoting by H the last term above, it follows from (2.4.8) that

(2.4.9)

T
|H|sc<n)R‘—"/ faB [o(u) +¢(v)] dodt.

Using that there exists 6 € (0, 1) such that

o) < C @’ +u'/?)
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and the hypothesis that u, v € L*°(R" x [z, T']) we get

T
|H| gcg,,,f(n){R‘—"/ faB (u + v) dodt (2.4.10)
T R

T 8
+ (Rl—"/ / (u + v)dodt) } (2.4.11)
T dBgr

Step 3. We would like to solve (2.4.1a), (2.4.1b) with « = A. However we cannot
do this. So we use an approximation argument. Since Ay are continuous and strictly
positive on compact sets we can find a, € C*® a, > 0, with a, — Ay uniformly
on compacts. Let ¥, h, be the solutions of the (BVP) (2.4.1a), (2.4.1b) respectively
with @ = a,. Let {z;} be a sequence suchthat T =19 > 11 > ---7; > ---, 7, = 0
as j — oo. We consider the sequence {—h,(x, T;) dx}. From (2.4.5) we have that
passing to a subsequence, there exists )»g.k’R), the weak limit of {—h,, (x, T;)dx};2, as
Vv — 0.

Let 1/fj(.k’R) be the Green’s potential of )»E.k’R). We claim that

R = lim v, (x, 7)) (2.4.12)
J vy—00 | °

for all x where {,} is a subsequence of {,}.

Since ¥, (-, Tj) = Gr(—hy (-, 7})), from (2.4.5) it suffices to show that if 1, —
weakly then for some subsequence {u,, }, Grity, (x) = Gru(x) forall x € Bg. For
any A > 0 we have

[{x : Gy — Gr)(x)] > A}
< [{x 1 1(GPy — GE) ()| > 172} + [{x : [(Geprr — Gep) (X)] > 2/2}]
=|A,| + 1B,

where G¢(x, y) = X{(x,y): |x—y|<e} G(x,y) and G®(x,y) = G(x,y) — G¢(x,y). By
Chebishev’s inequality

C
1By < ;/ / Gex. y) [(dpey — di) ()] dx = 0(e)
Br Jlx—yl|<e

since || dp, — dp|| < M for any v. On the other hand G € C* therefore G® ., (x) —
G®u(x) a.e.in x as v 1 co. Remember that G r the Green’s potential takes finite mea-
sures into the space Lgé("_z)(BR 0)) (i.e. L =2 (Bg(0))-weak space). Combining
this with the Egorov’s theorem we obtain that G, — G in measure as v 1 oo.
Therefore for some subsequence {1}, we have Gu,, — Gu a.e. in x as vg 1 oo.
Hence 9" (x) = lim,, o0 Y1, (x, 7)) a.c. in x.

. But since 1/fj(.k’R), Y (-, T;) are Green’s potentials, every point is a Lebesgue point,
ie.,

¥ () = lim

(x,R)
¥ (y)dy
0 | By ()| JB, vy’
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yielding the claim (2.4.12).
On the other hand, from (2.4.6) it follows that

0=y P <P @) <or(x) forallx € Bg. (2.4.13)

Also by (2.4.5)
/ d)\;"’R) E/U(x)dx. (2.4.14)
Bg

Setting T = 7; in (2.4.9) we obtain

(k,R)
< ES

/ b(x, T)Or(x)dx —/ b(x, ;) w](_k,R) dx
Bgr Br

where by (2.4.9), (2.4.10) and (2.4.2)
T 172
|ESR < C(n)[/ / A'PH(A — Ak)zdxdt]
J tj JBR

T
+R1—"/ /BB (u + v)dodt (2.4.15)
T R

T )
+ <R1—"/ / (u + v)dcrdt) )
T; JOBR

AT'DP(A — A)? < Cer on Bg x 1, T]

But

and thus the first term on the right hand side in (2.4.15) tends to zero as k 1 oo uniformly
in R. Since

sup (u+v)dx < o0
t>0 JR"

for some {R;}

T
Rllf”/ / (u +v)ditdo — 0 as R; 1 oo.
3BR1 T

J

/d)ng.k’R) S/n(x)dx

by (2.4.14), there exists a subsequence dk;kS’RS) such that

s — oo. Let ¥; = NA; = Newton potential of A;. Since t/fj(.kS’RS) = G)»E.ks’RS)
arguing as above we obtain that

Since

)Lgks’RS) — A; weakly as

1//1(.]‘“&) — ¥, ae.inx (passing to subsequence).

Thus we have
0<v¥jr1 =¥jx) <0(x)=Nn() forallx (2.4.16)
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and
/ dirj < / n(x)dx. (2.4.17)
From the Dominated Convergence Theorem and (2.4.15) it follows that

/ b(x,T)0(x)dx = / b(x,tj)V;(x)dx. (2.4.18)
R}l Rn

Define Yoo (x) = lim_, » ¥ (x) (the convergence follows by (2.4.16)).
We claim that

{2} converges weakly to a measure Ao. (2.4.19)

By (2.4.17) it suffices to show that if A is the weak limit of a subsequence {2 } of {4},
then A = Ao, Where Aoy = — AV in D’. Indeed, if

/‘)\j_yq)—)‘/ A as j; — o0
Rﬂ R"

—/ VA — /Mﬁ
R

for any ¢ € C;°. But by the Dominated Convergence Theorem

then

/ 1/’js Ap — — 1//ooA(b:‘/)\oo(l)-
Rn R"

Hence A = Aoo. Since — [pn Yoo AP = [pn Aoo ¢ We obtain that oo = N ace.
in x.
We next claim that
Yoo = NXioo everywhere. (2.4.20)

(Notice that we do not know if the measures are absolutely continuous therefore sets
of measure zero play an important role). To prove the claim, for ¢ > 0 define K. (x) =
min{k(x), c,e2~"}, withk(x) = ¢, |x|> " and N f = ke * f. Since A; — Aoo weakly,
N¢)dj — Nghoo everywhere as j — oo. Then since

Nedj < NAj =1
we have that

Hence NXoo < Yoo, Which proves the claim.
We next observe that the solutions # and v have an initial trace, as it follows from
Lemma 1.3.2 in Chapter 1. By assumption u, v have the same trace u.
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Our next goal is to show that Nu(x, ;) — Npu. To this end we shall first prove
that w(x, t) = Nu(x,t) satisfies ow/dt = —@(u) < 0, which will allow us to take
limits at + — 0. Indeed, fix T € (0, T) and define

T
ex,t, T)=wkx,T) —w(x, 1) —l—/ o (x,t))dt.

Then A,e = 0in D’. Also f|x|<R w(x,)dx < CR"2fort € (v, T) since w(x, t) =

Nu(x,t) and u € L®(R" x [7, T]). Using that ¢ € 4§, we have that for u < 1,
¢(u) < u?,witha < 1. For any p > 1, we have

T P 1/p T 1/p
(/ (/ ou(x, t))a't) dx) < / ( (pu))? dx) dt. (2.4.21)
R T T R

Butif p =1/a

. (pu)? dx :/ 1(<ﬂ(u))p dx+/ (pu)? dx

<1

5M(r)|{x:uzl}|+/ udx < o0

u<l

where

M(z) = sup (¢ (u(x,1)))? < oo
te(r,T)

by our assumptions. Then

T p 1/p
|:/ (f ¢ (u(x, 1)) dt) dxi| < 00
R” T

ie. frTgo(u)(-, t)dt € LP(R") for some p > 1, and thus
/ le(x,7,T)| dx < C R"® for some 8§ > 0.
|x]<R

By the Mean Value Theorem for harmonic functions we can conclude that e = 0.
Hence

T
w(x, 1) = w(x, T)+/ @ (u(x, 1) dt
T

which implies that w(x, 7) is differentiable in T and
ow
at
For the sequence 7; | 0, it follows from the above that w(-, ;) is an increasing
sequence and thus its limit F(x) is a superharmonic function. Hence, F = N pu, for

some u > 0 everywhere (passing to a subsequence we can assume that p is the weak
limit of u(-, z;) as t; — 0).

=—p@u) <0.
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We finally claim that
b=0. (2.4.22)

Indeed, pick j > k, then

/ u(x,q)xh(x)dx:/ u(x,tj)Nkj(x)dxzf w(x, Tj) dA;j
R7 R~ R

and
jli)n;oinf/n u(x, ;) yj(x)dx > /n u(x, o) Yoo (x) dx
> /u(x,fk)Nkoo(x)dx
= /n w(x, ) dAoso
where
/R" wx, ) dhoo — /F(x)dkoo = /Nudkoo
as k 1 oo.

Fors > Oletvg(x,t) = v(x,t +s), by = u — vy and wy = Nvg. Then
0<ws; <C;, onR"x[0,00)

and by the Dominated Convergence Theorem

limsup/vs(x,tj)l/fj(x)dx < limsup/ws(x,O)a’Aj

j—o00 j—oo

= lim sup/ v(x,s)¥j(x)dx

j—oo
= / v(x,s) Yoo (x) dx.
Hence

liminf/bs(x,rj) Yi(x)dx 2/[Nu—ws(x,0)] diso =0

J—>00

consequently from (2.4.18) (with t instead of T)

/bs(x, 7)0(x)dx > 0.

Thus taking the limit when s | 0 we obtain

/b(x, 7)0(x)dx > 0.
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Interchanging u and v we have that

/b(x, 7)0(x)dx < 0.

Therefore
/b(x, 71)0(x)dx =0 forall§ € C§°

which implies that b(x, ) = 0 for any x and any 7. O

2.5 Further results

In this section we shall give a brief summary of further known results on the behavior of
solutions of the Cauchy problem for equation (2.0.1) in the slow diffusion case, which
were not covered in detail in Sections 2.1-2.4, as they are not closely related to the main
objective of this book. Most of the results which will be discussed are concerned with
the pure power case u; = Au™, m > 1. This equation has been extensively studied
in the literature. We apologize for not mentioning all the known results. We refer the
reader to the survey articles [111] and [125] for a collection of known results.

1. The variable coefficient porous medium equation. We shall give here a brief
summary on how one can extend the results of this chapter to non-negative weak
solutions of the variable coefficient generalized porous medium equations

9
a_’: = Ap(x,t,u), (x,1) €R" x (0,T) 2.5.1)

for nonlinearities ¢ which belong to the class 4§, uniformly in (x,7), x € R", ¢t > 0,
with ¢(0, 0, 1) = 1. Because of the (x, t) dependence, we impose the following extra
assumptions on ¢; namely that there exist A € (0, 1) such that

(1) forevery x,x’ e R", t,t' >0
y

< gﬂ(X,t,u) <)\71

; 252
T oM, t'u) T ( )

(ii) for every x € R" and ¢t > 0, the function ¢(x, -, u) is differentiable in ¢ and

< gol(-x’tyu) <)\‘—1

S AT (2.5.3)

forallu > 1.
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We denote by 4, the class of such nonlinearities. The complete characterization
of non-negative continuous weak solutions of the Cauchy problem for (2.5.1), with ¢
satisfying the conditions described above, is given in [51].

The existence of solutions is obtained in a similar manner as in the constant coeffi-
cient case of ¢ = ¢(u) studied in Section 2.3 of this chapter.

To show uniqueness and existence of initial trace, one needs to establish a Harnack
inequality, similar to Theorem 1.3.7 of Chapter 1. One uses compactness arguments,
based on the fact that a uniformly bounded sequence {uy} of solutions of duy /0t =
A (x,t, uy), with gx € 4, ,,1s equicontinuous. The difference between the variable
coefficientcase ¢ = ¢(x, t, u) and the case of ¢ = ¢ (u) is that the class of nonlinearities
44.2 1s not compact because of the (x, r)—dependence. A subtle argument needs to be
used in order to establish certain weak compactness of the class 4, ;.

To establish uniqueness of solutions, one combines the Harnack inequality and tech-
niques from Potential Theory. To overcome certain technical difficulties arising from
the time dependence of the coefficients, one establishes the analogue of the Aronson—
Bénilan inequality, namely the inequality

with K a constant depending only on data a, A and the dimension n. This inequality
was shown for the pure power case in [7]. Its proof in the case of equation (2.5.1) is
substantially harder and is given in [S1]. We refer the reader to this paper for all the
details.

2. Changing sign solutions. We shall comment in this section on possible extensions
of the results in this chapter to the case of changing sign solutions of the porous medium
equation

ur = div(lu/™ "' Vu) onR" x (0, T) (2.5.4)

form > 1.

The Cauchy problem for changing sign solutions of (2.5.4) was studied by Bénilan,
Crandall and Pierre in [20] where the following existence and uniqueness result was
shown.

Theorem 2.5.1 ([20]). Assume that ug € Llloc (R™) and satisfies the growth assumption
luo(x)| = 0(x ¥ D) as |x| — oo. (2.5.5)

Then, there exists a unique u € C([0, T); Llloc (R™)) which solves (2.5.4) in the distri-
butional sense, takes on the initial data uy and satisfies the growth estimate

lu(x, )| = 0(Ix|> "Dy as|x| » oo. (2.5.6)

locally uniformly in 0 <t < T. Moreover, the existence is global (i.e., T = 00) if
Juo(x)| = o(|x/*=D) as |x| — oo.
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The above theorem settles the questions of existence and uniqueness of changing
sign solutions of (2.5.4) in the class u € C([0, T); Llloc(R”)) and with initial data
which satisfies the growth condition (2.5.5). However, the corresponding theory for
weak solutions with initial data a measure has not been developed. In particular the
uniqueness of changing sign solutions with initial data being a measure has been a
long-standing open problem.

In [123], J. L. Vazquez constructed a non-trivial solution # of equation (2.5.4) in
dimension n = 1 with zero initial data. The solution u has the self-similar form

u(x, 1) =t=*U(x tP), with B<0anda = (1 —2B)/(m — 1) > 0, and satisfies
limu(x,t) =0
t—0

uniformly in x on compact subsets of R. However, u becomes oscillatory as |x| — oo

and does not satisfy the growth condition (2.5.6) locally uniformly in0 <t < T.
One basic question remains open: Let # and v be two changing sign continuous

weak solutions of equation (2.5.4) on R” x (0, co) such thatu, v € L®°(R" x (1, 00)),

for each T > 0 and

sup/ lu(x,t)| + |v(x, t)|dx < oo.

t>0
If

lim [u(x,t) —v(x,)]nkx)dx =0
t0 Rn

foralln € C°(R"),is u = v?

3. The regularity of the free boundary. We consider in this section the Cauchy
problem for the porous medium equation

u, = Au™ inR" x [0, 00),

u(x,0) = ug on R", (2.5.7)
in the range of exponents m > 1, with initial data ug non-negative, integrable and
compactly supported.

The function u represents the density of an idea gas through a porous medium,
while p = m u”! represents the pressure of the gas. The function p satisfies the
equation

pi = pAp + r(m) |Dp|* (2.5.8)

with r(m) = 1/(m — 1). When u = 0, then p = 0 and both of the above equations
become degenerate. This degeneracy results into the interesting phenomenon of the
finite speed of propagation: 1If the initial data uq is compactly supported in R”, the
solution u( -, t) will remain compactly supported for all time . Hence the boundary
of the support of u( -, t), namely the surface I'(#) = o{u(-,¢) > 0} behaves like a
free boundary propagating with finite speed. Since the equation becomes degenerate
at the free boundary where u = p = 0, the solutions u# and p are not expected to be
smooth near the boundary of its support. The optimal regularity for the density u has
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been shown to be Holder continuous and solutions are understood in the distributional
sense. On the other hand, the physical interpretation of the equation indicates that,
under ideal conditions, the free boundary should be a smooth surface and the pressure
p a smooth function up to the interface. However, this is not always the case as
advancing free boundaries may hit each other after a short time creating singularities.

In this section we shall present a short summary of the main results concerning the
regularity of the free boundary

' =dsuppu

under rather general initial conditions.

Caffarelli and Friedman [29], [28] showed that the interface can be always described
by a Holder continuous function ¢ = S(x), x ¢ supp ug, for any initial data.

In the one dimensional case the free boundary regularity is completely understood.
It has been shown in [100] and [29], that if the support of the initial data is an interval,
the free boundary consists out of two Lipschitz continuous curves x = ¢;(t), with {;
decreasing and ¢; increasing. Moreover, there exist waiting times £ so that ¢; (¢) are
constant for # < ¢* and each ¢; is C Ufors > t*. However at t = t7, {;(t) may have
a corner, so Lipschitz is the optimal regularity [11]. Aronson and Vazquez [15] and
independently Hollig and Kreis [83] showed that for > ¢ the curves ¢; are smooth.
Moreover, it was shown in [15] that the pressure p is smooth up to the interface for
t > max(t], t;) and that it becomes concave for ¢ sufficiently large. Bénilan and
Vazquez [19] showed that if (pg)xx < —C < 0, then the concavity of the pressure p is
preserved under the flow and consequently the interfaces x = ¢; (¢) are concave curves.
Angenent [1] showed that for z > ¢ the curves ¢; are real analytic.

In dimensions n > 2 the regularity of the free boundary poses a much harder
question. The non-degeneracy of the initial pressure, namely the condition

|Dpol + po>=pn >0 on{po>0} (2.5.9)

is crucial for regularity. Condition (2.5.9) ensures that the free boundary will start
to move at each point for + > (0. Caffarelli, Vazquez and Wolanski [32] established
the Lipschitz regularity of the pressure p and the free boundary I', away from the
initial support, provided that the initial pressure pq satisfies (2.5.9) and some extra
assumptions. In particular, it was shown in [32] that the free boundary is Lipschitz
continuous for ¢t > Ty, with Ty sufficiently large. This result was later improved by
Caffarelli and Wolanski in [33], where it was shown the free boundary I" is C La for
some o > (0. The C*-regularity of the pressure p up to the free boundary and the free
boundary I', for large times ¢ > Tj was recently shown by Koch [98].

The short time C* regularity of the pressure p up to the free boundary and the free
boundary I" under the non-degeneracy condition (2.5.9) was established independently
by Daskalopoulos and Hamilton [57], [58], Koch [98] and Meirmanov, Pukhnachov,
Shmarev [108]. The main tools in [57], [58] and [98] are local Schauder estimates
and local W2 P estimates respectively, which are scaled according to a singular metric,
which is appropriate for the degenerate problem. The short time analyticity of the free
boundary is shown in [98]. The results in [57], [S8] and [98] require that the initial
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data py is at least of class C1%(§2), for some @ > 0, with £2 denoting the closure of
the initial support. The short time C* regularity of the free boundary with Lipschitz
continuous initial data satisfying (2.5.9) remains an open question.

In [60], Daskalopoulos, Hamilton and Lee studied the convexity properties of the
porous medium equation in connection to the all-time regularity of free boundary. They
showed that if the initial data pg is root-concave and satisfies (2.5.9), then the root-
concavity of p is preserved for r > 0. As a consequence, it was shown in [60], that the
free boundary remains smooth for all times. It is a rather interesting observation that
in space dimensions n > 2 it is the concavity of ,/p and not the concavity of p that
is preserved under the flow. However, one may ask: does p become concave for large
times? The answer is indeed affirmative as was shown by Lee and Vazquez in [104].

The free boundary regularity for solutions to the slow diffusion equation u; =
A@(u), under certain conditions on the nonlinearity ¢ which generalize the porous
medium equation has been studied by Daskalopoulos and Rhee in [61]. We refer the
reader to their paper for detailed statements of the results and proofs.

In the so called focusing problem one studies weak solutions to the porous medium
equation (2.5.7) whose initial support supp{u¢ > 0} lies in the exterior of some compact
set, for example a ball. Ata finite time 7 the gas will fill all the initially empty region. In
[13], Aronson and Graveleau constructed an one-parameter family {g.} of self-similar
solutions to the radially symmetric focusing problem. These solutions are an example
of self-similar solutions of the second kind, in which the self-similarity variable cannot
be determined a priori from dimensional considerations. The Aronson—Graveleau self-
similar solutions show that in more than one space dimensions the gradient of the
pressure p is infinite at the center of the empty region R at the focusing time 7. This
means that the pressure p of solutions to the porous medium equation is in general not
Lipschitz continuous. The optimal Holder exponent of the density u is unknown.

Angenent and Aronson [2], [3] showed that the focusing behavior of radially sym-
metric solutions is determined by one member of the family {g.}. In other words the
family {g.} determines the local intermediate asymptotics of the focusing process. In
[4] Angenent and Aronson construct non-radially symmetric self-similar solutions to
the porous medium equation, by showing that the family of radial self-similar solutions
{g.} undergoes a sequence of breaking bifurcations as the exponent m decreases from
m=ootom=1.

4. Time asymptotic behaviour of solutions. In this section we shall present a brief
summary of the results on the asymptotic in time behaviour of solutions of the Cauchy
problem

u; = Au™ inR" x [0, 7),

2.5.10
u(x,0) = ug on R", ( )

for the porous medium equation m > 1. Let u be a non-negative weak solution of
(2.5.10) with non-negative and integrable initial data

uo € L'R")  up > 0.
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Since ug € L'(R"), the solution u will exists up to time T = oo (Theorem 2.3.3). The
large time behaviour of solutions in this class is described by the one parameter family
of source type self-similar solutions

Ux,t;C) =1 F(xt™?; C) (2.5.11)
with parameter C > 0 [17], [136], called Barenblatt solutions. The profile F' is given
by the explicit formula

1
F(n):(C—an)_’ﬁ”, k=pBm—1)2m (2.5.12)
and the constants «, B are given by

n 1

The solutions U (x, t; C) have constant mass
M :/U(x,t; C)dx

which is determined by the free constant C.

The asymptotic behaviour of any solution u of the Cauchy problem is described in
terms of the Barenblatt solution Uy, with the same mass as u, as stated in the next two
theorems.

Theorem 2.5.2. Let u(x, t) be the unique solution of the Cauchy problem (2.5.10) with
initial data ugy € L' (R") and let Uy be the Barenblatt solution with the same mass as
ug. Then, ast — 0o, we have

Jim JJu(@) = Un (D1 @y = 0-
Theorem 2.5.3. Convergence also holds uniformly in the proper scale
lim % |lu(t) — Up (t)|| Loy =0
1—00
with a given by (2.5.13). Moreover, for every p € (1, 0c0) we have
lim 1P u(t) — Upt (0)]| Lo @ny = 0
1—00

witha(p) = a(p — 1)/p.

For a number of different proofs of the above theorems we refer the reader to
Vazquez [127]. These results extend to exponents m > 1 the well-known convergence
of the solutions of the Cauchy problem to the heat equation towards the Gaussian
kernel, which implies the asymptotic behaviour

u(x, 1) ~ exp(—x2/4t)

(4rr)n/?
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holding under the condition ug > 0, fR” up(x)dx = M < <.

The first result on the asymptotic behaviour for the Cauchy problem (2.5.10), for
m > 1, in one space dimension n = 1 and compactly supported initial data was shown
by S. Kamin [96]. Its extension to dimensions n > 2 was given by Friedman and

Kamin [71]. For a detailed analysis of further results and proofs we refer the reader to
[127].



Chapter 3
The Cauchy problem for fast diffusion

This chapter is concerned with the solvability of the Cauchy problem for equations of
the form
du _ Ap(u) (3.0.1)
i [0 .0.
where the nonlinearity ¢ (u) satisfies certain growth assumptions which correspond to
fast diffusion.

In Section 3.1 we shall establish the existence of solutions, existence of initial trace
and uniqueness of solutions of the Cauchy problem for equation (3.0.1) in the super-
critical fast diffusion case ¢ € ¥, (as defined in the Introduction) generalizing the pure
power case ¢(u) = u™, (n —2)/n <m < 1.

In Section 3.2 we shall study the Cauchy problem for equation (3.0.1) in the special
case where ¢(u) = logu. This is the limiting fast diffusion equation u; = Au"/m,
when m — 0. In critical dimension n = 2 this equation represents the evolution of the
conformally equivalent metric g with ds> = u (dx? 4 dy?) under the Ricci flow and
has special interesting features.

In Section 3.3 we shall give a summary of results on the solvability of the Cauchy
problem for equation (3.0.1) in the sub-critical case p(u) = u™, m < (n — 2)/n as
well as in the super-fast diffusion case ¢ () = u”/m, m < 0.

3.1 The Cauchy problem for super-critical fast diffusion

In this section we shall study the class of non-negative continuous weak solutions of

equation

ou
i Apm) onR" x (0,T) (3.1.1)

with 0 < T < oo. The nonlinearity ¢ is assumed to belong to the class ¥,,a € (0, 1),
defined by the conditions:

(1) ¢: [0, 00) — R is a continuous non-negative function with ¢(0) = 0.
(i1) for all u > 0, ¢ satisfies the growth conditions

/
< u@'(u) <q!

(3.1.2)
@(u)
(iii.1) There exist ug > O such that for u > ug
) !
T2t g, (3.1.3)

n @(u)
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(iii.2) ug = 1 and (1) = 1.

We shall present results which were shown in [48] and completely classify the class
of continuous weak solutions of (3.1.1). The Cauchy problem for equation (3.1.1) with
o) =u",(n—2)/n <m < 1and L1]OC initial data was studied by Herrero and Pierre
in [81].

We begin with some preliminary estimates. We observe first that the growth as-
sumptions (3.1.2) and (3.1.3) imply the existence of numbers w, v and y such that
0<pu<1,0<v<+o0andy > (n — 2)/n which depend only on a, so that, if
g) E }va,

O ew=<u", u=>1,
() ew)<u”, O0<u<l, (3.1.4)

(i) ew)>u”, u>1

We shall also need the following elementary estimate:

fa du N{%[al—“—bl—“], Ca>2, aLs)
b

AuP + But — % [a'=# —b'=P], Ca<2,

where0 < B <u<1,A>0,B>0,C= (B/A)l/(“_ﬂ), and as usual >~ means that
the ratio is bounded above and below. (3.1.5) remains valid if 8 = u, provided A = B.
Let now u, v be as in (3.1.4), and define 8 = min{u, v}. Then0 < 8 < u < 1, and

o) <uf, 0<u<l1. (3.1.6)

Following Herrero and Pierre [81], for any number 8, 0 < 6 < 1, and ¢ € $(R"),
Y > 0 (Schwartz class) we set

1-6
Co(y) = [ /R ) |Aw|‘/<1—(’>w—f’/“-@>} : (3.1.7)

Clearly Cy () could be infinite, but if Co(1/) < oo the same is true for Co(Vxy r),
where, for xo e R" and R > 0

_ X — Xp
VYo, R(X) = R oy < R ) ) (3.1.8)

Moreover, once 8, u are fixed as above, we can find 0 < 1} <1,
supp ¥ C {Ix| < 2},

¥ = 1on {|x| < 1}, so that Cﬂ(l/_f) < 400, CM(I/_/) < 4 00. (See the remarks after
(3.6) in [81]). We shall fix such a ¥ for the remainder of this section.
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Lemma 3.1.1. Let u be a continuous non-negative weak solution of equation (3.1.1)
with ¢ € Fy. Let B, i be as in (3.1.6) and (3.1.4) respectively, and let » € Cg°(R")
be such that A = Cg(y) < +00, B =Cpu(y¥) < +00. Let

G(b)_/b du
—Jo Auf + Bur

and
f@ = /R u(x,t) Y(x)dx.

Then
IG(f@®) —G(fs)I <l|t—s| forO<s,t<T. (3.1.9)

Proof. By the approximation result Corollary 1.1.2 of Chapter 1, the following formal
calculation is justified.

MO /Rn o(u(x, 1) Ay(x)dx
and hence

If’(t)lsf l<p(u(x,t>>|Aw|dx+/ Pl ) 1Av]ds

>

5/ uﬂ(x,z)|m//|dx+/ ul(x, 1) |AY | dx
u<l u>1
< Cs(¥) F(OF + Cuy) FO*

(by Holder’s inequality). The lemma now follows by integrating the differential in-
equality. O

Corollary 3.1.2. Let u be as in Lemma 3.1.1, @ as above. Then, there exists C1 > 0,
C> > 0, which depend only on B, u, :ﬁ and n such that, if 0 < s,t < T, and

max{/ u(x, 1) &XO,R(x)dx,f u(x,s)&xo,R(x)dx} <C; (3.1.10)
n Ri’l
then

‘ [/}R u(x,t)lﬁxo,R(x)dx:| - [/R u(x, s) V’xoﬂ()‘)dx} ‘ (3.1.11)
< Calt —sI/R?

while if the max in (3.1.10) is bigger than Cy,

— l_ﬂ 0 I_Iu
‘ |:/n u(x, 1) Yy, r(X) dx} - |:/n u(x, 8) Yag, R (X) dx] ‘ (3.1.12)
<G|t —s|/R%.
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Proof. Note that C@(I/_IXO’R) = R2Cy(¥). The corollary now follows from (3.1.5)
and (3.1.9).
We are now ready to establish the existence of a trace as ¢ |, 0.

Theorem 3.1.3. Let u be a continuous non-negative weak solution of (3.1.1) with
@ € F,. Then there exists a unique locally finite Borel measure u on R", such that

lm/“anqux=/ Y00 dut),
tl0 Rn R?
forall y € Cg°(R™).

Proof. Lets = T/2 and consider 0 < t < T /2. The continuity of # in R” x (0, T)
together with Corollary 3.1.2 shows that {u(x, #)} has locally uniformly bounded mass.
Hence, given {z;} — 0, we can find a subsequence {z,;} — 0, and a locally finite Borel
measure p such that

lim uumpwwwx=/'wuwuu>
j—o0 Jrn R"
for all € C°(R™).
Suppose that {s;} — 0, and let us consider the corresponding {sp; } and ;.. We want
to show that 4 = 1. However, once again, Corollary 3.1.2 applied to 7 = #,,, s = sp;
shows that, for all xg, R,

f&xo,Rdﬂz/“Z,xo,Rd/l‘

The non-triviality of ¥ now implies that dju = d/i, and the theorem follows. O

We now turn our attention to the existence of solutions in R"” x (0, 00).

Theorem 3.1.4. Let p be a locally finite Borel measure on R". Then for any ¢ € ¥,
there exists a continuous weak solution u to du /ot = Ap(u) in R" x (0, 00), such that

lim u(x,t)r](x)dx:/ nx)du(x) (3.1.13)
t}0 Jpn R"

foralln € C°(R").

Proof. Our starting point is the following classical result (Theorem 1.6.1, Chapter 1):
forany ug € Cg°(R"), thereexistsu € C([0, 00); LY(R™)) N L% (R" x [0, 00)), which
is a weak solution of du /9t = Ap(u) in R” x (0, 0o) and such that u(x, 0) = ug(x).
Moreover, u is continuous in R” x (0, 00).

We next claim thatif R > 1, [ Byg 10 dx < M then the corresponding u are equicon-
tinuous on compact subsets of Bg x (0, 00). To establish this, note that Theorem 1.4.3
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in Chapter 1 establishes the local uniform boundedness in Br x [R2, + 00), and hence
the equicontinuity result, Theorem 1.5.1 in Chapter 1 gives the equicontinuity there. If
t < R?, choose r? =t < R?, and apply the same argument to B, x [rZ, +-00) and its
translates, to obtain the desired equicontinuity.

Finally, note thatif n € C3°(R"), suppn C Bg, fB4R ugdx < M,and u is as above,
then

‘/ n)[ulx,t) —uo(x)ldx

<1t Chp- (3.1.14)

In fact ,
/ n()u(x, 1) —uo(x)]dx = / / An(x)e(u(x, s)) dxds
0 JR®
and so, by (3.1.4) (i), the left-hand side of (3.1.14) is bounded by

t t
/ / |[An(x)|dx ds —1—/ / [An(x)|u(x,s)dxds, 0<pu<1.
O n O R"

An application of Holder’s inequality and Corollary 3.1.2 establishes (3.1.14).
Fix now the measure p, and pick ug ; € C;°(R") such that

Jim ] o,k (x)n(x) dx Z/H(X)dM(X)-

0 JR

We can choose u x so that, in addition

/ uox(x)dx < Mg
Bp

where Mg is independent of k. Let ug be the corresponding solutions, constructed at
the beginning of the proof. By equicontinuity (after possibly passing to a subsequence,
which we still denote {u}), there exists a continuous weak solution u of du/dt =
Ag@(u) such that the uy converge to u, uniformly on compact subsets of R* x (0, 00).
The inequality (3.1.14) now establishes (3.1.13). O

Remark. The results in [25] show that, unless the left-hand inequality of the growth
condition (3.1.3) is verified (in the pure power case ¢ (1) = u™), Theorem 3.1.4 fails
when p is the delta mass at the origin. As our proof shows, this is because of the lack
of an L — L'-regularizing effect, as in Theorem 1.4.3 in Chapter 1.

Finally, we turn to the uniqueness of the solution constructed in Theorem 3.1.4.
The general strategy is the one developed in [45] for the porous medium equation and
already presented in the proofs of Lemma 2.2.1 and Theorem 2.2.2. We start out with
a version of the maximum principle. Its proof follows closely that of Lemma 2.2.1.

Lemma 3.1.5. Let u, v be continuous weak solutions of (3.1.1), with ¢ € F,. Assume
that

lim [v(x,t) —u(x,t)]Tdx =0 (3.1.15)
130 Jix|<R

forall R > 0, where At = max{A, 0}. Thenv < u in St.
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Proof. Let w = v — u and let ¢ denote the characteristic function of the set where
u < v. If u, v and ¢ are smooth, Kato’s inequality [98] shows that
Alp) — )" = g Alp(v) — pw)].

Also
dwT 0w
ot 151
By (3.1.3), (3.1.4) and (3.1.6) we see that

[p(v) — @)™ < C{ (v —ulH" + (v —ulH’}.

Hence, (still under the assumption that u, v, ¢ are smooth) we have, for ¢y € C;°(R"),
v >0

d
£ / v wt(x, Ndx < / P Alp®) — p@)]* dx
< / AP ()| [o(v) — 9] dx
<c f AV (T = uTHY + (v — u]H)P)

"
<CCu(¥) (/ ¥ (x) wh (s, t)dX>

B
+ C Cp(y) (f V(x) w+(x,t)dx> )

Integrating this (one-sided) differential inequality in a manner similar to the proof of
Lemma 3.1.1, using Corollary 1.1.2 of Chapter 1 to justify the formal argument above,
and using (3.1.15) we see that, if C,, () < oo and Cg(y) < oo, there are constants
C1, C; such that, if

1
e [v(-xvt)_u(-xv t)]+d-x =< Cl
R" Jix—¢|<R
then

(i/ [v(x, 1) —u(x t)]*dx>l_ﬁ <C -2
n ’ ’ = 2tR
R™ Jix—g|<r

while if the above quantity exceeds Cy, then
1 1=n
(—/ [v(x, 1) — u(x, z)]*dx> <CytR7?,
R" Jix—g|<R

forany R > 0, £ € R".
Let now

t
h(x, 1) :/0 [p(v) — p)]" dx.
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It is easy to see that, for each t > 0, & is a subharmonic function of x. Hence, for
& eR,

1
W 1) < / h(x, Ddx
wn R" J &)

1 t N
< // [p(v) — ()]
wnR" Jo JBge&)

t
sRiff {(Tv — ul™H* + (v — ul™)P)
0 JBg()

c [ " B
- < [Rna—m </ v u]+> 4 R (/ . u]+) }
n
R" Jo Bg(§) Br(§)

t
<c / S/ A=1) p=2/(=p) 4 i/ (1=B) p=2u/(1=B) g
0

t
+c/ SBIA=B) g=2B/1=P) 4 (B/(1—w) p=2B/(1—p1) ;¢
0

For fixed z, this tends to 0 as R — o0, and hence A(x, t) = 0, which establishes the
lemma. O

Our general uniqueness result now follows from the approximation procedure in
[45], Lemma 3.1.5 and the following uniqueness result due to M. Pierre [113].

Theorem 3.1.6. Let u, v be continuous non-negative weak solutions of 9z/0t = Ag(z)
onR" x (0, co) with ¢ € F,. Assume that

sup/[u(x, H)+uvlx,t)]dx <C
t>0

for some C > 0 and that u, v € L*°(R" x [t, 00)) for each T > 0. If
lim/[u(x, t)y—v(x,)]nx)dx =0
tl0

foranyn € C3°(R"), then u = v.

The reader may check that the proof of Theorem 2.4.1 in Chapter 2 in the case of
slow diffusion ¢ € 4, also applies in the fast diffusion case ¢ € F, with the obvious
changes.

We are now ready to prove the following uniqueness theorem.

Theorem 3.1.7. Let u, v be continuous weak solutions of (3.1.1), with ¢ € F,. Assume
that

ltiﬁ}/u(x,t) n(x)dx =1ti£/v(x,t) n(x)dx

foralln € C°(R"). Thenu = v in St.
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Proof. Let u be the locally finite Borel measure on R” which is the initial trace of u and
exists according to Theorem 3.1.3. Pick & € CSO(R”), 0<h<1,andlet w(x,t,h)
be a solution in R" x (0, co), with initial trace 4 ;. By Theorem 3.1.4 at least one
such w exists. Moreover, the L a priori bound, Theorem 1.4.3 in Chapter 1, shows
that any such w belongs to L°°(R" x [t1, 12]), foreach 0 < 71 < 75 < 4+ 00. We now

want to show that, for any such w,

supf w(x,t,h)dx < + o0.

t>0

In fact, Corollary 3.1.2 easily implies that for each > 0, R > 0,

d
wx,t,h) ——
/1;/2<|x|<R x| =2

5/ h(x)—_z—}-Ctl*ﬁR —F L CtTr R" Tz
R/4<|x|<2R |x|”

and hence

(3.1.16)

(3.1.17)

(3.1.18)

Pick now ¥ (x) € C®(R"), ¥(x) > 0, ¥(0) = 1, ¥ bounded, Ay < 0, ¥(x) <
C/lx|" for |x| > 1, V¥ (x)| < C/|x|""" for |x| > 1, and let Yr(x) = ¥ (x/R).
Let Oy (x) be a Cj°(R") function, 0 < 6y < 1,0y = 1 for |[x| < N, suppOy C
{Ix]| < 2N}, |VOy| < C/N, |Aby| < C/N2. Then, for 0 < s < t < 400 (with

w(x,t) = w(x,t, h)),
/w(x,t) WR(x)dx—/w(x,s) Yr(x)dx
= lim f[w(x,w—w(x,sneN(x)x/fR(x)dx

= lim // o(w(x,r)) AlOn(x) Yr(x)]dxdr

N—o00

t
< lim // p(w(x, ) [AON ()Y r(x) +2VON (x)VYR(x)]dx dr.
K Rll

N—o00

If we now use the pointwise estimates for g, Vg, Ay, V6Oy, the support properties
of the last two functﬁns, (3.1.4), (3.1.17) and the boundedness of w in R"” x [s, t], we

see that the above limy_,  is non-positive. Hence

/w(x,t)lﬁR(x)dx < fw(x,s)wR(x)dx.

Moreover, (3.1.17) and our pointwise bounds on ¥y show that

slgnofw(x,w wR<x)dx=/h<x)wR<x)du<x>.
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The last expression is bounded, independently on R, and so

/w(x, HYrx)dx < C.

Hence, Fatou’s Lemma implies (3.1.16) by letting R — oo. Pierre’s uniqueness result,
Theorem 3.1.6, now shows there is only one such w(x, ¢, k).

Claim. We have
w(x,t,h) <u(x,t). (3.1.19)

Indeed, let U, (x, t) be a solution with initial data 4 (x) u(x, €). Theorem 3.1.4 and
the above argument show that there exists exactly one such U, and that

sup/ Ugs(x,t)dx <C sup /h(x)u(x,s) dx < Cp (3.1.20)
t>0 JR? 0<e<T/2

where the last inequality is a consequence of Corollary 3.1.2. Moreover, for smooth 7,
we have that

lir%/n(x)h(x)u(x,s)dx =/17(x)h(x)d,u(x).

Note now that limg o Us(x, 1) = w(x, ¢, k). Infact, (3.1.20), Theorem 1.4.3 in Chap-
ter 1 and the equicontinuity result, Theorem 1.5.1 in Chapter 1, show that {U,(x, 1)} is
equicontinuous on compact subsets of R” x (0, 0o). Let {U, y (x, )} be a subsequence,
which converges uniformly on compact subsets of R x (0, 00) to w(x, t). Clearly,
w(x, t) is a continuous weak solution of du /9t = Ag(u) in R"” x (0, co). We claim
that for any n € Cg°(R")

ltifgfﬁ)(x,t) nx)dx = fh(x)n(x)du(x). (3.1.21)

In fact, the argument leading to (3.1.14), together with the second inequality in (3.1.20)
show that

‘/U(x) [Ue(x, 1) — h(x)u(x, &)ldx| <t Cy

which proves (3.1.21). But the uniqueness of w(x, ¢, &) then shows that w(x, t) =
w(x, t, h) and hence lim;_,¢ Ug(x, t) = w(x, ¢, h). The function U, (x, t) belongs to
C([0, 00); L' (R™)) (see [111]), so that

lim |Ug(x,t) — h(x)u(x, e)|dx = 0.
t}0 Jgrn

By the continuity of u(x, t)

lim/ lu(x,t+¢) —u(x,e)|dx =0,
t}0 Jg
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for each K cC R". Hence, by Lemma 3.1.5, Ug(x,t) < u(x,t + &), and thus our
claim, inequality (3.1.19), follows.

Pick now 0 < hj < hjy1 < 1,hj € C°(R"),lim; .o hj(x) = 1. By the
construction of w(x, ¢, 1) we have

wx,t, hj) <wx, t,hji).

Moreover, by (3.1.19), w(x, ¢, hj) < u(x,t). Let wo(x, t) be a limit of some subse-
quence of w(x, ¢, h;), which exists and is a continuous weak solution, by equicontinu-
ity. The solution w (x, ¢) has a trace as t | 0 by Theorem 3.1.3. The trace is between
hjdp and du for each j, and hence it equals d . Since weo < u,

lim lu(x,t) — weo(x,t)| =0
130 Jix|<R
forall R > 0. By Lemma 3.1.5, u(x, t) = weo(x, #). Similarly, v(x, t) = weo(x, 1),
and hence u(x,t) = v(x, t). O
We finish this section with the following existence and uniqueness result.

Theorem 3.1.8. Let u be a continuous weak solution of (3.1.7), with ¢ € F,. Then
there exists a unique i in Soo = R" x (0, 00), which is a continuous weak solution of
ou/dt = Ap(u) in Seo, withu = 1i in St.

Proof. Let u be the trace of u given by Theorem 3.1.3, and let & be the corresponding
solution in S, constructed in Theorem 3.1.4. By Theorem 3.1.7, u = & in St. ]

3.2 The Cauchy problem for logarithmic fast diffusion

We consider in this section the Cauchy problem for the logarithmic fast diffusion
equation
du/dt = Alogu inR" x[0,T),

3.2.1
u(x,0) = ug on R”, ( )

with T > 0 and initial data uo non-negative and locally integrable.

Equation (3.2.1) arises in a number of physical applications. P.L. Lions and G. Tos-
cani [105] have shown that (3.2.1) arises as a singular limit for finite velocity Boltzmann
kinetic models and Kurtz [102] has shown that it describes the limiting density distri-
bution of two gases moving against each other and obeying the Boltzmann equation.
In dimension n = 2 equation (3.2.1) arises also as a model for long Van-der-Waals
interactions in thin films of a fluid spreading on a solid surface, if certain nonlinear
fourth order effects are neglected [64], [63], [22], [23].

Equation (3.2.1) can be understood as the formal limit, as m — 0, of the fast

diffusion equation
du (um )
—=Al—.
at m
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Let us note that equation (3.2.1) corresponding to fast diffusion with exponent m = 0
in dimension n = 2 is critical, since m = (n — 2)/n defines the critical exponent in
the sense of [81].

It has been observed by S. Angenent and L. Wu [133], [134] that equation (3.2.1)
in the critical dimension n = 2 represents the evolution of the conformally equivalent
metric g with ds?> = u (dx?> + dy?) under the Ricci flow, which evolves a metric
ds? = 8gij dxidx’ by its Ricci curvature R;; with

0gij

o7 = —-2R;j.

The equivalence follows easily from the observation that the conformal metric g;; =
u I;; has scalar curvature R = —(Alogu)/u and in two dimensions R;; = % R gij.
R. Hamilton [77] used the Ricci flow on compact surfaces to obtain new proofs of the
uniformization theorem for Riemann surfaces, the topological classification of surfaces,
and the topological type of the diffeomorphism group of surfaces. We refer the reader
to Hamilton [77], [78], [78], Wu [133], [134] and Cao and Chow [34] for related works.

Our aim in this section is to present recent results regarding the solvability and
well-posedness of the Cauchy problem (3.2.1). We shall concentrate our discussion
on dimensions n > 2, giving special emphasis to the critical case n = 2, where many
interesting phenomena can be observed with important geometric applications.

The one-dimensional problem (3.2.1) is by now well understood, due to a number
of works. We refer the reader to the works [69], [115], [98] and their references for
detailed results.

Part I. The Cauchy problem (3.2.1) in critical dimension n = 2. We shall present
a characterization of the solvability of (3.2.1) in the critical dimension n = 2 in terms
of its initial condition uq, revealing some of the very interesting and complex structure
of its solution set.

The firstresult shown in [53] (see also [92] and [13 1] for the radially symmetric case)
provides a necessary and sufficient condition for solvability: it states, in particular, that
there exists a solution defined up to time T < 400, if and only if f]RZ uodx >4n T.

Theorem 3.2.1. Assume that ug # 0. Then there exists a positive classical solution u
to problem (3.2.1) on R? x [0, T) with
1
T = —f uo(x)dx < +oo.
4 R2

In particular, if fR2 ugdx = +o00, then (3.2.1) admits a globally defined classical
solution.
Conversely, if there is a solution to problem (3.2.1) on R? x [0, T), then

1
T <— up(x)dx. (3.2.2)
47T R2
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Moreover;
f u(x,t)dx 5/ ugdx —4mt (3.2.3)
R2 R2
forallt <T.

Thus, in particular all solutions to problem (3.2.1) must cease to exist by vanishing
before time (1/4m) fRZ g dx. In addition, the maximal solution of Theorem 3.2.1 is
uniquely characterized by its behavior at infinity, as shown by Rodriguez, Vazquez and
Esteban in [117], and stated next.

Theorem 3.2.2. Assume that uy %= 0 with fRZ updx < +oo. Then the maximal
solution u of (3.2.1) is uniquely characterized by the minimal decay condition

1 |x|? log? |x|
<0 324
wen) = ( o as |x| - 4+oo ( )

locally uniformly in (0, T).

On the other hand, a strong non-uniqueness phenomenon takes place: given any
integrable initial data u(, we may find solutions which vanish at any given time less
than or equal to (1/47) [ uo.

Theorem 3.2.3. Assume fRZ ugdx < 4o0o. Then, for every u > 0, there exists a
solution u, to problem (3.2.1) on R? x [0, T) with

1

T=7 = ——
YT 2m 24w Jre

uogdx,
with the property that

/ uy(x, )dx = / f(x)dx —2m (2 4+ wt, (3.2.5)
R2 RZ

forallt <T,.

For a solution u of (3.2.1) with integrable initial data ug, we define the function
() € L'(0, T by the relation

t
/ u(x,t)a’x:/ uo(x)dx—2rr/ ¢(s)ds. (3.2.6)
R2 R2 0

The following generalization of Theorem 3.2.3 has been shown in [53] (see also
[92]).

Theorem 3.2.4. Assume that f]R2 ugdx < oo and that u solves (3.2.1). Let ¢ (t) be
the function defined by (3.2.6). Then ¢ € L'((0, T]) and ¢(t) > 2. Conversely, if
¢ € L'((0, T)) with ¢ (t) = 2, then there exists a solution u to (3.2.1) such that (3.2.6)
holds.
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It is shown by Vazquez et al. [131] that in the radially symmetric case the function
¢ (¢) in (3.2.6) is related to the flux of the solution u = u(r, t) at infinity, namely
rup(r,t)

A D =—-P@) (3.2.7)

with ®(1) = [ ¢(s)ds.

We shall next present the proofs of Theorems 3.2.1, 3.2.2 and 3.2.3. We refer the
reader to [53] for the proof of Theorem 3.2.4. We shall first prove the existence of the
intermediate solutions u ,, corresponding to u > 0, stated in Theorem 3.2.3. We shall
then proceed with the construction and characterization of the maximal solution, stated
in Theorems 3.2.1 and 3.2.2.

Because of the flux condition (3.2.7), solutions which satisfy (3.2.5) are expected,
at least formally, to decay at infinity as the power |x|~>*#), Having this in mind, we
first solve the boundary value problem

du/ot = Alogu in Br x [0, 00),
u(x,t) = R-CHM  on dBg x (0, 00), (3.2.8)
u(x,0) = uo(x) X € Bp.

on a sequence of expanding cylinders Bg, x [0, 00). We then use specific solutions as
barriers in an average sense to show that the limit of those solutions along a subsequence
of R,, — oo is a solution which satisfies (3.2.5).

In the next proposition we state the existence of certain special, traveling wave-
like solutions to equation u; = Alogu, which will play a main role in the proof of
Theorem 3.2.3. These solutions were constructed by Hamilton in [77] following a
detailed ODE analysis.

Proposition 3.2.5. Given any numbers K > 0 and u > O, there exists a radially
symmetric smooth positive solution v(x, t) to equation u; = Alogu on R? x (0, T),
with T = K/2n (2 + ) such that

/2 v(ix,)dx =K =272+ n)t forallt € [0,T). 3.2.9)
R

Proof. 1t suffices to show that for each & > 0, there is a radially symmetric solution
w(r, t) to the equation u; = Alogu, with T = 1, which satisfies

/oow(r,t)rdr:(l—t)@—l—u)
0

since, for such solution w, the function

v(r, t) = —K w(r, —27[(2 + t)
27 (2 + W) K
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is a solution to (3.2.1) which satisfies (3.2.9). When u = 2, we just set w to be the
explicit solution of the equation

=40 (3.2.10)
w(r, t) = 2.
(1+7r2)2
Assume next that & > 2. We look for a solution w of the form
1 —ylog(l —¢
wir, 1) = (1 — 84087 — v loe = 1)) (3.2.11)

r2

where y > 0 is to be determined in terms of p. A direct computation shows that g
must satisfy the differential equation

AN
{g}} +g—yg =0, ye(—00,00). (3.2.12)

This equation has been analyzed in [77]. In particular, it is shown there that given any
numbers & > B > 0, there is a choice of y > 0 such that there exists a solution g(y)
to (3.2.12) which admits expansions of the form g(y) = aje™® 4+ aze 2% + ... as
y — 400 and g(y) = biefY +bye?ty + ... as y - —oo.

Let us choose 8 = 2 and « = u. Note that this choice makes the associated w
in (3.2.11) non-singular and a solution of u; = Alogu, up to r = 0. Moreover, we
have that (g’/g)(+00) = —u and (g’/g)(—00) = +2. Hence, integrating (3.2.12) we
obtain

o
24u=[ ey
—0oQ
from where relation (3.2.9) readily follows.

Finally, assume 0 < p < 2. In this case we take « = 2 and 8 = —pu and choose

y > 0 and g as above. Let us now set

g(—logr —ylog(l —1))
r2 ’

w(r,t) =1 —1)

This w defines a solution of (3.2.1) with the desired properties, thus finishing the proof.
O

Before we proceed with the proof of Theorem 3.2.3, we introduce the operator

rD(x) = _/Rz[GR(x, y) = GrQO, »]h(y)dy, (3.2.13)

where for R > 0, Gr(x, y) denotes the Green’s function for the ball Bg = {x : |x| <
R}, given by

s {log(lx — y[) — log(1ER — &2} x 0,

Gr(h)(x,y) =
A {ﬁ{loguyn—log(m} x=0.
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Notice that if & is bounded, then
AGR(h)(x) = h(x) forall x € Bg (3.2.14)
while if / is smooth and constant on d Bg, then

Gr(Ah)(x) = h(x) —h(0) forall x € Bg. (3.2.15)

Proof of Theorem 3.2.3. We shall first show the result under the assumption that the
initial data ug is in C3° (R?). The general case will follow by approximation.

To simplify the notation we shall omit the subscript © from u and 7. For R > 0
ande € (0,1), letu f denote the unique solution to problem (3.2.8) with initial data
u 5 (x,0) = ug(x)+e¢. Existence and uniqueness of u f follow from the standard theory
of non-degenerate quasilinear parabolic equations [103].

Consider G (uo), as defined in (3.2.13). It is easy to show that if the support of ug
is contained in the ball Bg,, then for all R > Ry and all x € Bg, we have

Grug)(x) = (/2 uo dx) -log(|x| + 1), (3.2.16)
R

where the function 6 (x) is locally bounded with

0(x) = o(log(|x| + 1)) as|x| — oo. (3.2.17)
For a small number § > 0, let v” =%, v7+% denote the specific radially symmetric
solutions of Proposition 3.2.5, with initial mass

/2 T 3(x,0)dx = 27 (24 p)(T —§) and /2 T (x, 0)dx = 272+ ) (T +6).
R R

Since [go uodx =2 (2 + )T, it follows from (3.2.16) and (3.2.17) that

—ls + G, 0)(x) < GRuo)(x) < GROTT (-, 0)(x) +1s

for some non-negative constant /.

We would like to show thatif u® = lim,_. o u 5, then there exists asequence R; 1 0o
and a non-negative constant Ls, which can be chosen to be independent of R;, such
that

—Ls + G, 0" (. 0)(x) = G (@ (. 0)(x)

3.2.18
< Gy, 0", 0)() + Ls. o2

forall [x]| < R;and 0 <t < T — 25. We begin by showing the left hand side of
(3.2.18). Set

W(x, 1) =GR, 1) —vT7°(, 1)) ().
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Using the maximum principle we shall prove that W(x,t) > —Lg, for |[x|] < R,
0 <t < T — 24. Indeed, since both functions uf and vT % are constant on 0BpR, we
can compute using (3.2.15) that

ow

- = Gy(Alloguf —logv” 1) = a(x, ) AW — b(1) (3.2.19)
where & s
logu; —logv'~
a(x,t) = - —
ulk —yT—0
and

b(t) = loguR(0,1) —logv”%(0,1) < B

with B depending only on ||ug|lco and &. Therefore, if we set W = W + Bt, then W
satisfies the differential inequality

ow
— >alx,t) AW
ot

on Bp x (0, T — §). Att = 0 we have
Wx,0) = W(x,0) > —Is.

To see what happens on the lateral boundary, we first observe that for the special
solution v7 =% there exist constants ¢; (8) and c¢3(8), such that for 0 <7 < T — 28,

1) _ 2(3)
R2+u - (R )— R2+“

if R > Ry, with Ry sufficiently large. It follows thatfor [x| = R > Ry, 0 <t < T —24

aW(x,1)

S =log ul(x, 1) —logv" 2 (x, 1) = b(t) + B> 0

if B is chosen sufficiently large, which implies that for [x| = R,0 <t < T — 25 we
have
Wi(x,t) = W(x,0) > —Is.

We can apply now the maximum principle to conclude that W (x, r) > —Is. Hence, by
letting ¢ — 0, we obtain for 0 <t < T — 2§ the inequality

LR, 0)(x) > G (-, ) (x) — Ls (3.2.20)

with Ls =I5 + BT.
Before we show the right hand side of (3.2.18) we shall first construct the solution u.
Taking spherical averages on both sides of (3.2.20) we obtain

/ / uR(x, t)dx>/ f T=3(x,1)dx — Lg
271s
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for0 <7 < Rand 0 < t < T — 28. Remembering that the special solutions v7 —°
have the form

g(og|x| + loga(?))

VI, ) = (T —1t—8)4 :
|x |2

witha(t) = (T —8)/(T —t —§))Y and fg(y) dy = 2 + u, and computing that

ro(t)
/ / T=3(x, t)dx_(T—t—8)+/ —/ g(log |x|) dx,
27s

we deduce that by choosing L sufficiently large we can make
/ 27”/ T=3(x,t)dx > @+ u)(T —t —28) log(1 +r) — L;,
for all r > 0. Therefore, we have
/ s / u (x tydx > 2+ u)(T —t —268) log(1 +r) — Ls. (3.2.21)

Basic Claim. Given a number § > 0 and an increasing sequence R; 1 oo, there exists
a subsequence, still denoted by { R}, such that the sequence of solutions u®i converges
uniformly on compact subsets of R? x (0, T — 38] to a solution u® of (3.2.1).

To show the claim, we begin by observing that there exists a point xo € R? such
that
lim sup u® (xg, T — 28) > 0. (3.2.22)

Rj—o00

Indeed, if lim; uRi(x, T —28) = 0, for all x € R2, then from Dominated conver-
gence we conclude that

. " ds R
lim sup — uti(x, T —28)dx =0,
j—oo JO 2ms By

for all » > 0, which contradicts (3.2.21). It follows from (3.2.22) that we can choose
a subsequence, still denoted by {R;}, such that

uli(xg, T —28) > ¢ >0 forall j > jo. (3.2.23)

Forr > Oands € (0,7 — 38) set K = B,(xg) X (s,T — 38] and let j > jo be
sufficiently large so that the cylinder Bg; x (0, T') strictly contains K. We shall show
that (3.2.23) implies the estimate from below

uli(y,7) > c(K) >0 forallj > jo, (v,7) € K. (3.2.24)

This will be a consequence of the following Harnack type estimates, satisfied by all
solutions x®7, namely the inequalities

(71,0)_2/ (—logu)(x, 1) dx < (—logu)(yy, T —28) —logt +CsMp? (3.2.25)
B,(y0)
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and

_2/ MIOZ
(= logu)(yo, 1) < (p) (~logu)(x, 1) dx — ——, (3.2.26)
B, (yo) t

holding for all p > 0 such that B,(yg) CC Bg; (0)and ¢t € (0, T — 368]. Here M
is an upper bound for the initial data ug. The estimate (3.2.25) is proven in [124]
(Lemma 6) by testing the equation by a suitable Green’s function and integrating by
parts. The estimate (3.2.26) can be easily proven in a similar manner, by multiplying
the inequality Alogu < u/t by the Green’s function used in [124] and integrating.
Since their proof is quite standard we omit the details, referring the reader to [124] for
a detailed proof.

From (3.2.23) and (3.2.25) and we obtain

/ (—loguR/)(x,t)dx <C(p,8) —logt, O0<t<T-—36. (3.2.27)
By (x0)
Thus if (y, ) € K and p = 2r, (3.2.25) and (3.2.26) imply that

(= logu®)(y, 1) = C(K) (= logu®)(x, 1) dx < C(K)
Bp (x0)
which yields (3.2.24).

Since the sequence of solutions {uRi}is uniformly bounded from above by ||#¢]| 0,
it follows from (3.2.23) and the classical theory of parabolic equations that the sequence
{uli} is equicontinuous on compact subsets of R? x (0, T — 38]. Hence, there exists
a subsequence, still denoted by {1"/}, which converges uniformly on compact subsets
of R? x (0, T — 36] to a function ud.

It remains to show that 9 is a solution of (3.2.1) on R? x (0, T — 38]. Itis clear that
u® satisfies the equation (3.2.1) in the distributional sense, since each u®i does. Also,
because u® < [|ug|loo, it follows from (3.2.27) that logu® € L] .(R? x [0, T — 38]),
with

f [logu® (x, )] dx < C(lluglloo, 7, 8)| log1].
B, (0)

It remains to show that % (-, ) — ug in Llloc (R?) as T — 0. Indeed, observe first that
for r > 0, (3.2.27) implies that

’ / u‘s(x, T)dx — / up(x)dx
+(0) B (0)

Moreover, if for ¢ > 0, u, denotes the unique solution to (3.2.1) with initial data
ug (-, 0) = ug + ¢, then u® < u, (see [52], Theorem 1.2) and therefore we have

T
< C(8,r)/ |log | dt. (3.2.28)
0

f W (x, T) — uo(¥)] dx < / [ (5, 1) — o (0]

B B @) (3.2.29)

5/ e (6, 7) — we (v, 0)| dx + 1B, (0)] e.
B, (0)



102 3 The Cauchy problem for fast diffusion

We then easily conclude that
/ |’ (x, T) — up(x)|dx - 0 ast — 0
B, (0)

which proves the desired result.
In order to construct a solution which is defined up to time 7" and satisfies (3.2.5)
we shall combine (3.2.21) with the following estimate from above

/ Tms / ub(x, 1) dx < 24 w)(T — 1 +28) log(r 4+ 1) + L (3.2.30)

holding forall 0 < r < Rand 0 < ¢t < T — 24§. It is easy to observe that (3.2.30)
follows from the right hand side of (3.2.18) by taking spherical averages, computing
that

/ 27”/ T, 1) dx < 2 4 u)(T —t +28) log(r + 1) + Ls

for all » > 0 and letting R; — oo. Hence, we need to show the right hand side of
(3.2.18). We shall use again the maximum principle. As before, we shall apply the
maximum principle to the function

Z(x, 1) =GRl (-, 1) =", 0)),
which satisfies the equation 0Z /9t = d(x, t)AZ — e(t) with

logR(-, 1)) —log(wT (-, 1))

d(x,t) = WR () =0T (1)

and 2.
e(t) = loguy’ (0, 1) — logvT (0, 1).

To bound the coefficient e(¢), we notice that from (3.2.24), we have ufj 0,T-28) >c,

o . . R;
for some positive constant ¢ depending only on 8. Moreover, each of the solutions u,
satisfies the Aronson—Bénilan inequality u; < u/t, which by integration gives

logur’ (0, 1) > logut? (0, T — 28) — log(T — 28) +logt > C(8) + log1.

Hence, e(t) > —FE + logt, for some constant £ = E(8) and thus is we set E(¢) =
Et + fé logsds and Z = Z + E(t), then Z satisfies

9z
22 <d(x,DAZ.
at

Att = 0 we have Z(x,0) = Z(x,0) < Is. Moreover, by choosing the constant E
sufficiently large we can show as we did for W that 0Z/dt < 0 on |x| = R, and
conclude that Z < [ on the lateral boundary of Bg(0) x (0, T —28). Therefore, by the
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maximum principle Z < Is which implies the right hand side of (3.2.18) for R = R,
if Ls is chosen sufficiently large.
We have shown that the solution u° satisfies

Ls
_k)g(}’—+1)+(2+u)(T_t_28)
10g(r+1)/ Tms /Su (x,t)dx (3.2.31)
Ls
fw—+n+(2+ﬂ)(T—l+3)

forallr > 0and 0 <t < T — 25. A simple computation shows that if 4 is a bounded
integrable function then

lim —/ / h(x)dx — i/ h(x)dx.
r—oclog(r + 1) Jy 2ms 27

Thus setting uy = u® X|x|<k and using the right hand side of (3.2.31) we can deduce
that

/ ug(x,t)dx <2m 2+ pu)(T —t —28),
|x|<k

for 0 <t < T — 26. It follows from the Monotone Convergence Theorem that
fRZ u®(x, 1) dx < oo and therefore we can use again (3.2.31) to conclude that

1
CH+w)(T —t—-9) < > / u(x, t)dx < 2+ p)(T —t + 28). (3.2.32)
T JR2
It remains to construct a solution u of the problem (3.2.1) which is defined up
to time 7 and satisfies (3.2.5). To this end, choose a decreasing sequence &§; | 0
and starting with any increasing sequence R; 1 oo, let R} be a subsequence such
1
that u®i — ud uniformly on compacts of R* x (0, T — 38;]. We construct 1%

k—1

inductively. Suppose u%-1 = lim o uki , then let Rf. be a subsequence of

k—1
Rj —

k
Rl; ~1 such that u®i converges uniformly on compact subsets of R? x (0, T — 38;] and
’ k

set u® = limR;;%oo uli. By construction we have 1% = u%-1 on R? x (0, T —38;_1)
and therefore if we define u(x,t) = udk(x,1),if 0 <t < T — 368, it is clear that u is
the desired solution defined on R? x (0, T'). Moreover, it follows from (3.2.32) that u
satisfies the important identity (3.2.5).

To remove the assumption that ug € C3°, choose an increasing sequence u’(‘) e Ci,
such that || ul(‘) —uoll1®2y — Oandlet u* be the solution of the problem (3.2.1) defined
on R? x (0, Ty), with Ty, = 1/Q2x (2 + w)) fRZ u](‘), as constructed above. Each of the
u* satisfies

/ uk(x, 1) dx = / ub(x)dx — 2w 2+ p)t, 0<t<T. (3.2.33)
R2 R2
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Moreover, from the previous construction it is easy to deduce that the sequence u* is

increasing. Therefore if we set

u(x,1) = lim uk(x, 1) for(x,1) € R? x (0, T),

we can easily conclude from (3.2.33) and monotone convergence thatu( -, t) € L' (R?),
for all € (0, T') and satisfies (3.2.5). Moreover, since (logu)+ < u and u > uk, we
have that logu € Llloc(R2 x [0, T)). It follows in a similar manner as above, that
u satisfies (3.2.1) in the sense of distributions and that u(-, ) — ug in LllOC (R?) as
7 — 0. The proof of the theorem is now complete. O

Proof of Theorem 3.2.1. For simplicity we shall assume that u¢ is uniformly bounded.
The general case follows again by an approximation argument. We refer the reader to
[52] for the details.

For ¢ > 0, we let u, denote the solution of problem (3.2.1) with initial data ug + €.
Standard arguments show that this solution is unique and globally defined in time.
Moreover, one may observe that u, > u for all ¢ > 0 (see [52], Theorem 1.2 for a
detailed proof of this claim). We shall estimate u.. For a radial integrable function g,

denote | -
N(g)(r) = 2—/ —/ g(x)dx
T Jo S Jx|<s

and observe that if g(r) denotes the spherical averages of g, then

N(Ag)(r) = g(r) — g(0).

Thus, applying the operator N to the equation and then integrating in time on [0, T — 4],
we obtain

T—8 T—§
—/ log u,(r, t)dt—{—/ log uc (0, t)dt
0 0

=—N(@ue(-, T —8)(r) + N(uo + €)(r).

(3.2.34)

Now, since u, satisfies the Aronson—-Bénilan inequality, u;/u < 1/t, we have that

T—8
—/ logu.(0,t)dt
0

s (3.2.35)
s
<—(T-9)1 0, T —6)— 1 d
ST (W
Using (3.2.34), (3.2.35) and Jensen’s inequality we get
T-46
—/ logits(r, s)ds < N(uo)(r) + C* + Aer?
0 (3.2.36)

- logr
2

/ updx + o(logr) + Aer?
]RZ
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where the constant C* is given by the right hand side of (3.2.35). Since u.(0, T —§) >
u(0, T — 8) > 0, we can choose the constant C* to be independent of ¢. Thus, from
(3.2.36) and the Aronson—Bénilan inequality we deduce that

it (r, 8) > Br'/@mT=20) [p20 exp(— Aer? — C) (3.2.37)

with constants B and C independent of § and . On the other hand applying again the
operator N to the equation and integrating in time on [0, ], we obtain

8 )
/ loguc(r,t)dt > / logug(0,1)dt + N(us(-,8))(r) — N(ug +¢)(r)
0 0

and therefore with the use of (3.2.37) we deduce the inequality
8
/ Toguy (r, t)dt > B N(r'/@7T=20) Juodx gyry Aey? _ C)) — C* — Aer?
0

where C and C* can be taken independent of ¢. Since the initial data u¢ is uniformly
bounded, the left hand side of the above inequality is uniformly bounded independently
of ¢. Therefore we must have

1

— | wpdx>2.
270(T — 26) J2

Since § is arbitrary the result follows in case that uq is bounded. In the general case,
one proceeds using approximations for #¢ which are bounded as in [52].

We shall show next (3.2.3). Assume that there isa? € (0, T) such that the opposite
inequality holds, i.e.,

f u(x,t)dx > / uodx — 4nt. (3.2.38)
R2 R?

From Theorem 3.2.3 we know that for every u > 0 there exists a solution v to (3.2.1)
defined on [ 7, 7 + T},], whose initial data is u( -, 7 ), and where

1 _
7T, = ——— ,t)dx.
TG /Rz”(x Jdx

Thus, the function w defined on [0, 7 4 T},] by matching together « and v is a solution
to (3.2.1) in this interval, with initial data ug. But because of (3.2.37), by choosing u
sufficiently small we can make

_ 1
t+T, > P /]];2uo(x)dx,

which contradicts (3.2.2). Therefore (3.2.3) must hold true.

We shall now construct a solution with the given initial data, which exists up to
time T = 1/4n fR2 ug(x) dx. This is going to be the maximal solution with the given
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initial data, as actually (3.2.2) indicates. Its construction is fairly straightforward. As
in the proof of Theorem 3.2.3 we make first the extra assumption that ug € C§° (R?).
For ¢ > 0, let u® denote the solution of the initial value problem (3.2.1) with initial
data u®(x, 0) = ug + ¢, defined on R? x (0, 0o). Then, if for i > 0, u,, denotes the
solution constructed above and satisfying (3.2.5), we have

u, <u® on R?x (0, T),).

It follows by the maximum principle that the sequence {u#°} is monotonic and hence
the limit # = lim,_, o u® exists and for all u > 0 satisfies

u, <u onR?x(0,T,) (3.2.39)

Since 7T, 1 T as u — 0 it is easy to conclude from (3.2.39) that u is a solution of
(3.2.1)onR2x (0, T), with T = 1/4m fRZ ug(x) dx. Moreover since (3.2.5) holds for
all u;,, u > 0 implying that

/ u(x,t)dx > / uop(x)dx — 4nt, 0<t<T. (3.2.40)
R2 R2

However, (3.2.3) shows that we must have equality in (3.2.40). Therefore u is the
desired solution. We can now use approximation as in the proof of Theorem 3.2.3 to
prove the result for any initial data ug € L (R?).

To finish the proof of the theorem, in the case that fRZ ug(x)dx = oo, choose a
sequence ul(; 4 f, such that fRZ ulé < oo and let u* be the maximal solution to the
problem (3.2.1) with initial data u’é as constructed above. The solution u* exists up to
time Ty = 1/47 ng u'é. Since, the sequence uy is increasing, the limit u = limg_, o uk
exists, and it is not hard to check that it is indeed a solution of (3.2.1) with initial data
ug, which exists up to time 7" = oco. The proof of the Theorem 3.2.1 is now complete.

O

We now proceed to the proof of Theorem 3.2.2. Its uniqueness assertion is based
on the next comparison principle proven in [117].

Proposition 3.2.6. Let u and v satisfy (3.2.1) on R? x (0, T) and assume that u satisfies
the decay condition (3.2.4) uniformly in t in compact subintervals of (0, T). Then, for
any0 < 11 < 1p < T and0 < m < 1, there exist positive constants K = K (11, 172, m)
and Ry = Ry(t1, 1) such that forall 0 < 11 < s <t < 1p and R > Ry, we have

1—q
(/ [v(x,f)—u(x,t)]erx)
|x]<R

m m (3.2.41)
< (/ [v(x,s)—u(x,s)].,.dx) + K <|t—s|> .
|x]<R2 log R
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Proof of Proposition 3.2.6. We consider a non-standard cut-off function

logr
- log R’
with Z = Z (o) non-negative, smooth such that Z(o) = 1 foro < 1, Z(c) = 0 for
o > 2,and k > 2 to be chosen. A simple computation shows

ka—Z /" N2
A;R(x)=m[zz + (k= 1) (Z)*].

tr(x) = Z(©), o r= x|

We now proceed in the standard way by subtracting equation (3.2.1) for # and v and
multiplying by sign, (v — u) {g(x) = sign, (logv —logu) {g(x). Integrating also by
parts we obtain

% /[v(x, 1) —u(x, )]+ Cr(x)dx < /[10gv — logu] Agr(x)dx.

We now use the inequality

1 rv m
[logv—logu]+§—[——1] L O<m<1
m Lu +

and Holder’s inequality to get

i /[v —uly trdx| < l I(t)lfm (/[v —uly LR dx) (3.2.42)
dt m

where

_m 1—m
OREE (fu'" Cx " 1ALRITT dx)

<X (/ =T 12|Z()|1‘d)1_m
= —_— u *"’Lr —m O" —m x
(10gR)2 R<|x|<R? "

and we have chosen k = 2/(1 —m) and set Z,, = Z Z" + (k — 1) (Z")2.
We next use the growth condition (3.2.4) to estimate

22m)YMC (1, )™ ™ R? m - Coar\ "
1! ™" < : f (log r)T=m | Zy ()| -7 —
R r

(3.2.43)

l1—m (log R)?

t—m om ! 1-m
ZK(TI’TZ’m)W (/0'1”' | Zp (0)|T-m do')

for 71 <t < 1p. Integrating (3.2.42) with respect to time we finally obtain

1-m 1-m
‘(/[v(t) —u(®)]+¢r dX> - (/[U(S) —u(s$)]+¢r dX>

|t —s| o 2 o - 1 I=m
SK(Tl,Tz,M)<1OgR) (/ alm|Zm(a)|1mda>
1

showing the desired result. O
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Proof of Theorem 3.2.2. We begin by showing that (3.2.4) implies uniqueness. Indeed
assuming that u, v are two solutions of (3.2.1) on R? x (0, T') satisfying (3.2.4), then
by letting R — oo and s — 01in (3.2.41), we obtain the estimate

1-m I—m
</ |v(x,t)—u(x,t)|dx> < (/ |v(x,0)—u(x,0)|dx)
R2 R2

holding for any 0 < ¢ < T and 0 < m < 1. Hence, uniqueness readily follows.

It remains to show that the maximal solution which was constructed in Theo-
rem 3.2.1 satisfies the growth condition (3.2.4). This easily follows by comparing
u with explicit solutions to equation u; = A logu as the proof of the following propo-
sition shows.

Proposition 3.2.7. Assume that u is as in Theorem 3.2.1. Then, forany 0 <ty < T
and R > 1, there exists a constant C > 0 such that

u(x,t) > forall |x| > R,0<t <. (3.2.44)

|x|2 log? |x|

Proof of Proposition 3.2.7. As in the proof of Theorem 3.2.1, for ¢ > 0, we let u,
denote the solution of problem (3.2.1) with initial data ug + €. We first remark that by
the Aronson—Bénilan inequality u., < u./t, we have

t t
ug(x,t) > t—ug(x,to) > t—s forall x| > R, 0 <t <1
0 0

so that u, satisfies (3.2.4) in the region Qg ; = {(x,#) : [x| > R, 0 <t < #o}, with
a constant depending only on &, R and #3. We shall next compare u, with the explicit

solution
2t

el log? ()

in Qg 4, with R’ suitably chosen. Again from the Aronson—Bénilan inequality we have

Yix, 1)

t t
u&‘(-xa t) > u(x, t) = _l/t(xa t()) = — 4
fo fo

with § := u(x, t9) > 0, because ty < T (see the proof of Theorem 3.2.1). Hence, the
boundary comparison ¥ (x, t) < u.(x, t) for |x| = R holds provided we choose R’ =
R'(R, 19, 8) so that ¥ (x,t) < t8/ty, for |[x] = Rand 0 < ¢ < fy. By a comparison
argument similar to that of Proposition 3.2.6 we conclude that u.(x, ) > 1 (x, ) on
OR, 1y, s0 letting ¢ — 0 we finally obtain (3.2.44). Ll

Some comments. It is shown by Esteban et al. [117] that the maximal solution is also
characterized by the flux condition

1 (2 ru(r,0,t
fim — [ 80 ey
r—00 21 Jo u(r,0,1)
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In addition it is shown in [117] that the maximal solution is bounded, due to an L' — L>®
regularizing effect. An L? — L™ regularizing effect, with p > 1, has been previously
shown by Davis et al. [62].

It is shown by Vazquez et al. [131] that in the radially symmetric case the function
¢ (¢) in (3.2.6) is related to the flux of the solution u = u(r, ¢) at infinity, namely
rup(r,t)

Jim — —®(1) (3.2.45)

with ® (1) = fé ¢(s)ds. In addition, when ®(¢) € L°°(0, T) the solution is charac-
terized uniquely by (3.3.6). In the non-radial case the uniqueness of the intermediate
solutions under (3.2.5) or a suitable flux condition is an open question.

Existence of solutions of (3.2.1) under the additional assumption that ug € L? (R?)
has been also shown by Hui in [93], where an L? — L°° regularity result is also obtained.

Existence of global in time solutions of (3.2.1) with fRZ ug dx = oo and satisfying
certain additional geometric assumptions was first shown by Wu [133], [134] where
it was also established the convergence of the solution as t — co. A more general
convergence at t — 0o, when fRz updx = oo, was recently established by Hsu [87],
[84].

It has been shown by Hui [91] that the Cauchy problem (3.2.1) in dimension n = 2
and initial data the Dirac mass admits no solution. One may ask: what is the largest
class of admissible initial data of (3.2.1)? This question is related to the results of
Chasseigne and Vazquez in [36].

Part I1. The Cauchy problem (3.2.1) in dimensions n > 3. We shall now discuss
the solvability of the Cauchy problem (3.2.1) in the sub-critical case of dimension
n > 3. The initial data up will be assumed to be non-negative and locally integrable.
The solvability of (3.2.1) is well understood in the radially symmetric case. However
there are striking differences between the radial and the non-radial situation. These
differences do not appear in dimensions n = 1, 2 corresponding to the supercritical
and critical cases, respectively.
Define for r > 0, the operator N(f)(r) by

r 1
0 WNS B (0)

where wy denotes the surface area of the unit sphere in R”. The following results have
been obtained by Daskalopoulos and del Pino in [54].

Theorem 3.2.8. Let ug > 0 and locally integrable on R", with n > 3. If there exists a
number t < T such that

/OO exp ( — N(u+)(r)) rdr = +00 (3.2.47)
0

then there is no solution of problem (3.2.1) defined on R x (0, T).
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The converse assertion is valid under the additional assumption of radial symmetry
for the initial data, as stated next.

Theorem 3.2.9. Assume that uy > 0 is radially symmetric and locally integrable on
R”, with n > 3. Then there exists a solution of problem (3.2.1) on R" x (0, T) if and

only if
/ exp ( - m> rdr < 400 (3.2.48)
0

forall0 <t <T.

Let us define the maximal time of existence for ug to be the number
Tmax(uo) = sup{T > O : there exists a solution of (3.2.1)},

where this number is understood to be zero if the supremum is taken over the empty
set. Then Theorem 3.2.8 may be expressed as

Tiax (o) < sup {T > 0: fooo exp (— w) rdr < +00}.

On the other hand if ug is radially symmetric, Theorem 3.2.9 states that the above
inequality holds with equality. It is worth mentioning that in this case the characteri-
zation is as satisfactory as the classical result for the heat equation u; = Au in R” with
u(0, x) = ug(x), which reads

Tmax (o) = sup {T > 0: [exp(— %)uo(x) dx < oo}

Let us compare this situation with that of the two-dimensional case. If n = 2 then
there exists a solution to (3.2.1) in R? x (0, T) if and only if (3.2.2) holds. It is easy
to check that for uq in L' (R?) one has

N(ugp)(r) = 4% </I;2 uo(x) dx) logr 4+ o(logr)

and hence condition (3.2.48) holds for all 0 < 7 < T if and only if (3.2.2) holds. Since
the latter condition guarantees solvability no matter whether or not ug is radial, one
may expect the same to be true in higher dimensions without this extra assumption.
However, surprisingly, this is not the case in higher dimensions as we shall exhibit by
an explicit counterexample in the following theorem.

Theorem 3.2.10. Assume n > 3. Then, given any numbers Ty > Oand e, 0 < ¢ < Ty,
there exists an ugy € LIIOC(R”) such that

/00 exp ( — M)rd;’ < 4-o00.
0 T

forall 0 < © < Ty, but for which there is no solution of (3.2.1) for T = e.
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We should mention that this type of striking differences between the radial and
non-radial situations had already been observed in [54] for a problem of the form
u; + Au=™ =0withm > 0.

We shall proceed with the proofs of the above results. The basic idea is to establish
a workable link between the solvability of problem (3.2.1) and that of certain elliptic
equations of the form

—Av+ K(|xDe* =0 (3.2.49)

for a decaying potential K. It is known for instance, under some additional conditions,
that solvability of this problem implies that fooo K (r) rdr is finite. The relationship
between this condition and solvability of the elliptic problem (3.2.49) in dimensions
greater than two has been studied in the literature, we refer the reader to [39], [40],
[41], [42] and references therein. This link is the underlying mechanism in the proofs
of Theorems 3.2.8 and 3.2.9. The parabolic counterexample in the proof of Theo-
rem 3.2.10 relies on finding counterexample to solvability to a problem of the form

—Av+e¥ =ug

when ug = ug(x) is a function large in average in large balls, yet leaving a big empty
space. Non-radiality is essential in this construction, as is the fact that the dimension
is greater than two.

Proof of Theorem 3.2.8. Werecall thatif N (f) is the operator defined by (3.2.46), then
for any number r > 0 and any function f € C*(R") we have

N(Af)(r) = f(r) — £(0)

where f(r) denotes the spherical average of f on the sphere of radius r centered at the
origin, namely

fr) = f(o)do.

wyrN-1 /Z;B,.(O)
The proof of Theorem 3.2.8 will be based on the following elliptic non-existence
result.

Lemma 3.2.11. Assume that n > 3 and consider the elliptic problem
—Av+K(@)e' =0 on R" (3.2.50)

with K (r) > 0 locally bounded, radially symmetric and strictly decreasing. Then, if
problem (3.2.50) admits a solution one must have

o0
/ K(r)rdr < oo.
0
Proof of Lemma 3.2.11. In the case where the function K (r) satisfies the bound

C
K(r) < — forall r > Ry
r
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for some constants C > 0 and Ry > 0, the proof of this result is well known in the
literature and we shall omit it here, referring the reader to [39]. Hence, we shall assume
that this bound is not satisfied, namely there exists an increasing sequence R, — 400
such that

K(R,l)erl — 400 asn — o0.

We shall then show that the maximal solution v to (3.2.50) must have v(0) = —o0,
which is impossible. Indeed, for R > 0, let vg be the unique solution to the problem

—Avg+ K(R)e’® =0 in Br(0),

(3.2.51)
vgp = +00 on dBR(0).

Since
K(r) > K(R) forallr <R

the maximal solution v to the equation (3.2.50) satisfies
—Av+K(R)e" <0
and hence by the maximum principle one must have
v <wvg in Bg(0).
We shall now show that for the given sequence R,, — oo we have
lim vg,(0) = —o0
n—oo
which would imply that v(0) = —oo as desired. To this end, we observe that if w is
the solution to the problem
—Aw+e¥ =0 in B1(0),
w =400 ondB(0),
then by uniqueness,
VR (r) = w(%) —log(K (R) R).

In particular
vr(0) = w(0) — log(K (R) R?)

and hence vg, (0) tends to —oo since by assumption K (Rj,) R% tends to +o0. Ll
An immediate consequence of the previous result is:

Corollary 3.2.12. Assume that there exists a non-negative, radial, smooth subsolution
w of the problem
—Aw+K@)e” <0 onR"

where K (r) > 0, locally bounded, radially symmetric and strictly decreasing. Then

o
/ K(r)rdr < +o0.
0
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We are now ready to finish the proof of Theorem 3.2.8. We shall proceed by
contradiction. Assume that there exists a solution u of problem (3.2.1) defined on
R" x (0, T'). Without loss of generality we may assume that u is the maximal solution.
Then the Harnack estimate established in [124] shows that u is bounded away from
zero for t > 0 and therefore smooth by the classical parabolic regularity theory.

We shall show that for any number 7 in 0 < T < T we must have

fmexp ( — —N(MO)(F)> rdr < 400
0 T

contradicting our assumption.
Indeed, fix anumber 7 in 0 < v < T and a number Ty in T < Ty < T. Then the
solution u is defined on R" x [0, Tp]. Applying the operator N to the equation

— = Al
a7 ogu
we obtain that for all » > 0 and 0 < ¢t < Ty we have

W =logu(r,t) —logu(0, t).
However by Jensen’s inequality one has
logu(r, t) <logii(r, 1)
and therefore, since
N@)(r,t) = N(u)(r, 1)

we obtain
IN (u)(r, 1)
at
Integrating in time on the interval [0, 7], with 0 < ¢ < Tp we get

<logu(r,t) —logu(0,t).

t

t
N@)(r,1) = N(f)(r) 5/ logﬁ(r,S)ds—/ logu(0, s) ds
0 0

and since

t
/ logii (0, s)ds| < C
0

forall 0 <t < T we write
t
N@)(r,t) — N(f)(r) < / logu(r,s)ds + C.
0

Hence, for any positive integer m > 1 we have

t

t
N@MH—Mﬂ®§/kmﬂmmﬁw—m/bym+c
0 0
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Using Jensen’s inequality we conclude that
1 t
N@)(r,t) — N(f)(r) <t log (; / s™u(r, s)ds) +C,

0

which leads to the estimate
To

N@)(r,t) — N(f)(r) <t log (/ s™u(r, s) ds) +C
0

for some positive constant C. Multiplying by ™ and integrating in time on the interval
0 <t < Ty, we obtain

TO Tm+1
N( / zmﬁdt)(r)— 0 N(uo)(r)
0 m

+1

§m+210g(/0 tmu(r,t)dt>+CT0 .

To
w(r) = N(/ " L_tdt)(r)
0

we find that w satisfies the inequality

Therefore, setting

m+2 m+2 N(ug)(r)
T()’”+2 w(r —m——HT flOg(A'LU)+C

Applying the exponential function on both sides of the above equation we obtain that
w satisfies

—Aw+Ke” <0 onR"

with
2N
K(r):Cexp _ﬂM .
m+1 To
and
m—+2
C:W.

Hence, the function w = ¢ w satisfies
—Aw+cKe¥ <0 on R,

It follows from Corollary 3.2.12 that one must have

o
/ cK(r)rdr < oo
0
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which implies that

/OO m+2 N(ug)(r)
exp| — —— ———— ) rdr < .
0 m+1 To

However, if m is chosen large enough so that

m+1
m+2

Ty > 1

the above condition would imply that

/OO ( N(Mo)(V))
exp| ———— | rdr <
0 T

contradicting the assumption (3.2.47). Therefore there is no solution of problem (3.2.1)
onR"” x (0, T). O

Before we present the proof of Theorem 3.2.9 we give the following proposition
that allows us to connect the parabolic problem to the corresponding elliptic problem

—Av+e’=f onR" (3.2.52)

Proposition 3.2.13. Let u be a solution of equation

— = Alo

o1 s
in the cylinder Q x [0, T], where Q C R", with initial data u(x,0) = f. Assume in
addition that u is strictly positive and smooth on 2 x (0, T] and satisfies the Aronson—
Bénilan inequality

D

u
— <

; u forO<t<T. (3.2.53)

~ | =

Then the function
1 t
D(x,1) = ;/ logu(x,s)ds
0

defined on Q x (0, T] satisfies the differential inequality
ooy ]
—AD+ " e > p f. (3.2.54)

Proof. Firstnotice that the Aronson—Bénilan inequality implies thatfor0 < s <t < T,
one has
logu(x,s) > logu(x,t) +logs — logt

and therefore .
1
O(x,t) = " / logu(x,s)ds > logu(x,t) — 1
0
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which implies that

u(x,tr) < Pt
On the other hand
1 (! 1 [ du(x, t
AD(x, 1) = - / Alogu(x, s)ds = - / ux.s) ;0w f&
t Jo t Jo s t t
Combining the above relations, we obtain
1 1
Aq) < _ O+1 _
Tt ¢ t f
from which (3.2.54) immediately follows. O

The proof of Theorem 3.2.9 will follow from the Proposition 3.2.13 and the fol-
lowing elliptic result.

Proposition 3.2.14. Assume that K (r) is non-negative, locally bounded, radially sym-
metric and satisfies

o0
/ K(r)rdr < oo.
0

Then, for every number «, there exists a radially symmetric solution of the elliptic
equation

—Av+K@)e' =0 on R" (3.2.55)
such that
lim v(r) = a. (3.2.56)
r—>00

Proof. We shall only sketch the proof of this elliptic result, referring the reader to [39]
and the references therein for the details. It is enough to construct a subsolution and a
supersolution of the problem (3.2.55) that satisfy (3.2.56).

Since K(r) > 0 the constant function v(r) = « is certainly a supersolution of
(3.2.52). To construct a subsolution we look for a radial function v(r) of the form

v(#) =NE*K)r)+C

for an appropriate constant C to be determined, where

rod s r " d
N(K)(r):/ %/ K(p)pN‘ldp=[ K(p)p" ! (/ %) dp-
0o 0 0 p?

Itis clear that the function v(r) is increasing since K (r) > 0. Moreover v(r) is bounded
above, since

_ [T K v /( _ QN_I) ) /°° K (p)
N(K)(r)—/0 P (p 1 (S) ds)dp = [ 5 pdo.
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Therefore the limit
L := lim N(e“K)(r)
r—00

exists and it is finite. Hence, choosing the constant C so that

Iim v(r)=L+C =«

r—00

we see that v is the desired subsolution. O

Proof of Theorem 3.2.9. The only-if assertion is already contained in Theorem 3.2.8.
Hence, we restrict our attention to constructing a solution u of the initial value problem
(3.2.1) under the assumption of Theorem 3.2.9. The solution we are seeking will be
constructed as the limit as R — oo of the radial solutions u# of the boundary value
problems

ou/dt = Alogu in Bg x [0, 00),

u(R,t) =400 t € (0, 00), (3.2.57)

u(r,0)= f(r)  x € Bp.

Here Bg denotes the ball of radius R centered at the origin. Be begin by showing that
problem (3.2.57) admits a solution ug. Indeed, let wg denote the unique solution of
the elliptic problem

—Alogw +w =0, in Bg,

(3.2.58)
w(R) = +o00.

It is well known that wg > 0 and smooth for r < R. A direct computation shows that
for any constant C the function

Wr(r, 1) = (1 + C) wr(r)

solves the initial boundary value problem (3.2.57) with initial data Wg (r, 0) = C wg(r).
Hence, the solution u g to the problem (3.2.57) can be easily constructed via a standard
approximation argument, since it will satisfy the bounds

twr(r) <ugr(,t) < ({t+Cgr)wg(r) onr <R
with
Cr = |fllLeBg)-

Moreover, u g will be strictly positive and smooth when » < R and ¢ > 0 and therefore
it will satisfy the Aronson—Bénilan inequality (3.2.53), see [7]. By the maximum
principle we see that the sequence u g is decreasing as R — oo and therefore the limit

u(r,t) = Rli_)moo ugr(r,t)

exists and is finite forallr > 0,0 <t < oo.
Our goal is to show that u is actually a solution of the problem (3.2.1) on R" x
(0, T). Itis clear the u is non-negative and locally bounded on R" x (0, 7). Using
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Propositions 3.2.13 and 3.2.14 we shall show that forall R > 0and 0 < 7 < T we

have Clo.T)
logu(r, t) > —T'O—’ +logt forr <p (3.2.59)
-7
where C(p, 7, T) is a constant independent of r and ¢. We shall actually show that
(3.2.59) is satisfied by each of the approximate solutions ug, when p < R. To this

end, set
1 T
Or(r) = —/ logug(r, s)ds.
T Jo

Then, by Proposition 3.2.13, O satisfies

1
—Adp + TeCDRH > %o onr <R,
and hence the function
N (ug)(r)
Wgr(r) = Or(r) + —r
satisfies
—AVUR+K(@)eY® >0 onr <R
with N (o) ()
e ug)(r
K(r)=— - 3.2.60
(r) T eXp( T ) ( )

and boundary condition
VYr =400 onr=R.

Let v = v(r) be the solution of the (3.2.50) with K (r) given by (3.2.60) and such that
lim v(r) =0.
r— 00

Such a solution exists because of the assumption

/OO ( N(Mo)(f))
exp| — ———— | rdr < oc.
0 T

Then, by the maximum principle we must have
Yr>v onr <R
which implies that

N (uo)(r)

T
¢R<r>=;/0 log uk(r, 1 di = v(r) — "2

for r < R. Now fix a number 7 in 0 < 7 < T. Then, by the previous estimate

N (uo)(r)

1 [T 1 (7
7/T loguR(r,t)dtz—T/(; logug(r,t)dt +v(r) — T
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The function u r satisfies the bound
ugr(r,t) <C(p,T)

forallrinr < p < Randton 0 <t < T. This is because the initial data ug is
assumed to be locally bounded. Therefore, since the function v is locally bounded, we
conclude that

T
/ logugr(r,t)dt > —C(p,T) forr <R
T

with the constant C depending only on p and T'. On the other hand the Aronson—Bénilan
inequality implies that

logug(r,t) > logug(r,t) +logt — logt

forall7in T <t < T. Integrating in time, we obtain that

T
(T — 1) logug(r, t)zf logug(r,t)dt + (T — ) logt — C(T)

where C(T') denotes a constant depending only on 7. Combining the above we get

C(p,T)

logug(r,t) > +logt (3.2.61)
forallr < p < Rand0 < t < T, where C(p, T) is independent of R and . Letting
R — oo in (3.2.61) we obtain (3.2.59). Having shown (3.2.59) it is now easy to
see using known arguments that u is actually a solution of the initial value problem
(3.2.1) on R" x (0, T') which is smooth on R" x (0, 7). This finishes the proof of
Theorem 3.2.9. O

The proof of Theorem 3.2.10 will be based on the following construction. Let us
consider the equation

— Au+é" =up(x) onR" (3.2.62)

Proposition 3.2.15. Assume n > 3. Then, given M > 0, there exists ug, locally
bounded in R" such that

lim inf
R—+00

1
N—2 f up(x)dx > M (3.2.63)
Br

but for which problem (3.2.62) does not have any subsolution, that is no u(x) locally
integrable exists for which

— Au+e" <up(x) (3.2.64)

in the distributional sense.
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Proof. We shall actually provide an explicit ug for which this proposition holds. To
start the construction, we consider a continuous, non-negative function §(x) whose
support lies in the ball B(0, 1). Let also a > 1 be fixed. We consider the following
function

o
fox)= Y a*s@a'x —e), (3.2.65)
i=—00
wheree = (1,0, ..., 0). We observe that this series is convergent at every point except
at x = 0 and it defines a locally integrable function. Moreover, it is straightforward to
check that
| s = ( / S(y)dy) RV 4 o),
Br(0) -1

hence

lim inf —— / fo(x)dx > ( / S(y)dy) a (3.2.66)

R—+o00 RN RN-2 -

An important step in the proof will be the construction of a special family of super-
solutions to equation (3.2.62). To this end we set

wy (x) = Z Viax —e) (3.2.67)

i=—00

where ¥ denotes the Newtonian potential of §, namely

é
b= [

Next we shall evaluate the function w,, (x) for an n to be fixed later, along the following
sequence: fix a vector v with v - e > 0 and define x; = —a %y withk = 0,1,2,....
Then

we(xk) = Y Y@ ot

i=—00
k ' 00 ' n ‘
=Y v@lvter+) v@vte)+ ) v Fvte).
j=1 j=0 i=1
It follows that

§(dy
wy(xr) < C(n) +k/ W

We make the following requirement
wy(xg) —2log |xx| > —o0  ask — oo. (3.2.68)

For (3.2.68) to hold, it is thus sufficient that

S(y)dy
/|y—|—e|N 5 < loga. (3.2.69)
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On the other hand, we shall also require that

( / 8(y)dy> % - M (3.2.70)

so that, using (3.2.66), we also have the validity of the inequality (3.2.63) for fp. Itis
clear that assuming that 8 is supported in the unit ball and satisfies

Sody
ly +e|N=2

3M

/ do(y)dy =1, )
then, setting § = 2M §y and choosing a = e
(3.2.70) are simultaneously satisfied.

Next we claim that if n in the definition of w, is taken sufficiently large then w,
satisfies

, one gets that properties (3.2.69) and

— Awy + " > fp. (3.2.71)
In fact, we have that in the distributional sense

—Aw,(x) = Y a¥s@'x —e).

i=—00

Thus,

—Awy () + "W = fon) + (1= a 8@ - o).

But since § is a uniformly bounded function and a > 1, we can choose a sufficiently
large n so that the second term in the right hand side of the above inequality is positive
and then (3.2.71) holds. Let us now define

uo(x) = min{ fo(x), A} (3.2.72)

where A is chosen so large that (3.2.63) still holds. It follows that for this choice of n,
wy (x) is indeed a super-solution of problem (3.2.62) for this uy.

Let us choose a, §(x) and n so that w, given by (3.2.67) is a supersolution of
(3.2.62) for ug given by (3.2.65).

Now, for each positive integer k, we consider the function

Ve (x) = wy (a_kx) — 2kloga.
Then, observing that a2k fo (a*x) = fo(x), we obtain
—Av +e% > fo(x),

in the distributional sense, so that vy is still a supersolution of (3.2.62). Let us now
consider the following function

up(x) = vr(x) + +C.

ak — |x|



122 3 The Cauchy problem for fast diffusion

Then
— Auy + et

> fo(x) +

1 [N_l— ! :|+e”"|:ex (;+C)—1:|
@ — D2 x| (@ —xD) Pk — x|

1
> ug(x) + exp (—ak g + C) + —(ak e —

where ug is defined as in (3.2.72). From this expression, we see that there is a choice
of C > 0, uniform in k, such that uy is still a supersolution of equation (3.2.62), now
in the ball B(0, a¥). Let us fix such a C.

To finish the proof of Proposition 3.2.15, assume that (3.2.62) has a subsolution u
defined in entire R". Then since uy is a supersolution of (3.2.62) which is equal to
infinity on d B(0, ay), it follows that u(x) < uy(x) for all x € B(0, ar). However, let
X be any point with x - e < 0. Then by the definition of u; we have

up(x) < C 4 wy(a %) — 2k loga

for some constant C independent of k. But then, since a was chosen such that relation
(3.2.68) holds, then we have that uy(x) — —oo as k — oo. But this implies that
u(x) = —oo forall such an x. Hence u = —oo on an open set, which is a contradiction.
This finishes the proof of the proposition. O

After this elliptic proposition, we are ready for the proof of Theorem 3.2.10.

Proof of Theorem 3.2.10. Let us assume that u solves (3.2.1),and fix 0 < 7 < T. Let
us set

2 T N
v(x):—Z/ / logu(x,t)dtds.
™= Jo Jo
Then

2 T N 2 T 2
Av(x) = =) A u;(x,t)deds = = A u(x, t)dt — ;uo(x).

Now observe the following

v(x) = % /T(T —t)logu(x,t)dtds <log (% /T(T —HDu(x,t) dt) .
0 0

Hence

2 T
"W < —/ u(x,t)dt
T Jo

and therefore
—T Av(x) + "™ < 2up(x).

After a scaling, Theorem 3.2.10 reduces to the following assertion: Given M > O,
there exists a uo for which liminf R~V /, Br f > M but such that no solution of
(3.2.1) exists for this ug and 7' = 3.
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Then let us consider M > 0 and let us choose a uq such that Proposition 3.2.15
holds with f in the place of ug in (3.2.64). Assume that (3.2.1) has a solution for this
up and T = 3. Then defining v(x) as above, for T = 1, we obtain that v satisfies
distributionally

—Av(x) 4 "™ < 2up(x).

But Proposition 3.2.15 shows that such a v cannot exist, a contradiction that concludes
the proof of the theorem. O

Comments. The uniqueness question for the Cauchy problem (3.2.1) in dimensions
n > 3 is open. The non-uniqueness in dimension n = 2 implies also non-uniqueness
in dimensions n > 3. However, many questions remain open. Are radial solutions
unique? What conditions determine the solution to (3.2.1) uniquely?

The existence in the Neumann problem for equation #; = logu on Bg x (0, T)
in dimensions n > 2, has been shown by Hui [93] where an a-priori L estimate for
solutions to (3.2.1) with initial data ug € L? (R") U L' (R") is also obtained.

3.3 Further results and open problems

In the section we shall give a brief summary of known results regarding the quantitative
and qualitative behavior of solutions to the Cauchy problem for equation u; = Ag(u),
with ¢ € ¥, which were not covered in detail in Sections 3.1 and 3.2 of this chapter,
as they are not closely related to the main objective of this book. Most of the results
which will be discussed concern the pure power case ; = Au’". This equation has been
extensively studied in the literature. We apologize for not mentioning all the known
results. We refer the reader to the survey articles [111] and [125] for a collection of
known results.

1. Time asymptotic behaviour of solutions. In this section we shall present a brief
summary of the results on the asymptotic behaviour in time of solutions to the Cauchy
problem

du/or = Au™ inR" x [0,T),

3.3.1
u(x,0) = ug on R”, ( )

in the different ranges of exponents (n —2)/n <m < 1,0 <m < (n —2)/n and the
critical case m = (n — 2)/n.

la. The fast diffusion case 0 < m < 1. The asymptotic analysis for the porous
medium case m > 1 described above can be extended to the super-critical fast diffusion
case % < m < 1. The source type self-similar solutions given by (2.5.11), (2.5.12)
in Chapter 2 still exist, the total mass of solutions of equation (3.3.1) is still conserved
in time and finite-mass non-negative solutions converge, as 1 — 00, to the Barenblatt

solution Ujy; with the same mass M as the solution u.
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In the sub-critical case 0 < m < "n;z the mass is not conserved and solutions to
(3.3.1) undergo extinction in finite time [18], so that for some T = T (ug) < oo the
solution u satisfies u(x, T) = 0. This can be readily seen by the explicit solutions

2
ul (x,1) = Qc(T — )4 |x|"HVA=m ¢ = <n — 1—) > 0.
—m
In the sub-critical case, equation (3.3.1) admits a unique self-similar solution of the
second kind of the form [99], [112]
_ r 128
= T t)ﬂ , Y=

Ucr,t) = (T =) f(n), 1
1—m

which is proved to be asymptotically stable as t — T [74]. It is shown by Galaktionov
and Peletier in [74] and formally analyzed first by King in [99] that for a class of non-
negative radially symmetric finite-mass solutions of (3.3.1), which vanish at a given
time 7" > 0, their asymptotic behaviour as ¢ 1 T is described by U,. This implies the
decay rate of the form

ltt]loo = C(m,n) (T — )Y (1 +0(1)) ast— T

where y = y(m, n) > 0 is the anomalous exponent.

The elliptic critical exponent m = % is special and geometrically significant, as
it corresponds to the Yamabe flow, i.e. the evolution of a conformally flat metric by its
scalar curvature. For detailed convergence results in this case we refer the reader to
Rugang Ye [135], del Pino and Saez [65] and Galaktionov and Peletier [74].

The long time behaviour of non-negative, finite-mass solutions of the Cauchy prob-
lem (3.3.1) in the parabolic critical case m = ”n;z has been studied by Galaktionov,
Peletier and Vazquez in [75]. It marks the transition between two completely different
asymptotic behaviour types. In this case solutions exist globally in time and conserve
the mass. The decay rate of solutions has been established in [75] as

log [lu(-, D)l = —k () Juoll; " /=D (1 4 0(1)) ast — o0 (3.3.2)
where « (n) is an explicit constant depending on the dimension n. Moreover, (3.3.2)
gives in the first approximation the asymptotic behaviour of log  in the inner region,
which is the ball of radius

D 0D e,

R(t) = exp {ko lluoll;

In other words, the profile of log u in the inner region becomes flat in first approximation.
On the other hand, the analysis of the outer region |x| > R(¢) performed in [75] gives
a behaviour of the form

logu(r,t) = %{log(n —2)+logt —2logr —loglogr}.

Thus, in the logarithmic scale, the profile u(x, ¢) has a broken shape. This behaviour
was predicted and formally analyzed first by King in [99].
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1b. The case m = 0 in dimension » = 2. We shall discuss in this section the
asymptotic in time behavior of solutions of the Cauchy problem

du/dt = Alogu inR? x [0, T),

(3.3.3)
u(x,0) =ug on R?,

with 0 < T < oo and initial data ug > 0 and locally integrable. This case is geometri-
cally significant, as it corresponds to the Ricci flow, i.e. the evolution of a conformally
flat metric by its Ricci curvature.

Case 1. ug € Ll(Rz). Then, according to the results of Section 3.2, for any y > 2
there exists a unique solution « of (3.3.3) with 7" = fRZ uo(x)dx/2my, satisfying

f u(x,t)dx = / up(x)dx —2xyt, O0<t<T. 3.3.4)
R2 R2

In addition, if
up € L'®*) N LP(R*) forsome p > 1,ug %0 (3.3.5)
and it is radially symmetric, then by the results in [69]

ruy(r, 1) .
——— = —y uniformly on [a, b] as r — o0 (3.3.6)
r—>+oo u(r,t)
forany0 <a <b <T.

S.Y. Hsu [89], [88] studied the extinction behavior of radially symmetric solutions
of (3.3.3). Assume that y > 2 and for ug > 0 a radially symmetric function which
satisfies (3.3.5), let  be the unique solution of (3.3.3) in R? x (0, T), with

1

T=—
27[)/ R2

uydx
which satisfies (3.3.4) and (3.3.6). S.Y. Hsu showed that there exist unique constants
a>0,8>—1/2,a =28+ 1, depending on y, such that the rescaled function

_u(y/(T=nPf.n
v(y, T) = W

where
T =—log(T — 1)

converges uniformly on compact subsets of R to ¢;.. g(y), for some constant A > 0,
where ¢ g(y) = ¢, p(r), r = |y| is radially symmetric and satisfies the O.D.E
1 (r¢"\ , .
— 7 +a¢p+ Br¢" =0 in (0, c0)
,
with
¢(0) =1/, ¢'(0)=0.



126 3 The Cauchy problem for fast diffusion

In the case where y = 4 the above result simply gives the asymptotics

8MT —1)
ux, )y —— ast—>T
(A + [x]%)?
corresponding to the geometric result of R. Hamilton [77] and B. Chow [43] that under
the Ricci flow, a two-dimensional compact surface shrinks to a sphere. The extinction
behavior of non-radial solutions to (3.3.3) satisfying (3.3.4) with y > 0 is still an open
question.

The above results do not cover the extinction behavior of maximal solutions of
(3.3.3) which poses a delicate question. Geometrically, maximal solutions correspond
to the evolution of a complete conformally flat metric on a non-compact surface under
the Ricci-flow. King [99] has formally analyzed the extinction behavior of maximal
solutions u of (3.3.3) satisfying

/u(x,t)dx:/ uo(x)dx —4mt
R2 R2

ast — T,with T = 1/4n fRz up(x) dx. His formal asymptotics show that if ug is
radially symmetric and compactly supported then, as t — T, the maximal solution u
enjoys the asymptotics

2(T —1)?
T(r2 + A eZT/(T—t))

u(x,t) ~ for r = O(eT/(T—0)

for some constant A > 0, while

ulx,t) =~ for (T —t)Inr > T.

r2 log? r

The above asymptotics have not been shown rigorously. However in [59] sharp
geometric estimates have been established on the “geometric width” and the “maximal
curvature” of maximal solutions of (3.3.3) near their extinction time. We refer the
reader to this paper for the details.

Case?2. ugy ¢ L(R?). If the initial data ug is locally integrable but with f]RZ up(x)dx =
o0, then according to Theorem 3.2.1 of Section 3.2, there exists a solution u of the
Cauchy problem (3.3.3) on R? x [0, 00). S.Y. Hsu studied the asymptotic profile of u
under the assumption that the initial data u¢ satisfies the growth condition

R SR S
BUxP+kn) — = BUx2 + k)

for some constants 8 > 0, k; > 0, kp > 0. Under (3.3.7) the Cauchy problem (3.3.3)
admits a unique solution u on R? x [0, o) which satisfies the bounds

(3.3.7)

1 1

BaP otk 2P =D = g (3.3.8)
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The uniqueness under (3.3.8) is shown in [88] (see also [133]).
Assume that the initial data u satisfies (3.3.7). It is shown in [87] (see also [133],
[134]) that the rescaled function

wx, 1) =P uEeP x, 1)

will converge, as t — oo, uniformly on R? and also in L'(R"), to the function

2

A TR

for some unique constant kg satisfying
/ (uo — P k) dx = 0.
R2

2. Ultra-fast diffusion. We shall give in this section a brief summary of results
concerning the solvability and well posedness of the Cauchy problem

ou/dr = Au™ inR" x (0, T),

u(x,0) = ug on R", (3.39)
in the range of exponents m < 0. Here T > 0 is a given constant and #( a non-
negative, locally integrable function. We shall refer to equation (3.3.9) when m < 0 as
super-diffusion or ultra-fast diffusion.

By a solution of (3.3.9) we mean a non-negative function u in C ([0, T); Lll(JC (R™))
such that u™ belongs to LIIOC(R" x [0, T)) and which satisfies the equation in the
distributional sense. Note that since m < 0 the assumption that u™ is locally integrable
implies that u is non-zero almost everywhere in Q7 := R" x (0, T).

Equation (3.3.9) with m < 0 arises in a number of different contexts. A known
example is that of diffusion in plasma; see Lonngren and Hirose [106], Berrymann and
Holland [21]. Also superdiffusivities of this type have been proposed by de Gennes
[64], [63] as a model for long-range Van der Waals interactions in thin films spreading
on solid surfaces. See also Stratov [118]. Ultra-fast diffusion also appears in the study
of cellular automata and interacting particle systems with self-organized criticality; see
[38] and the references therein. Other physical applications are mentioned in [21] and
[24].

Itis natural to ask under which conditions on u the initial value problem is solvable,
and our purpose here is to present some recent results in this direction. Itisillustrative to
establish comparisons with the essentially settled existence theory for the cases m > 1
and 0 < m < 1 which was discussed in detail in Chapter 2.

The first result on the solvability of (3.3.9) when m < 0 was established by Vazquez
[124]. It was shown in [124] that there is no solution of (3.3.9) withm < Oandn > 2
and initial data ug € L'(R™). This is because the high diffusion takes all the mass to
infinity in no time, therefore yielding non-existence of a local solution for the Cauchy
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problem. On the other hand, there exist solutions to (3.3.9) which decay at infinity (at
a non-integrable rate), for instance

vl (x, 1) = Qa(T — 1) |x|~H/d=m) (3.3.10)

with
a=m-2/(1—-m)) > 0.

It is natural to ask: what is the fastest possible decay allowed on the initial data
ug if there is a local solution (i.e. not instant vanishing)? It turns out that a notable
symmetry between the cases m < 0 and m > 1 appears. More precisely the following
result was shown in [52].

Theorem 3.3.1. Assume that there is a solution to (3.3.9) withm < 0. Then the initial
data uy must satisfy the growth condition

. 1 _
lim supm / ugdx > cxrl/d-m (3.3.11)
Br

R—o0

with C* the precise constant

2 1/(1—m)
C* = [2 <n - —>] Wp. (3.3.12)
1 n

—m
Here w, denotes the surface area of the unit sphere.

In other words, if the limit above is strictly less than C*T'/(1=™)  then any local
solution must cease to exist by vanishing before time 7. Note that this result is the
analogue of condition (2.3.2) in Chapter 2 for the slow diffusion case m > 1. Itis
actually optimal, since for the explicit solution v” in (3.3.10) which vanishes exactly
at time T one has

1
wl/(l=m) _ 7 T
c*T = Rh_r)noo R =2/ /BR v’ (x,0)dx.

It is tempting to guess that a condition of the form (3.3.11), possibly replacing the
lim sup by liminf, is sufficient for existence when m < 0. The answer is affirmative
in the radially symmetric case. In fact the following result was shown in [53]

Theorem 3.3.2. Assume that ug(x) > g(|x|), where g is radially symmetric and

1
liRmioréfm/ g(xDdx > c*r!/d=-m (3.3.13)
- BR

where C* is given by (3.3.12). Then the Cauchy problem (3.3.9) is solvable.

This result basically settles the issue of existence—non-existence in the radially
symmetric case, except for the possible gap between the liminf and the limsup in
conditions (3.3.11) and (3.3.13). The analogy with conditions (2.3.2) and (2.3.3) of
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Chapter 2, which hold in the slow diffusion case m > 1, is obvious. The latter ones
are better in the sense that both of them carry lim sup, but they are not as precise, since
the constants C and ¢ may differ and they are not optimal as C* is.

Since the results of existence and non-existence for m > 1 do not require radial
symmetry, one may think that the condition in Theorem 3.3.2 is just technical. However,
this is not the case, as shown via an example in [53]. It is shown that if u#( vanishes
on a “sufficiently wide” logarithmic spiral region, then no local solution exists. In
such case the value of the limit in (3.3.11) can be made arbitrarily large. Actually
this example can be simplified when m < —1/3, to yield that if u( vanishes on the
sector 0 < 6 < [* where [* = (m — 1)/2m > 0, then no local solution exists,
see Theorem 3.3.4 below. These facts show that the super-diffusive case may hide a
rich and possibly very complex non-radial structure behind the existence question, not
present in the slow or fast diffusion cases.

Of course a natural direction to investigate is that of finding sufficient conditions
for existence in cases where radial symmetry is violated. The following condition for
existence has been found in [53].

For a number p > 0 we denote by G, the Green’s function of the ball B,. For a
locally bounded function &, we set

G, (h)(x) =f [Gp(0,y) = Gp(x, ) 1h(y)dy, x € B,.

By
Theorem 3.3.3. Let E* = —2mC* /(1 — m). Assume that there exists a non-negative,
locally bounded function f for which ug > f and a sequence p,, 1t +00 such that
[P/ A=mGE ) = E*TV 4 6(x), (3.3.14)

forall |x| < p,. Here 6(x) is a function such that 6 (x)|x|~>"/(1=™) is locally bounded
and 6(x) — 0 as |x| — oo. Then problem (3.3.9) is solvable.

This result roughly asserts that if

/<r|x = TyDuo(y)dy = E*T /1=y =2m/1=m

where I' denotes the fundamental solution of the Laplacian, and the integral is under-
stood in a certain principal value sense, then (3.3.9) is solvable. It is not hard to check
that this result implies Theorem 3.3.2 in case that u is radially symmetric. However, it
does not answer a basic question: If ug is, say, the characteristic function of the sector
of angle wider than 2 — [*, is problem (3.3.9) solvable? It was shown in [55] that the
answer to this question is indeed affirmative.

Assume that n = 2 and m < 0. We consider, for 0 < [ < 2, the sector

Cr={(rcosf,rsinf):r >0, 0 <0 <} (3.3.15)

and denote by y; its characteristic function. We define the critical lenght (or aperture)

Iy as
—1
l*:min{(m2 )n,2n} > 0.

m
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Note that [* = 27 iff m > —1/3. The following result holds.

Theorem 3.3.4. (i) If f = 0 a.e. on Cj+, then (3.3.9) has no local solution.
(ii) Let | < I* and [ = yox—i. Then (3.3.9) admits a solution for T = +o0.

Assertion (ii) of the previous theorem actually follows from the following more
general statement, proved in [55].

Let LSS denote the space of 27 -periodic bounded functions on the real line. Let
us define, for0 </ < 2m,and g € Lgfr the number K;(g) as

K;(g) = inf {/g(é)dQ : I interval, [I| =1 } . (3.3.16)
I

Theorem 3.3.5. Assume thatn =2, m < 0, and that f € LlloC (R?) satisfies, for some
R > 0, that

up(x) > r=2/4=m ¢(@) (3.3.17)

for |x| > R, where g € Loy is non-negative. Assume also that for some l < I* one has
Ki(g) > 0. Then (3.3.9) has a local solution defined at least up to time T given by

. ( Ki(g) (" = 1)* )“”
C*

where C* is a positive constant dependent only on m.

Note that combining the above theorems we conclude that if ug(x) = r% g(),
then (3.3.9) admits a local solution if and only if Kj«(g) > O.

The basic approach in proving this result is based on the connection between the
local solvability of the parabolic problem (3.3.9) and the existence of solutions for the
elliptic problem

Av+ v =up(x) inR2, (3.3.18)

where v = —1/m > 0. The relationship between the two problems comes at the
formal level from discretization in time of problem (3.3.9) which amounts to solving
elliptic problems of the form (3.3.18), see [124]. This was first observed by Vazquez in
[124], who proved non-existence for integrable u. Existence and non-existence results
for (3.3.18), which are indeed analogous to Theorems 3.3.1 and 3.3.2, are contained
in [52].

A key fact which allows us to connect the elliptic and parabolic problems is that
if u is a positive solution of (3.3.9) then the function ®(x) = |m|~1 fOT u™(x,s)ds
satisfies

AD + (yT) Vmpl/m >y, (3.3.19)

with y = (1 —m)/|m|. Therefore the solvability of (3.3.18) provides through (3.3.19)
a control from below of the positive approximations of the maximal solution of (3.3.9).
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For the purpose of proving existence of solutions for the elliptic problem (3.3.18)
we study first the special case of an uq of the form

ug(x) = r~ 2/ g(6),
with g € L5 (R) non-negative. In this case we can try a solution of the form
@) = r w),

with w a function in L57. A direct computation shows that w must solve the one
dimensional equation

w4+ Brw +w™V = g(9) (3.3.20)

where 8 = /1" =2/(v + 1), since v = —1/m. This reduces the problem to solving
(3.3.20). The main result for existence of (3.3.20) asserts essentially that if K;(g)
is sufficiently large, for some [ < [*, then (3.3.20) is solvable. Its proof relies on a
somewhat technical construction of a supersolution for this equation. Having shown the
solvability of (3.3.20) one extends it to general elliptic problem and show the analogue
of Theorem 3.3.5 for it. This is done through a comparison argument. Finally for
the proof of the parabolic result one first solves the problem (3.3.9) with initial data
ug = up + ¢ and then combines the elliptic existence result together with (3.3.19)
to show that actually the sequence of solutions {u.} converges as ¢ — 0 to a strictly
positive function which is the desired solution. We refer the reader to the papers [124],
[52], [53] and [55] for detailed proofs of all the results mentioned above.

3. Solutions to fast diffusion with “very hot spots”. In [36] Chasseigne and Vazquez
construct solutions of the Cauchy problem for the fast diffusion equation u; = Au™ in
the super-critical range of exponents m > m, = max{(n — 2)/n, 0} with initial data
an arbitrary non-negative Borel measure v, which is not necessarily a Radon measure.
The solutions they construct are continuous as functions into the extended reals and
their strongly singular set S, called also “very hot spots”, defined as S = {x € R" :
v(B;(x)) = +o00} is constant in time. These solutions are constructed as limits of
classical solutions.

The existence of non-trivial solutions with “very hot spots” can be extended to the
sub-critical case 0 < m < m_, but well-posedness fails [36]. Brezis and Friedman [25]
have shown that the limit solution, obtained by approximation by classical solutions,
corresponding to a Dirac mass as initial data is constant in time, thus the limit solution
vanishes identically for |x| # 0. More generally, it was shown by Pierre [114] that the
limits of classical solutions are not continuous, not even locally integrable functions,
when the initial data v is singular with respect to the C; ,, —capacity, y = 1/(1 — m).
Moreover, Pierre constructed, for Radon measures which verify the necessary condition
a locally integrable weak solution whose trace is that measure.

4. Extinction in finite time. In [18] Bénilan and Crandall showed thatforO < m < m,
all solutions with data in L”(R"), p = n (1 — m)/2, become zero in finite time. The
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explicit example

1
u(x,t):(C(T—t)>l—m’ oo 2mln(—m —2]

|x|? 1—m

has initial data in the Lorentz (Marcinkiewicz) space L?-°°(R"). The extinction prop-
erty can be extended to data in this space. It does not hold for m = m,.



Chapter 4
The initial Dirichlet problem in an infinite cylinder

This chapter is devoted to the study of the initial Dirichlet problem

u; = Ap(u) in Q2= D x (0, c0),

4.0.1)
u=20 onoD x (0, c0),

where D C R” is an open bounded set with smooth boundary and ¢ € I',. We shall
study the class of strong solutions of (4.0.1) with ¢ € I',.

Definition. We say that u is a strong solution of the IDP (4.0.1) if
(i) u € C(D x (0, 00));
(i) u > 0;
(iii) ulypx(0,00) = 0;

(iv) u satisfies the equation in (4.0.1) in the following sense: for any i € C®(Q)
which vanishes on dD X [11, 72]

/ /Tz (go(u)Aw + u%> dxdt
D Jr ot

(4.02)
:/ u(x,rzwx,rz)dx—f u(x, 71) ¥ (x, 7)dx
D D

forall0 < 71 < 1» < 0.

It is clear that strong solutions are weak solutions as they were introduced in Sec-
tion 1.1 of Chapter 1, in any cylinder of the form D x (t, oo) with 7 > 0.

4.1 Preliminary results

We begin this section of preliminary results with a compactness lemma which will be
used throughout this chapter.

Lemma 4.1.1. Suppose {u;} is a sequence of strong solutions of the IDP (4.0.1) in
Q = D x (0, 00). Suppose that given t > 0 there exists M; > O such that

supuj(x,t) < M;.
xeD

Then there exists a subsequence { ji} and a strong solution u of the IDP (4.0.1) in Q
such that {u j, } converges uniformly to u in D x [s, 7], forall0 <s <1 < 400.
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Proof. From Theorem 1.1.1 of Chapter 1 it follows that

sup  uj(x,t) < M%.
Dx[3.21]

Using the equicontinuity result, Theorem 1.5.1 of Chapter 1, we have that there exists
{u , } such that u ;, converges to u uniformly on K x [s, t]forevery K CC D. Toextend

the equicontinuity result to D x [s, 7] one needs to observe that a slight modification
of the proof of Theorem 1.5.1 gives a modulus of continuity up to the lateral part of
the boundary when the lateral values are zero. O

The following result follows from the proof of the uniqueness theorem in [113].

Lemmad4.1.2 ([113]). Letu, uy be strong solutions of the IDP of (4.0.1)in D x (0, 00).
Let 11 be a C3°(2) positive function, and {t;} be a sequence with 1o = T < 00 such
that tj — 0 as j — oo. Then there is a sequence of measures {);} in D such that

/d)»J-f/ ndx
D D

/D[wl(x, T)—wyx, T)]nkx)dx = /D[wl(x, Tj) —wi(x, 7;)]1dA; “4.1.1)

and

where w; = Gu; denotes the Green’s potential of u j on D.

Proof. Similarly to the proof of Theorem 1.1.1 in Chapter 1, we define

pu)—¢(uz)
{W Uy # uz,

@' (ur) Uy = us.

Thus A > 0. Let {&¢} be a sequence of real numbers such that &y > 0 and gy — 0. Set
) — p(u)]
o = ——"
lup — uz| + &k
and
A = ax + &
so that Ay is continuous and strictly positive in D x (0, 00).
Let 6 be the Green’s potential of 1, i.e.
A =—n inD,
6=0 atdD.
For a smooth positive function & in R” x [0, 00), define S(«) = v as the solution of
the linear (backward parabolic problem)
Y +a Ay =0 inD x (0, 7T),
Y(x,T)=0((x)x € D, 4.1.2)
Y =0 onoD x (0, T).
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Then = A4 is a solution of the problem

hy + A(ah) =0 inD x (0, T),
h(x,T)=—n(x) xe€D, 4.1.3)
h=0 ondD x (0, 7).

Moreover

[ o [
SR

d(A
=—/ 9A9dx+/ 1/x(x,0)A¢(x,0)dx+//¢ (Ay).
D D Jat
Since
—/0A9a’x=/|V€|2dx
and
/W(x,O)Aw(x,O)dx <0
and I(AY) oh
v =—=—A(xh)
ot Jat
we conclude that
T T
/f ozhzsf |v9|2—// ah’.
D JO D D JO
Hence
r 1
/ / a h?dtdx < —/ |VO|? dx. (4.1.4)
pJo 2Jp

Now we want to solve the parabolic backward problem (4.1.3) with o = A.
Define b = u| — u», so that

/ b(x, T)0(x)dx — / b(x,t)Y¥(x,1)dx
D D
=/D[w1(x, T) —wa(x, T)] n(x)dx

—fD[w1(x,t) —wa(x, T)] h(x, 7)dx (4.1.5)

T o
=/ f ([w(m) — )l h+b a_> dtdx
D JO t

T
=// b(A—a) Ay drdx.
D JO
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Notice that

d
E/D|h(x,t)|dx=—/Dhtdx

= / A(ah)dx
D

ad
=/ — (ah)do =0
9D on

since h(x,t) < 0in D and vanishes on D x (0, T'). Therefore

/Ih(x,t)|dx§/ n(x)dx. (4.1.6)
D D

Let {a,} C C®°R" x [0, 00)), with &, > 0 such that o, — Ay uniformly on compact
subsets of D x (0, 00). From (4.1.6), for each k, J there exists a measure A;k) defined
as the weak limit of {—h,/(x, T j)abc}f)’?:0 for some subsequence {v'}. Moreover,

/d,\y‘) 5/ n(x) dx.
D D

Using (4.1.5) as in the proof of Theorem 1.1.1 in Section 1.1 of Chapter 1 we obtain
that

[ i) =ty dr = [ it -, o)k

T A— A 2 1/2
§C(n)</ (Af")b2 dxdt) .
Q ‘L’j k

Since (A — Ak)zbz/Ak < C &, letting k — oo we obtain the desired result. O
Remark. If u is a strong solution of the IDP in €2 and w is the Green’s potential of u

then
ow

— <O
o7 pu) =

in the distribution sense, and

T
ex,t, T)=wkx,T) —w(x, 1) +/ o (u(x,t))dt

is a well defined continuous function with
e(x,7,T)=0 for x € 0D.

Moreover
Aye(x, 7, T)=0
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in the distribution and hence
e(x,7, T)=0

which shows that
T
wx,T) =wx, 1) — / @ (u(x,t))dt.
T
Thus lim, o w(x, t) exists (it may be infinite) for each x € D.

Lemma 4.1.3 (Maximum principle [113]). Let uy, up be strong solutions of the IDP
(4.0.1) in Q = D x (0, 00). Suppose that uy € C(B x [0, oo)) and that the Green’s
function w; = Gu; verify that

Iimwy(x, 1) < limw;(x,?).
110 110
Then wa(x,t) < wi(x,t) for (x,1) € Q.
Remark. Notice that by hypothesis lim, o w2 (x, ) is finite for any x € D.

Proof. Fix T > 0, and let {7;} be a decreasing sequence such that 79 = T and
t; — 0. Setn € C3°(D), n > 0. Let {A;} be the sequence of measures provided by
Lemma 4.1.2. Passing to a subsequence we find that there exists Ao, such that

/d)»oof/ ndx
D D

lim edx,:/edxoo
D D

j—o00

and

for any 0 € C (D) with 8|3p = 0. Our goal is to show that

E= / [wix, T) — wa(x, T)] n(x)dx = 0.
D

From (4.1.1)
E= /D [wl(x, Tj) — wa(x, rj)] dhx;.

Taking k < j and using that dw;/dt < 0 it follows that
E 2/ w1 (x, Tc) dAj —/ wa(x, ;) dA;.
D D

Notice that from our hypothesis

lim wa(x, ;) dA; =/ hy(x) dhso
D

j—=oJp
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where 1 (x) = lim; o wa(x, t). Hence

EZ/ wl(x,rk)dkoo—/ hy(x) dhoo.
D D

Combining the Monotone Convergence Theorem and our hypothesis we obtain that
E= [ i)~ ha() dioe 20
D

where h1(x) = lim, o wi(x, 1), which completes the proof. ]

4.2 The friendly giant (slow diffusion)

In this section we shall prove the existence of a strong solution «(x, t) in the slow
diffusion case ¢ € 4§, (as defined in the Introduction) without an initial trace at t = 0
[50]. For a function f € C(D) with f|3p = 0 and f > 0, let us denote by uys the
unique solution of the IVP

uy = Ap(u) in D x (0, 00),
u=20 ondD x (0, c0), 4.2.1)
u(x,0) = f(x) x €D,

in C(D x [0, 00)). The existence of u r follows by an argument similar to that given
in Section 1.6 of Chapter 1 and the uniqueness is a consequence of Theorem 1.1.1 of
Chapter 1.

Theorem 4.2.1. Let ¢ € 8,. Suppose f € C(D) with flyp =0, and f > 0. Let uf
be the unique solution of the IVP (4.2.1) in C(D x [0, 00)). Define

a(x,t) =supur(x,t).
f
Then a(x, t) is a strong solution of the IDP (4.0.1) in D x (0, 00). Moreover, if u is a
strong solution of the IDP (4.0.1) in D x (0, co) then
ulx,t) <o(x,it).

Proof. Denote by B the inverse of ¢ (¢ € 4,) and by  its primitive, i.e.

¥ (2) =f0'/3(s>ds.

Notice that ¢(s) > s'*¢ for s > 1, since
S s /
(r)
10g¢(s)=f (logfp(r))/dr=/ 4
1 1 o)

=/Sr¢/(r) d—rz(l—i—a) logs.
1) r

dr
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We claim that
V(z) < Cz'7 forz > 1, withy € (0, 1). (4.2.2)

Since ¢(s) > s, it follows that
s > B(s'9). (4.2.3)

Defining r = s!*¢ we have that

P40 > 8y forr > 1

and
1 z
wz):/o ﬁ(s)ds+fl B(s) ds

1 z

5/ ,B(S)ds—i-/ s!/Fa g
0 1

<cr

for z > 1, which proves the claim (4.2.2).
Let A be a bounded domain such that D CC A. Denote by v = v4 the solution of
the variational problem (nonlinear eigenvalue problem)

sup{ [, ¥ (w)dx : w € Hj (A) with [, [Vw|*dx = 1}.

Since ¥ (z) = foz B(s)ds < C z24+C’and H0] (A) — L%(A)is compact, the supremum
is attained in v, and v solves the variational Euler equation

Av=—up)
where p is the Lagrange multiplier. Thus the following hold.
(i) v =wv4 > 0in A. Otherwise |v| would increase fA v(v)dx.
(i) m > 0. This follows by integrating the equation Av = —u f(v) multiplied by v.
(iii) v € C®(A) by classical regularity theorems.
Define u(x, t) by the formula

) 424
(/’(M(X,f))—t—y (4.2.4)

for a constant y > 0 to be chosen in the sequel and also let

m = inf v(x) > 0.
D

Claim. There exists Tp > 0 and yp > 0 such that u in (4.2.4) is a supersolution of
dz/ot = Agp(z) in D x (0, Tp) (i.e., Ap(u) — du/dt < 0) when y > .
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To prove this claim, first we choose 77 so small that if ¢ € (0, 77) then

v(x)
- >1 for(x,t) e Dx (0,T))and y > .

Next we compute that

ou _ B(v) , [V v
aot) =50 ==u = +v B ()
Since ¢ € 4, it follows that
ﬂ/(s)fc@ for s > 0
s
for some C > 0. Hence
du p) yv B/tY)
A - —<- C
PG S TR T v/tY

since v/t” > 1. Thus (4.2.3) yields

ou Bv) yv vita
Ap(u) — — = — +C —
ot tY ARR
/ 1
- _;/,C C i
ty t1+m

Choosing y sufficiently large we complete the proof of the claim.
Now by Theorem 1.1.1 of Chapter 1 (which also works for supersolutions) and
(4.2.3) we get

C
up(x,t) <u(x,t) < > forall t € (0, Tp)
where C depends only on ¢. Also for t > Ty from the maximum principle we have
u f(x, 1) <Cy.

Pick K, CC Ku+1 CC D such that | J{° K, = D. Choose {f,}° an increasing
sequence in C3°(D) such that f, = n on K, and support f, € K,1i. From Theo-
rem 1.1.1 it follows that there exists a subsequence {u Fa; } which converges uniformly

to o (x, ) on compact sets of D x (0, oo) and where & (x, t) is a strong solution of the

IDP (4.0.1).
‘We shall show that

a(x,t):= sup uy=a(x,1). (4.2.5)
feCo(D)

Indeed, by definition & > @. On the other hand, given f € Co(D), there exists n;j such
that f,; > f. Thus by Theorem 1.1.1 of Chapter 1, uy < &, and (4.2.5) is proved.
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Finally, given f € C(D) with f|3p = O there exists { f;} € Co(D) such that { f;}
is a non-decreasing sequence of functions which converges uniformly on D. Thus,

a(x,t) = a(x,t) = supus(x,1).
;

Now let u be a strong solution of the IDP (4.0.1). Then
up(x,t) :=ulx,t+1/n) <a(x,t).
Letting n tend to infinity it follows that
ulx,t) <oa(x,t)
and the proof of the theorem is finished. O

The next results characterize the exceptional solution «(x, t).

Lemma 4.2.2. Let u(x, t) be a strong solution of the IDP (4.0.1) in D x (0, o0) such
that w(x, t) = Gu(x,t) (Green’s potential of u) satisfies

lifl(’)l w(x,t) =400 forall x € D.
t

Then u = «a.

Proof. By the previous lemma u < «. Let {u,} be a sequence of strong solutions such
that

(i) u, € C([0, 00) x D),
(i) 0 <u, < Un+1,
>ii1) lim, oo un(x, ) = a(x,t) for (x,t) € D x (0, 00).

This sequence was constructed in the proof of Theorem 4.2.1. We apply the maximum
principle (Lemma 4.1.3) to w and w,, (which is continuous up to ¢ = 0). Since

lim w(x, t) > lim w, (x, t)
t0 t0
it follows that w(x, t) > w, (x, t). Therefore w(x, t) > Ga(x,t). O

Lemma 4.2.3. Let u(x, t) be a strong solution of the IDP (4.0.1) in D x (0, 0o0). Then
u # «a if and only if

sup/ u(x,t)(x)dx < oo 4.2.6)
D

t>0

where §(x) = dist(x, d D).
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Proof. Assume u # «. From the previous lemma there exists xo € D such that
1%1 w(xp, 1) < oo (where w(x,t) = Gu(x,t)).
t
Since w(x, -) is a non-increasing function we have that
sup w(xo, 1) = sup / G (x0, Y)uly, H)dy < 0o
t>0 t>0JD

On the other hand as a consequence of the Hopf’s maximum principle (see [76])

G(xo,y) = C4(y).

Therefore
Sup/ u(y,1)é(y)dy < oo.
D

t>0

Now we assume that the inequality (4.2.6) holds. Define

a(x) zf G(x,y)dy
D

so that
Aa=—1 inD,

a=0 onaoD,
and a(x) ~ §(x). In fact: for y € D such that |[x — y| > (x)/2

5(x)6
Glx,y) = %(yyf

and for y € D such that |[x — y| < §(x)/2

1

G(x, y) = m

The proof of these results follow by comparison with the Green’s functions in an exterior
ball.
Fubini’s theorem and the symmetry of the Green’s function lead to

/w(x,t)dxz/ u(x,t)a(x)dx.
D D

Now taking the supremum and using (4.2.6) we obtain that

sup/ w(x,t) < o0 4.2.7)
t>0JD

which implies that u # «. O
Remark. We have also proven that if u = « then (4.2.7) holds.
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4.3 The trace (slow diffusion)

By removing the exceptional solution «(x, t) constructed in the previous section from
the class of strong solutions in D x (0, oo) we shall now prove the existence of the
initial trace for strong solutions of IDP (4.0.1) with ¢ € 4,.

Theorem 4.3.1. Let u(x,t) be a strong solution of the IDP (4.0.1), with ¢ € §,. If
u # o (with a as in Theorem 4.2.1) then there exist non-negative Borel measures (i
and A on D and 0 D respectively with

/5(x)du(x) < o0 and / dr < o0
D aD

such that for any n € C°(R") with nlyp =0

0
lim/ u(x, )n(x)dx =f n(X)du(X)—/ —n(Q)d?»(Q)
110 Jp D ap on

where 0/0n denotes the exterior normal derivative to o D.

Proof. By the monotonicity of w(x,-) = Gu(x,-) for any x € D and the above
remark it follows that

Iimw(x,t) = h(x)

t0

exists for all x € D with & > 0, superharmonic, and by the Monotone Convergence
Theorem
||u)(.x,t)—h(x)”Ll(D)—>O asti,().

In particular, h € L' (D). Also

/ ulx,t)nx)dx = —/ wkx,H)Andx — —/ h(x)An(x)dx
D D D

when ¢t | 0. From Classical Potential Theory we have the Riesz decomposition of A
(see [82])
h(x) = Gu(x) + a(x)

where « is harmonic and non-negative and p is a measure such that

/ S(x)du(x) < oo. (4.3.1)
D
To obtain A we use the Martin’s representation theorem of harmonic positive functions

(see [82]). In fact, in our case due to the regularity of D the Martin boundary agrees
with the Euclidean boundary. Thus

o (x) =/ K(x, 0)di(Q).
oD
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where K (-, -) is the Martin’s kernel for D Now

/D ( fD G, y)du(y)> An(o)dx = — / n () du(y) 43.2)
and 5
/ (/ K(x, Q)dX(Q)) An(x)dx = / na(Q) dr(Q). 4.3.3)
D aD aD n

To justify these two inequalities we proceed as follows: For the first one, note that

(4.3.1) implies that
/ V G(x,y)du(y)‘dx < .
D D

Hence it suffices to verify (4.3.2) in the case when du(y) = f(y) dy, with f € C;°(D).
But in this case the result follows from the Green’s formula. For the second one (4.3.3)
using a well-known estimate for the kernel K (x, Q) (see for example [137]) it follows
that

/ / Kx, Q)dr(Q)dx < oo.
D JoD

Hence it suffices to verify (4.3.3) for dA(Q) = f(Q)dw(Q), where f € C*(dD)
and dw(Q) is the harmonic measure for D. In this case the identity follows again by
Green’s formula. O

The following result shows that strong solutions are uniquely determined by their
initial trace.

Theorem 4.3.2. Suppose u1, uy are two strong solutions of the IDP (4.0.1) such that
lim/ ui(x,t)ynx)dx = lim/ ur(x,t)n(x)dx
t0 D t0 D

foranyn € C°(R"), n =00ndD. Then uy = us.

Proof. Assume first that there exists n € C°(R"), n = 0 on d.D such that

lim | wu;(x,t)n(x)dx = oo.
t0 D

Then by Theorem 4.3.1 we have u; = u; = « the exceptional solution constructed in
the previous section. Thus we can assume that

lim/ ui(x,)nx)dx < oo
ti0 Jp

fori = 1,2 and any 7.
Let 6 € C{°(D), 0 > 0, and define

hi(x) =limw; (x, t).
t]0
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By the Monotone Convergence Theorem
/ hi(x)0(x)dx = lim/ w;(x,1)0(x)dx
D 0 Jp

= ltlfg A ui(x,t)n(x)dx

where n(x) = G6(x). Thus h| = h; a.e. But they are potentials, therefore every point
is a Lebesgue point and i) = h».
Now for s > 0 define
w(x, 1) = wy(x,t+s)

continuous up to ¢t = 0 with

Iimwi(x,t) = limwy(x, 1) > wy(x,s) = limw(x, ).
t0 t10 tl0

Consequently by the maximum principle (Lemma 4.1.3)
wi(x,1) > wx, ) =wy(x,t+s) foralls > 0.

Hence wi(x, ) > wa(x, t). By symmetry of the argument, w; = w;. ]

4.4 Existence of solutions (slow diffusion)

This section is devoted to establishing the existence of solutions to IDP (4.0.1) with
@ € 4, as stated next.

Theorem 4.4.1. Let ¢ € 8,. Given a pair of measures . on D and X on 3D with
nw=>=0 irA=>0, fDS(x) du(x) < oo and faD d) < oo, there exists a unique strong
solution u of the IDP (4.0.1) in D x (0, 00) such that for any n € C*°(R"), n =0 on

9D )
1imf u(x,t)n(x)dx:/ nd,u—/ 0 g
110 Jp D ap On

where 0/0n denotes the exterior normal derivative to 9 D.

Proof. The proof will be carried out in two steps:

Step 1. Assume A = 0 and supp u C K CC D. Denote by u s the solution of the BVP
(see Section 1.6 of Chapter 1)

u; = Ap(u) in D x (0, 00),
u=>0 on oD x (0, c0),
u(x,0)=fkx) xeD,

where f € C°(D), f > 0. Thusuy € C(D x [0, 00)).
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Claims.
() M =sup, g [purx,dx < [ f(x).
(i) If n € C*°(R"), n = 0 on d D, then there exists « > 0 such that for r € (0, 1)

< CMJ7 v,

’[D[uf(x,t) — f()]n(x)dx

Proof of (i). Formally
i/ uf(x,t)dx=/ Ap(ur(x,t))dx
dr Jp D ‘

0
= /aD ﬁga(uf(x, t)do(x) <O.

The above formal computation can be justified by approximating ¢ by ¢; with ¢; > 0
at zero, such that ¢; — ¢ uniformly on compacts, passing to the limit and using Fatou’s
Lemma. Thus we obtain Claim (i).

Proof of (ii). Define

o) = {gf(m) <o

Thus v is a subsolution of du/dt = A¢(u) in R" x (0, 00). From Claim (i) and
Lemma 1.3.1 in Section 1.3 of Chapter 1, we have

() <14+ Cvt @ forte(0,1) 4.4.1)
where C = C(M, a) and o = o(M, a) € (0, 1). Using the identity

t
/Du@J)—f@ﬂMﬂdX=/t/wWﬂAmhm
D 0 D

and (i) we obtain (ii).

To justify the above proof we observe that in the proof of (4.4.1) (Lemma 1.3.1 of
Chapter 1) only the fact that v is a subsolution of dz/9t = Ag(z) was used.

Now pick {fj} € C§°(D), fj = Osuchthat [}, fjdx < [, du,supp f; C K C D,
and fjdx — dp weakly. Letuj = uy;. Since u; < o, by Lemma 4.1.1 there exists
a subsequence (which we still denote {u}) and a strong solution « of the IDP (4.0.1)

such that {u ;} converges uniformly to u in D x [s, t] forany 0 < s < 7 < 0o. Thus
/ u(x, )n(x)dx — / nx)du
D D
= [ et —wnnerar + [ e = et ds
D D

+fDn(X)[fj(X)dx—du(x)]
=1+ 11+ 1L
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By the above estimates I 4+ 11 4+ III — 0 as ¢ | 0, completing the proof of Step 1.

Step 2. General case. We introduce the superharmonic function

h(x)szGu,y)du(yH/D K(x, 0)dr(0)

)
(see the notation in the proof of Theorem 4.3.1). As in the proof of Theorem 4.3.1 it
follows that 1 > 0 with [}, h(x)dx < oco.
Now we choose a sequence of domains {D;}7° such that D; CC Dj;j and D =

Uj?ozl D;. Define

h in D;,

hj = { harmonic in D — D;,
OondD andhjondD;.

By construction / ; is superharmonic (satisfies the submean value property), ; 1 h as
Jj 1 oo, and

hj= / G(x,y)dp;(y) withsuppu; C D,
D

(since the Laplacian of & is a measure that takes the value zero continuously on 9 D).
Let u; be the solution corresponding to u;, constructed in Step 1. Denote by
w;(x, t) the Green’s potential of u; (i.e. w;(x,t) = Gu,(x, t)). Hence

li i(x, 1) ="h;x).
tlfole(x) j(x)

Moreover, uj(x, ) < a(x, t) (exceptional solution), and hence by Lemma 4.1.1, there
exists a subsequence (which we still denote by {u;}) which converges uniformly on
D x[s,t]toa strong solution u of the IDP (4.0.1).

Thus u is our candidate for solution. It remains to check that it has the right trace,
in other words

lrifol w(x,t) = h(x) 4.4.2)

Observe first that since w(x, t) = lim; o w;(x, t) (uniform limit) and w;(x, ) <
hj(x) < h(x), then foru # o, w(x, 1) = Gu(x,t) < h(x) forall t > 0. We claim
that

w(x, ) > w;x,1). 4.4.3)

Indeed, we know that w(x, t) = limg_, o wi(x, ). Choose k > j, s > 0 and apply
Lemma 4.1.3 to wy(x, t) and w;(x, t + 5). Since

lij{)l wi(x, 1) = hi(x) = hj(x) > w;(x,s)
t

it follows that
wi(x, 1) > wi(x,t+s) foralls >0
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which proves (4.4.3). Thus

h(x) > 1li ,1) > 1i (x,0) =h;
(x)_zlfx(}w(x )_tlﬁ}w.,(x ) j(x)

and therefore
h(x) =limw(x,t).
t0

which completes the proof of Theorem 4.3.1. O

Corollary 4.4.2. Let u be a strong solution of the IDP in D X (t1, t2). Then there exists
a strong solution u of the IDP in D x (t1, 00) such thatu = u in D x (t1, tp).

Proof. Without loss of generality we can assume ¢ = 0. Let w(x, 1) = Gu(x,t). If
lim, o w(x, ) = oo then u = o and we complete the proof.

Otherwise by the previous result there exists a trace for u, and a unique solution
for this trace. By uniqueness (Theorem 4.3.2) we obtain the result. O

4.5 Asymptotic behavior (slow diffusion)

In this section we shall show that the exceptional solution « (x, ¢) of (4.0.1) with ¢ € 4,
is a universal attractor.

Theorem 4.5.1. Let ¢ € 8,. Assume that

uniformly on compact subsets of [0, 00). Then if u = 0 is a strong solution of the IDP
(4.0.1) in D x (0, 00) then
. oulx, 1)
lim =
1100 0ty (x, 1)

uniformly for x € D.

Proof. Define A, (u) the inverse function of %”) on (0, 00). Fors > 0 let

p(Ap(1/s)u)
@(Ap(1/5))

It is not hard to check that ¥y € 4, and Ay,(r) — Oasr — 0.

Define v, (x, 1) = #0330

2 = Ay, (v). We claim that

Y (u) =

Thus vy is a strong solution of the IDP for the equation

lim v, (x, 1) = ary (x, 1), 4.5.1)
s—0
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where ay, (-, -) is the corresponding exceptional function for ¥ € 4.
From the existence proof of o (Theorem 4.2.1) we have that for any 6 € 4,
ag(x,t) < C/t* where C and o depend only on a.
Note also that ¢y — 1 as s — oo uniformly on compact sets by assumption.
Thus if {s;} is a sequence going to +o0, there exists a subsequence {s, } such that

Vs, —> U uniformly on compact subsets of D x (0, 00) (Note that strong solutions of
the IDP for 6 € 4, are equicontinuous). Moreover v is a strong solution of the IDP for
33—'; = Ay (v). It remains to show that v = ay,.

Let w(x, t) = Gu(x,t) and h(x) = lim; o w(x, t) where

h(x) :/ G(x,y)du(y)+/ K(x, Q)dr(Q)
D aD

where either ¢ or A is not 0. Hence 2 (x) > ¢§(x) (if u # 0 it is easy to prove it; when
© = 0 we use the Hopf maximum principle).

Letnow f € Cop(D) and denote by u ;| r the strong solution of the IDP correspond-
ing to i and f.

We claim that for ji large Gvy;, > wj, r = Guj, r. By Lemma4.1.3 it suffices to
checkitatz = 0. Butw;,, r(x,0) = Gf(x) since u j,, 7 is continuous up to = 0, and

,Sit h
lim Gy, (x, 1) = lim 225D PC)
110 Ik 130 Ap(1/sj)  Ap(1/sj)
Since Gf (x) < C §(x) we establish the claim.
As jrp — oo, 1//Sjk — 1, and hence u j r — uy uniformly on compact subsets

of D x [0, 00), where u s denotes the strong solution of the IDP for v with initial
f. Hence, if wy = Guy then Gv > wy. Therefore Gv > Gay,, which implies that
v = oy and the claim (4.5.1) is proven.

From Theorem 4.2.1 it follows that

oy (x, st)
ay, (x, 1) = —Aw(l/s) . 4.5.2)
Hence
u(x, st) . u(x, st)oy, (x, st)
im ——————— =1= lim
s=>00 Ay(1/8)ay (x, 1) s—>00 Ay(1/8)ay, (x, st)oy (x, 1)

u(x, st)oy, (x,1)

= |1 .
500 Qg (X, St)oty (X, 1)

However, we claim that
t
lim M =1
§—00 Qry (x,1)
which would complete the proof of the theorem. But (4.5.2) and the proof that
lim,_; o0 v5(x, 1) = ay (x, t) can be combined to establish the claim. O
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Remark. Inthe case of the porous medium equation ¢ (1) = u™,m > 1, the asymptotic
behavior of solutions to IDP can be described in a more precise way. The exceptional
solution takes the special form

1

Ux,)=t"“f(x), a=——
m— 1

where f(x) is a solution of the stationary elliptic problem
Af"+a f=0.

In this case it can be shown, see [128], that each non-negative weak solution u of the
IDP (see [128] for the exact definition of weak solution) satisfies

lim % ju(x,t) — U(x, )| = lim [t u(x,t) — f(x)| = 0.
11— 00 11— 00

This result is optimal in the sense that the exponent o cannot be improved and the
profile function f is uniquely determined. However, one can improve the above result
by estimating the error t* u(x, t) — f (x). We refer the reader to [128] and the references
therein for all the details.

4.6 A priori estimates (fast diffusion)

In this section we shall prove two a priori estimates for strong solutions to the IDP
(4.0.1) in the fast diffusion, pure power case ¢(u) = u™, 0 < m < 1. The first
lemma, which provides a local L! bound on u, holds for all 0 < m < 1. However, the
second lemma, which provides an L bound on u, holds only in the range of exponents
mp <m < 1, withm; = (n—1)4/n. The new critical exponent m| which enters here
will be discussed later.

Lemma 4.6.1. Let u be a strong solution of the IDP (4.0.1) with ¢(u) = u™,
0<m < 1. Then

sup/ u(x,t)5(x)dx < oo
D

t>0

with §(x) = dist(x, 9 D).

Proof. Let e(x) be a ground state for —A on D, i.e. Ae = —A e in D, for some A > 0,
e=00ndD,e > 0in D, e € C*®(D). Consider M(t) = fD u(x,t)e(x)dx. Clearly
dM (t)/dt <0, so that for any 79 we have

sup M(t) < M(tp).

1>t

Because of this, if there exists t, — 0 such that M (¢,) — 0, M = 0 and so is u. Thus,
it remains to show that if for some § > 0 there exists an ¢ > 0 such that M (¢) > &, for
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0 <t <4, then supy_, 5 M(¢) < oco. But

dM(t)
dt

/ um(x,t)e(x)dx < A </ u(x,t)e(x) dx)
D D

by Hoélder’s inequality, since m < 1. Thus, we have

- dM (1)

:—k/ u™(x,t)e(x)dx
D

and

0

> —(AAN)M@)" for0 <t <3,

and also M (t) > e, for 0 < ¢t < §. An easy ODE comparison argument now gives the
result. H

Lemma 4.6.2. Let u be a strong solution of the IDP (4.0.1), with o(u) = u™, m <
m<1,m =m—1)y/n. Then, forall 0 <ty <t < t] < 0o we have

[[ue] C(M,m,n,19,11)

_ <
L>*(Dx[t0,1]) —
with M = sup;_ [, u(x, 1) 8(x) dx.

Proof. We first observe that Theorem 1.4.3 in Chapter 1 gives, for RZ<t,0<s <1,
the bound
20

1
1 r t \ T=om
sup  u(x,t) < C{— |:/ u(x, s)dx] + (—) }
|x—x0|<R 19 |x—xg|<4R R?

where 6! =2/n — (1 — m). If we choose R ~ §(x(), we obtain the bound

20 20 _2
sup M(X,[) < C[{M" S +8(xO) l—m}'

[x—x0|<d(x0)

< 2 and hence

26
t n 1-m>

If m > m, we see tha

w(xo, 1) < C(M,m,n, 10, 11) 8(x0) T, 1€ [0, 11]. (4.6.1)

Next, observe that the proof of Theorem 1.4.1 in Chapter 1 still applies to subsolutions
and thus, to u extended by 0 outside of D x (0, c0). Hence, by the remark after the
proof of Theorem 1.4.1 in Chapter 1 we see that if ¢ > (1 — m) n/2 we have

o
_ q
Wl =€ | [f 1]

We next set ¢ = ¢ 4+ m, and note that if m > m |, we can choose 0 < ¢ < (1 —m)/2
so that g > (1 — m) n/2. We shall now establish, for this choice of ¢, that

// ul < C(M,m,n,ty,t)
Dx[1,11]
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concluding the proof of the lemma. Observe that by (4.6.1),
W 1) < C(M,m.n,t0,0) ()"

Leta = 2¢/(1 —m), sothat 0 < o < 1. Note that standard estimates on the Green’s
function yield that G(§7%) < C, §. Hence

CMz/[u(x,to/Z)—u(x,Ztl)]G(S“)dx
D
2t
e
to/2 JD
2t
R
to/2 4D

as required. O

4.7 The trace and uniqueness (fast diffusion)

In this section we shall establish the existence of initial trace and the uniqueness for
strong solutions to the IDP (4.0.1) in the fast diffusion, pure power case ¢(u) = u™,
0 < m < 1. Indeed, the proof of Theorem 4.3.1 combined with Lemma 4.6.1 gives:

Theorem 4.7.1. Let u(x, t) be a strong solution of the IDP (4.0.1), with ¢(u) = u™,
0 < m < 1. Then there exist non-negative Borel measures (v and ). on D and 0D
respectively with

/5(x)du(x) < o0 and / dr < o0
D aD
such that for any n € C3°(R") with n|yp = 0,
d
tim [ ueeonwdx = [ awaee - [ 2@ dr)
110 Jp D ap on

where 0/0n denotes the exterior normal derivative to 0 D.

Also, in analogy with Theorem 4.3.2, with the obvious modification of the proof,
we have:

Theorem 4.7.2. Suppose uy,uy are two strong solutions of the IDP (4.0.1), with
o) =u™, 0 <m < 1. Assume that

lim/ ui(x,t)n(x)dx =lim/ ur(x,t)n(x)dx
t0 D t0 D

foranyn e CP(R"), n=0o0ndD. Then uy = us.
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4.8 Existence of solutions (fast diffusion m; <m < 1)

This section is devoted in establishing the existence of strong solutions of the IDP
(4.0.1) in the fast diffusion case ¢(u) = u™, m; < m < 1. This result is due to
Chasseigne and Vazquez [37] but will present here a different proof, based on the a
priori estimate Lemma 4.6.2.

Theorem 4.8.1. Let ¢ = u", m; < m < 1, m; = (n — 1)y /n. Given a pair
of measures (1 on D and A on 0D with u > 0, A > 0, fD(S(x) du(x) < oo and
faD dA < 09, there exists a unique strong solution u of the IDP (4.0.1) in D x (0, c0)
such that for any n € C*°(R"), n=00n oD

a
lim | w(x, 1) px)dx = / ndu — / Sl

110 Jp D ap On
where 9/0n denotes the exterior normal derivative to o D.

Proof. The proof is analogous to the one of Theorem 4.4.1 and proceeds in steps. We
shall only give a sketch of the proof emphasizing only the parts of the proof which are
different from those in the proof of Theorem 4.4.1.

Step 1. Assume A = 0 and supp © C K CC D. Denote by u s the solution of the BVP
(see Section 1.6 of Chapter 1)

uy = Ap(u) in D x (0, 00),
u=0 on oD x (0, 00),
u(x,0) = f(x) x €D,

where f € C°(D), f > 0. Thusuy € C(D x [0, 00)).

Claims.

() M =sup,_g [pus(x,t)dx < [}, f(x)dx.
(i) sup,.q [pus(x, 1) e(x)dx < [}, f(x)e(x)dx, where e is as in Lemma 4.6.1.

(iii) If n € C°(R"), n = 0 on 3D, then fort € (0, 1)

< CMJ? t.

' /D p(x 1) — £ n(x) dx

Proof of Claims. (i) follows as in the proof of Theorem 4.4.1. (ii) follows from the
proof of Lemma 4.6.1. For (iii) we observe that

t
/[uf(x,t)—f(x)]n(x)dx:/ u’}’ Andxdsf/ sup |An| M™ ds
D D 0

and the claim follows.
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Now pick {f;} € C§°(D), f;j = 0 such that [, fjdx < [,du, supp f; C K C
D, and fjdx — dp weakly. Let u; = uy;,. Because of Lemma 4.6.2 and the
equiconinuity result in Theorem 1.5.1 in Chapter 1, passing to a subsequence {u}
converges uniformly in D x[s,t]toa strong solution u of the IDP (4.0.1), for any
0 < s <t < 00. As in the proof of Theorem 4.4.1 we see that u has trace u,
completing the proof of Step 1.

Step 2. General case. We again introduce the superharmonic function
b0 = [ Gaydu; + [ K 0)di©)
D aD

with o > 0, th(x)dx < oo and the sequence {A;} as in the proof of Step 2 in
Theorem 4.4.1. Let u; be the solution corresponding to w;, constructed in Step 1.
Denote by w;(x, t) the Green’s potential of u;, so that lim, ow;(x,1) = h;(x).
We need to observe now that since #; 1 h and h € LY (D), there exists xo so that
hj(xo) < h(xo) < oo. Thus, sup; fD e(x)du; < +oo, and hence

supsup/ e(xX)uj(x,t)dx < oo.
t>0 j JD

By Lemmas 4.6.1 and 4.6.2 and the equicontinuity result in Theorem 1.5.1, a subse-
quence of {u;} converges in D x[s,t]toa strong solution u# of the IDP (4.0.1). To
check that u has the right trace we only need to check that for w(x, t) = Gu(x, t) the
limit lim, o w(x, ?) = h(x). Asin Theorem 4.4.1, w(x, t) < h(x), forallt > 0. The
proof of Theorem 4.4.1 also gives that w(x, t) > w;(x, t), which concludes the proof.

O

Remark. The existence theorem for strong solutions fails when 0 < m < mj, as
pointed out in [37]. The unique solution in By x (0, T), with initial data (7'/ |x|2)ﬁ
(obtained as a limit of classical solutions) is not bounded near x = 0, for 0 < m <
m.. Moreover, for the case m = m, if f solves the elliptic eigenvalue problem
—Ag-1 f" = Cp f™ in $"~1 and we impose the boundary condition f(6) = 0
on 38", where 0 = x/|x|, then u(x, ) = |x|% f(6) is a stationary solution with
D = R’} , whichis alimit of classical solutions. If we take f(0)" = x1/|x|,C, = n—1,
one obtains the solution

—_

n+

n—1
ML0=k<M> k>0

|x["

which is zero at 9R"} \ {0} but it is not bounded near x = 0 (see [37]). Corresponding
solutions for 0 < m < m are also found in [37].
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4.9 Further results and open problems

We shall present in this last section a collection of further results concerning strong
solutions of equation u; = A@(u) in an infinite cylinder D x (0, 00).

1. Extinction in finite time. In [37] it is shown that if 0 < m < 1 and u is a classical
solution to the IDP (4.0.1), with bounded initial data, it must vanish identically in finite
time. Moreover, it is shown that form| < m < 1, all strong solutions of the IDP vanish

identically in finite time 7" and are smooth in D x (0, T).

2. The ranges m; <m < my, 0 < m < m,. In [37] the class &y consisting of non-
negative weak solutions of the IDP (4.0.1) (i.e. for which (4.0.2) holds), such that u €
Ll .((0,T); LY(D, §(x) dx)), §(x) = dist(x, dD),and u™ € L .((0, T); L' (D)), for
all0 < T < oo, isintroduced. Itis shown thatfor0 < m < 1, u € &y, the initial traces
w, A exist, that sup,_o [, u(x, 1) 8(x) dx < oo and fOT Jpu™(x,1)dxdt < oo. Itis
also shown that 1« does not charge sets of zero C, 1 capacity in D (a vacuous condition

*1-m

form > m.) and that A does not charge sets of zero C,,, 1 capacity on d D (a vacuous

—m

condition for m > my). Itis also shown that given p with f pd(x)du(x) < oo, which
does not charge sets of zero C, n capacity in D and A with [, 9p A\ < 0o, which

does not charge sets of zero C, L capacity on d D, there exists u € &y with that
*l—m

trace. Moreover, in the range m, < m < mp, when A does not charge sets of zero
C - capacity on d D the solution is unique in &y. In addition, if m € (m., my),

A does not charge sets of zero sz, . capacity on 9D and f pdX)*du(x) < oo,
o <ag=—n-+2/(1 —m), then u is a strong solution of the IDP.

3. Extinction for solutions in &). If m1 < m < 1, u € &y, then there exists a time
0 < T < oosuchthatu > 0is smoothin D x (0,T),andu = 0, forz > T. If
m, < m < mj, extinction in finite time happens for u € &y with trace p, A, with A
satisfying the capacity condition and fD 3(x)*du(x) <oo,a0 <og=—n+2/(1—m).
Also, examples are constructed in [37] which show that for 0 < m < m, not all u in
&y with data in L'(D) vanish in finite time.

4. Very hot spots. In [37] solutions to the IDP in a class more general than &y are
constructed. These are continuous as functions into the extended reals.

5. The initial Neumann problem in an infinite cylinder. Sze [121] studied the initial
Neumann problem

ur = Ap(u) in Q2= D x (0, 00),

4.9.1)
du/ov =0 on oD x (0, 00),

where D C R” is an open bounded domain with smooth boundary. The nonlinearity
¢ belongs to the class of 4,, as it was defined at the beginning of this chapter, however
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it is assumed in [121] that the growth condition

/
< u@'(u) <a

T o)

1+4+a

holds for all 0 < u < oo (not only for I < u < oo0). Let us denote by 4, the class of
such nonlinearities. The best known example of such ¢ is the porous medium equation
o) =u", m> 1.

We say that u is a strong solution of the initial Neumann problem (INP) (4.9.1) if u
is a non-negative continuous function in D x (0, 00) and for all n e C®(D x [0, 00))
with dn/dv =0o0n 0D X [t1,1],0 < #; < t2, we have

15 877
/ / (go(u)An + u—) dxdt
D 1 al

=/ u(x, ) n(x, ©o)dx —/ u(x, 1)) n(x, r))dx.
D

D

(4.9.2)

The main result in [121] is that all solutions of the INP (4.9.1) are in one-to-one
correspondence with non-negative finite Borel measures on D. More precisely, if u is
a solution of the INP (4.9.1), then it has a trace as ¢ | 0, i.e., there is a non-negative
finite Borel measure p on D such that

lim/ u(x,t)n(x)dx :/ n(x)du(x)
130 Jp D

whenever 5
neC®D) and a_nm’ = 0.
V

Moreover, the trace determines the solution uniquely and vice versa. Also, this is the

correct class of traces, i.e., if u is a non-negative finite Borel measure on D , then there
exists a unique solution u with initial trace . Finally, it was shown in [121] that
solutions can be uniquely extended to be solutions in D x (1, 00).

We note that the theory for the INP is quite similar to the theory for the IDP which
was described in detail in this chapter. The only difference is the absence of the
“exceptional solution” or “friendly giant” in the case of the INP. Since the proofs of
the above stated results are similar to the ones for the IDP which were given in detail
in Sections 4.1-4.5 of this chapter, we shall not present them here, referring the reader
to [121].



Chapter 5
Weak solutions

This chapter is devoted to the study of the regularity properties of weak solutions to
the porous medium equation

B_u =Au", m>1

ot
showing that weak solutions are continuous almost everywhere. In the previous chap-
ters it was crucial to deal with weak solutions that were a priori known to be continuous.
Our main results in this chapter remove this assumption, showing that weak solutions
are indeed continuous. In the first section we shall restrict ourselves to weak solutions
which are zero in a weak sense on the lateral part of the boundary, establishing the
continuity of such solutions. In the second section we shall consider the purely local
version of this result.

5.1 Weak solutions of the porous medium equation in a cylinder
Let D be an open bounded set of R” with smooth boundary. Let M denote the class
M = {17 € C®(R" x (0,00)) : n(+,1) € CFFR"), n=00ndD x (0, oo)}.

Definition. We say that u(x, t) is a weak solution of the initial Dirichlet problem (IDP)

9
a—”; —Au", m>1, inD x (0,00) (5.1.1)
if
(i u >0,

(i) u satisfies

// u™ dxdt < oo
Dx(a,b)
(iii) for any n € M, u satisfies the integral identity

0]
// |:u—n+umAn:| dxdt = 0.
Dx(0,00) L 91

forany 0 <a < b < o0,
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Observe that iii) tells us that u = 0 on 9D x (0, 00) in the weak sense.
Our main result in this section is the following result from [50].

Theorem 5.1.1. Ifu is a weak solution of the IDP (5.1.1) then there exists u™® continuous
on D x (0, 00) such that u = u* a.e. in D x (0, 00). Moreover, u* = 0on dD x (0, 00).

Proof. For the proof of Theorem 5.1.1 we shall follow three steps:

Step 1. Existence of trace. Define w = Gu, i.e. the Green’s potential of u in Q2 =
D x (0, 00). Thus w > 0 and

b
/ / w(x, t)dxdt < o0.
a D

The above estimate follows from the relation between the Green’s potential G (-, -)
and the distance §( - ) to the boundary.
We claim that

9
// [w a—'z + num} dxdi =0 forallne M. (5.12)
Q

Indeed, if n € M then GAn = —n. Thus for 6 € Cj°(Q), n = ng = GO € M and

Lo ()
Sk
o
Z//Qume.

Therefore, ow /ot = —u™ in~ D'(£2) and the claim (5.1.2) is proved.
Consequently if 7 > 0,0 € Cg°(D), and y € C;°(R) with y(7) = 0 an approxi-
mation argument shows that

/:/ é(x) [y @) w(x, )™ —y () w(x,t)]dxdt = 0. (5.1.3)
Dx(1,00)

Next we want to define the trace for w(x, t) at any time 7. Pick y € C§°(R) such
that y(t) = 1 and define

/ Odv, = // ) [y @) wx, )" —y' &) wix, 1) ]dxdt (5.1.4)
D D x(t,00)

for any 0 € Cy°(D). From (5.1.3) we have that v; is well defined, i.e., it does not
depend on the choice of y.
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Lemma 5.1.2. {v;};-¢ defined in (5.1.4) is a non-negative weakly continuous family
of measures with finite positiveness, i.e.,

/dv, < 00.
D

Moreover Av, < 0in D'(D).

Proof. 1tis clear from (5.1.4) that v, is a measure. In fact, it is a positive measure: for
e > 0 choose y. € C°(R) dying off at infinity such that y.(t) > 0fort € (r — &, 1),
ye(t) =0fort <t —e¢,and y.(¢t) = 1 fort > 7. Then from (5.1.3) - (5.1.4) we obtain
that

—/é(x>dvr = // O(x) [ ye(®) (ulx, )™ — y.(t) w(x, ) 1dxdt
Dx(t—e,1)

< // 6(x) ve (1) (u(x, )™ dxdt — 0 ase | 0.
Dx(t—e,T1)

Therefore fD ] dv; > 0, showing that dv; > 0.
We also have that

/ dv; < 00 (5.1.5)
D

which can be readily seen by taking {é ;17° anincreasing sequence in C;° (D) converging

to xp.
Also, a direct computation shows that

T — v, is weakly continuous. (5.1.6)

Finally, to see that Av; < 0, let y € C3°(R) with y(7) = 1and [; € C{°(R) such
that l} > () and

0 forr < T,
L) = .
1 fort >t +1/j.

Then, for 6 € C§° (D) such that 6 > 0 we have that

/ AGdv, = f/ AG(X) [y (@) (u(x, )™ —y'(t) w(x, ) 1dxdt
D D x(t,00)
j—o00

= lim // AB(x) L) [y@) ux, )" — v () w(x,t)dxdt
Dx(t,00)

= lim // [—ubl;y - uél}y +ubl;y']dxdt <0
Dx(t,00)

j—00

since l;. > 0, finishing the proof of the lemma. O
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We recall that by Potential Theory it follows: if f pdun <00, u>0and Ap <0,
then u is absolutely continuous.

Step 2. Principle procedure. We begin by defining a convenient approximation of
the Green’s function. For f € C§°(D), let u s be the solution of the initial Dirichlet
problem for the heat equation, i.e. u s solves the equation

u;— Au =20 in D x (0, 00),
u(x,0) = f(x) forx e D, 5.1.7)
ulx,t) =0 forx e oD, t > 0.

The solution u ¢ can be written as

H f(x) =uyp(x, 1) = /D Hi(x,y) f(y)dy

where the kernel H; (-, - ) satisfies
(1) H;(x,y) >0forall (x,y) € D x D;

(1) H;(x,y) = H(y, x);

(iii) d;Hy(x,y) — AxH;(x,y) =0;

(iv) Gf(x) = Green’s function of f = fooo us(x,tydt.

More precisely, if f; is the j-eigenfunction of the Laplacian, i.e.,
—Afj=*;fj inD,
fi=0 inaD,

then
Hi(x,y) =Y e ™' f;(x) f; ().

We denote by Gy f the operator defined by

Gif(x) = /Ojuf(x, 1) dt (5.1.8)

and let G (x, y) denote the corresponding kernel, i.e.

Gilx,y) = fz_k Hy(x, y)dt = /z_k YT £ dr.
Thus
(1) Gi(x,y) =Gr(y,x), Gy € Cgo(D x D) and Gy > 0;

(i) Gr(x,y) 1t G(x,y);
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(iii)) AxGg(x,y) < 0 (superharmonic).
Defining pi(x,t) = Gy u, we have

(1) Pr+1 = pis

(2) 9¢ px < 01in the distribution sense.

The first inequality follows since Gy is monotonically increasing in k. To prove 2) we
pick n € Cg°(D) with n > 0 so that

0 (G
//8—7:pkdxdt://(Tkn)u:—f/A(Gkn)umzo.

Next we take A € C§°([1/2, 1]) such that A > 0 and fk(t)dt = 1 and define
wi(x, 1) = /pk(x, 145275 A(s) ds (5.1.9)

i.e., the regularization in time with width 27,

Lemma 5.1.3. The functions wy are smooth and converge to w in the distribution
sense. Moreover, fork = 1,2, ...,

(1) wi < wi1,
(i) drwr =0,
(iii) Awg <0,
(iv) drwy < Y (Awy) where W (s) = sgn(s) |s|™.

In addition, for every T > 0 there exists f, € L'(D), f; > 0 such that wi(x, 1) < Gfy
fort > tandforall0 <a <b < oo

//;x(a,b)

9 9
S0k _ O\ axdt — 0
ot ot

as k — oo.
Proof. By definition
wi(x, 1) = / pr(x, 1+ 527 a(s) ds < f Pra1(x, 1+ 5275 A(s) ds
: / Pt (s 1+ 527 D) d(s) ds = wierr (x, 1)
because 9; pi(x,t) < 0. The proof of 9; wr(x, 1) < 0 and Awy < 0 are similar, and
will be omitted. With the above notation define the operator Py for a function g defined

on Q2 = D x (0, c0) by

Prg(x,t) = / Hy—k(x,y)A(s)q(y,t + s2_k) dyds (5.1.10)
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with the notation w; = P,w, and

0
¥ (Awy) — % = Pa™ — (Pa)™ > 0

by the fact that Py is given by a non-negative kernel with total integral less or equal
than 1 and Jensen’s inequality. Notice that

9(Prq) dq
= Pk o
at ot

and ifCI|8D><(O,oo) = (0 then
A(Prg) = Pr Aq.

Since d;,w; — d;w = u™ — Pru™ and H,—« is an approximation of the unity it follows

that
//; X (a,b)

Since P (x,t) = f Gi(x, y)u(y, t)dy is a decreasing function of ¢, and the support of
A is contained in [1/2, 1] it follows that if t > 7 > 0 then

3 3
O _ T gxdt — 0 ask 1 oo.
or ot

wi(x, 1) = / Pi(x, 1 + 27 )M(s) ds < Gr fr < Gfy

where f;(x) = % ;/2 u(x,s)ds (since p(x,t + §27K)y < Py(x,r) forr € (r/2,71)).

O

From the above lemma it follows that the limit limy_, o wi(x, t) exists for all

(x, 1) € Q (it may be = 4+00). Hence, from now on we redefine w to be equal to this
limit.

Lemma 5.1.4. Foreveryt > Qthe trace v, satisfies dv; = w(x, T)dx, and w(x, t) =

G (x), where |1, is a non-negative measure with finite mass (i.e fD du, < 00).

Moreover
limw(x,t) = w(x, 7).
tit

Proof. Pick 7 > 0,60 € C5°(D) and y € C;°(R) with y(t) = 1. Then by definition

/ Ox)wi(x, 7)dx = — // 0(x) [y(t)% + )//(t)wki| dxdt.
D D x(t,00) ot

By Lemma 5.1.3, 9;w; — d;w in LY(D x supp(y)) and wg 1 w as k — oo which
shows that dv; = w(x, t) dx. Therefore w(x, t) is the increasing limit of superhar-
monic functions # +oo (because w(x, ) < Gf; with0 < f; € L (D)).

We recall the following well-known result: A super-harmonic function is a Green’s
potential in D if and only if the largest minorant is identically zero.



5.1 Weak solutions of the porous medium equation in a cylinder 163

Since w(x, 7) is bounded by a potential it follows that
wx, 1) = Guq

for some non-negative measure .. To see that p, has finite mass we notice that if
hj = Goj,0; > 0,is an increasing sequence of Green’s potentials with o (- ) having
compact support in D and lim;_, ;4 j(x) = 1 for any x € D, then

/hja’,ur E/w(x,t)daj §/Gfrdaj =/hjf,dx < /frdx.

Letting j — oo we obtain that [ du, < oo.

We remark that if {D;} is a sequence of domains such that D i CC Dj4q and
UDj = D, then h; can be defined such that h; = 1in D;j, h; = O on dD, and
Ahj > 0in D. Also notice that since wy are decreasing in ¢ so is w. Therefore
he(x) = lim; ; w(x, t) exists for all x € D and is superharmonic.

Now pick n € C3°(R") such that n > 0 and [n(x)dx = 1. For§ e R"and¢ > 0
define ng ¢ (x) = 7" ((§ — x)/e). Thus, for any £ € D and any ¢ < dist(§, dD)/2,
we have

/ns,a(X)w(x,T)dx:/ Ne,e (X)he (x) dx
D D

for all £ € D, by the weak continuity in ¢ of w(x, ¢). Taking limit when ¢ tends to
zero we obtain that w(x, T) = h;(x) a.e. But both are superharmonic and hence every
point is a Lebesgue point. Therefore w(x, t) = h.(x), which completes the proof of
Lemma 5.1.4 O

Step 3. Proof of Theorem 5.1.1. Let Hy(D) = clos {9 € Cy°(D) : fD IVO|>dx < oo}
If u is a measure on D we have that

Gu € Ho(D) ifandonlyif &(u) = / G(uydmu < oo.
D

Moreover
IGKI G0y = E(W).
Roughly speaking, if 6 = G

f IVO|* dx = —/eAedx =fG(u)du.
D

Lemma 5.1.5. Let u, (1, 2, ... be a sequence of non-negative measures in D such
that

D) G(uj) = Gpj+1) = G(w),

(i) &(n) < oo.
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Assume that im;_, oo G(uj) = G(u) for any x € D. Then &(u;) 1 &(u) and
IGuj —Gullpz — 0
as j — oo.

Proof. By hypothesis
S(Mj)Z/GdeMj S/Gujﬂdﬂj

=fG/Ldej+1 SfGMj+1de+l =&(j+1).

Thus E(j) < E(jy1). If j > k then

E(wj) > / Gurdp; = / Gujdpug.
Thus by the Monotone Convergence Theorem
lim &(u;) > / Guduy = / Gurdp.
J—>00
Using again the Monotone Convergence Theorem we obtain that
lim &(u;) = E(w).
J—>00
To complete the proof of the lemma observe that

1Guj — Gul?, = E(u)) + Ew) — 2/Gu,-du —0
as j — oo. O

Now, let us get back to the proof of Theorem 5.1.1. For t > 0 we define u} k. asthe
strong solution of the IDP (5.1.1) in D x (7, 00) that satisfies uk :=00n9dD x(7,00)
and uk’ = uy,r forx € D where ux(x, 7) = —Awg(x, 1) > 0.

Setwy , = Guy .. Since by previous result wy is decreasing in 7 it follows that for
(x,1) € D x (1, 0)

wz"[('x7 t) S w;{k"[('x’ T) = wk,'lf(xv T) - wk(-xv .C)'

We recall that wy is smooth and solves the inequality d;w; < ¥ (Awy) and o, wz’r =
Ip(Aw;r) (by definition) where v (s) = sgn(s) |s|™. Thus by the maximum principle
we have that

wi < wp, in D x (z, 00). (5.1.11)

Letting a(x, t) be the extremal (exceptional) solution of the porous medium equation
described in Section 4.2 of Chapter 3 it follows that

up (x, 1) <a(x,t —1) for(x,1) € D x (r,00).
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Thus the family { u,"("t} is uniformly bounded and hence equicontinuous on D x [0, 00)
for every a > 7. Then a subsequence will converge uniformly to a strong solution
of the porous medium equation in D x [0, co) for eacha > t > 0.

Again by the maximum principle, {wZ’T} is a monotonically increasing sequence
of functions. Therefore the following limit exists

*
-

lim w{,=Gu; =w
k— 00 ?
In particular, by (5.1.11) we obtain that

w(x, 1) < wix,t) for(x,1) € D x (t,00).

Letting M (¢t) = sup{w(x,t) : x € D} and observing that the T above was arbitrary
we see that M (t) < oo forall 7 > 0 and w?(x, 1) < M(t) for t > 7. We claim that

tim flw (1) = w(, Dl =0 forallt >0, (5.1.12)
T

in other words that w( -, ¢) is continuous in the Hyp-norm. Indeed, for all T > 0 we
have

lim |w(-, 1) —w(-, )| =lim |wi(-, 1) —w(-, 1)
tit tit
= lim JJwg(-, ) —w(- 1) =0
k— 00

which proves the claim.
Now let ex () = ||wg(-, t)||%,0. Since wy is smooth we have

dey(t d a
e () = ——/ wi(x, 1) Awg(x, t)dx = —2/ e Awy dx.
dt dt Jp p Ot

But Awy = — Pru and 0, wy = — Pru", where Py is the approximation of the identity
defined in (5.1.10). Thus for 0 < t < T, we have

2// Puu Piu™ dx = e (v) — e (T) < C(z, T).
Dx(t,T)

Since Pru and Pru™ converge pointwise a.e. to u and u™ respectively, by Fatou’s

Lemma we obtain that
// u™t dxdt < oo
Dx(t,T)

m+1

) dxdt — 0

and hence

/f <|Pku—u|m+1+|Pkum—um
Dx(t,T)
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as k — oo. Differentiating the energy of wy (-, 1) —w?(-, t) weseethatfor0 <t < T
that

lwi (-, T) — wi(-, )]

= lwe (-, T) — wi(-, > + // (Pku — uj) (Pkum — (ut)m) dxdt.
Dx(z,T)
Letting k — oo we obtain that
(- T) — wi(- DI + // (1 — %) (4" — Y™ dxdt = 0.
Dx(t,T)

Hence u = u¥ a.e. in D x (t, 0o) which yields Theorem 5.1.1. O

5.2 Weak solutions of the porous medium equation

In this section we shall study the local regularity of weak solutions of the porous medium
equation. More precisely, let 2 C R" x R be an open set and let u € L} (£2) with
m > 1 and n > 0, be a weak solution of the porous medium equation du /9t = Au",

m > 1,1in L, i.e.

ou

o= Au™ in D'(Q) (i.e. in the distribution sense). (5.2.1)
Our main goal in this section is to show the following regularity result [47].
Theorem 5.2.1. Suppose u > 0 is a weak solution of the porous medium equation in

the domain 2. Then there exists a continuous weak solution of u* of (5.2.1) such that
u=u"ae in Q.

Remark. As it was pointed out in the introduction, # need not be more smooth than
Holder continuous. Furthermore by the result of E. DiBenedetto and A. Friedman [67]
each continuous solution is Holder continuous.

We divide the proof in three steps. First we prove that if Qo = D x (a,b) CC Q2
with 9 D smooth then u has a trace on 9,£2¢ (parabolic boundary of £¢). Next we find
u* which is a continuous weak solution of the porous medium equation in ¢ with
the same trace as u. Finally we show that u = u™ a.e. in Q. For the convenience of
the reader we shall first outline the proofs of the three steps and in the sequel we shall
provide the details.

Step 1. Existence of trace on the parabolic boundary of 2. First we consider the
bottom of €2p. We shall prove that for each v € [ there exists a unique finite non-
negative measure v, on D with

sup/ dv; < 00
tel JD
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such that v; is the trace of u at t = 7 in the sense that

]
// (um An—}—u—n) dxdt = —/ n(x, 1) dv;
QoN{r>1} ot D

forany n € A = C;°(Q0).
To establish this result we first show that the expression

a
// (umAn—i—u—n) dxdt
QoN(r>1) ot

depends only of the values of  at t = t and is non-positive. Also we shall prove that
v; is weakly continuous in 7.

Next we find the trace on the lateral side of €2¢. Thus we shall have that there exists
a unique non-negative measure @ on S = 0D X (a, b) such that

0 d
// (umAn—i-u—n)dxdt:—/ —ndu
Qo ot s ot

foralln e 8 = CgO(SZ N{x,t):a<t< b}) such that n(x,t) = O whenever
x € 0D. Moreover u is weakly continuous with respect to 9 D.

Step 2. A priori estimate for continuous weak solutions. Let u* > 0 be a solution in
C(D x [0, T)) of
du=Au" inDx(0,T),

u(x,0)= f(x) xeD,
u =g ondD x [0, T].

We shall prove the following a priori estimate for u*. If

/8(x)f(x)dx <L (8(x) =dist(x, dD))

and
T
/ / gdtdo, < L

aD Jo

then
f/ W)™ dxdt < C(L)

Q

and

Sup/ S(x)u*(x,t)dx < C(L).
D

tel

Step 3. Equality u = u™ a.e. in . Here we shall use Potential Theory. Define

w(x,t):/ G(x,y)dv,
D
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i.e., the Green’s potential of v;, and introduce the harmonic function

139G
h(x,z)=/ /a—@,xwms)
aD Ja ON¢

with
0G o
— (&, X)|gcap = Poisson’s kernel.
one ’
Notice that
(i) Ah=0

(i1) fD h(x,t)dx < C by Fubini’s theorem
(iii) A = 0.
Thus we can use Harnack’s principle to show that

sup h <oo for K CC D.
K x[a,b]

Now define ¢ = w — h so that
dq

T +u" =0 (5.2.2)

and
Ag =—u

in the distribution sense. Also by adding a constant we can assume that in a compact
setg > 0, i.e., there exists M = M(K) suchthat Q =g+ M > 0in K X [a, b].
Now using Moser iteration it follows that Q is bounded in K x [a, b]. Therefore
w is bounded, since w — h = q.
Also by integrating (5.2.2) it follows that fat u™(x, s)ds is bounded in (. Hence

t
w(x,t) = Gug(x) — f u"(x,s)ds + h(x,1).

Using the above identity we shall show that

ue L™ Q) (5.2.3)

loc
using the following lemma.

Lemma 5.2.2. Let w be a smooth function defined in a neighborhood of 2g such that
(1) dw/at <0,
(1) Aw <0,

(ii1) fD |Aw(x, t)| dx < M foreacht € [a, b],
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(iv) |w| = M.

Then for any K CC D there exists C = C(K, Q) such that
ow 2
— Awdxdt < C M~.

Kx(a.b) 01

Applying this lemmato Gv, (x) — fat u™(x, s)ds we obtain (5.2.3). Once the (5.2.3)
has been established we use energy methods (as in the previous section) to complete
the proof of the theorem. We proceed now to the detailed proof of the theorem.

Proof of Theorem 5.2.1. Step 1. We have u € L (2), u > 0 such that o,u = Au" in

loc

D' (). Let Qo = D x [a, b] cC  with 9 D smooth.

Lemma 5.2.3. Forany t € I = (a, b) there exists a unique non-negative measure v
on D such that

m dn
u"An+u— ) dxdt+ | nx,t)dvy, =0
QoN{r>1) ot D

oranyn € A = C3°(Qo) with
for any 0

sup/ dv; < o0.
tel JD

Proof. For each t € I and each n € A we define the functional

3
AL(p) = f/ <um A+ a—") dxdt.
Qox{t>t1} !

Claim. If n1, ny € A with n; = np att = t then A;(n1) = A (12).
Indeed, let

nt—ny fort >,

nx.1) = {0 otherwise.
Pick ¥ € C{°(R) with [ = 1 and suppy € R*. Define n.(x,1) = [n(x,1 —
es) Y (s)ds. Notice that ng(x,t) = 0fort < 7, n, € A, and A,;(n,) = 0. Since
an/dt € L™ and dn./dt — 0n/dt a.e. we obtain that A,(n) = O which proves the
claim.

Now for y € C3°(D) we define the distribution A () as A (y) = A (n) forn € A
such that n(x, ) = y (x).

Claim. The distribution A, is given by a non-positive measure.
Indeed, pick ¥ € C§°(R) with ¥(0) = 1 and ¥'(s) > 0fors < 0. Fore > 0
define . (s) = ¥ (s/e) and n.(x,t) = ¥.(x — 7)Y (x). Thus by definition of A;(-)
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and the weak solution

Ae(y) = f / (u’" Ay () et —7) +u y(x) i (t — t)> dxdt
Qoxir<t) ot
< —

< // u" Ay (x) Y. (t —t)dxdt -0 ase |0
Qox{r<t}

which proves the claim and finishes the proof of the lemma. O

Next we are concerned with the lateral side, as our next lemma shows.

Lemma 5.2.4. Let I and D be defined as above. Then there exists a unique bounded
and non-negative measure (L on S = 0D X I such that

a d
// (umAn-i-u—n) a’xa’t-ﬁ-/ —nduzo
Qo at s on

foranyn € B := CgO(Q N{x,t) :a <t < b}) such that n(x,t) = 0 whenever
x €9D.

Proof. For n € B we define the functional

a
An) = // (umAn + u—n> dxdt.
Qo ot

Claim. If n € B and 31|5 = 0 then A () = 0.
Indeed, pick ¥ € C3°(R"), with ¢ > 0 and [ = 1. For each nj € B define

Ne(x, 1) = 8_"/D77(€,t)¢ (ﬁ) dg.

&

Notice that n, € C;°(2) for & sufficiently small. Thus,

- x—§
Ane(x, 1) =¢ "/DAn(é,t)l/f<—> d§

&

and since u is a weak solution

0
A(n) = lim // (umAr;g—Fui)dxdt:O
e=0.JJq, at

which proves the claim.
Now for y € C5°(S) (S =09D x (a,b) = 9D x I) we define

A(y) = An)

by picking an n € B such that g—z = y. By the above claim A(-) is well defined.
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Claim. A(y) < 0 whenever y > 0.
Indeed, for n € B define

. n in o,
77:

0 otherwise,

sothatif y = g—Z > 0 then for any 6 € C°(D), with6 > 0

/Aﬁ@:/ﬁA@:/nAG
D D D
30 an
= — n — + — 0+ Anf > Anb.
ap On ap On D D

Aﬁ = XQoAn'

Therefore

Consequently

d o1
Aly) = f/ (umAng +u na)dxdt < // <umAﬁ +u _77> dxdt
Qo ot o ot
o7
= lim // <u’”Aﬁg+u ”5>dxdz —0
e—0 Qo ot

which proves the claim. O

Lemma 5.2.5. Let v € C(R0) such that suppyr CC Q. Then

/ ¥ (x, T)dv,
D
is a continuous function of T and

b
/ (/ W(x,t)dvr>dt:f/ uydxdr.
a D Qo

Proof. By an approximation argument it suffices to prove the lemma for ¥ € C§°(R0).
By definition we have that

9
f ¥ (x, T)dv, = / (umAl/f +u —1//) dxdt.
D QN{r>t) ot

Thus the continuity follows immediately. Also

/ab (/D ¥(x, t)dvr> dt = / {//Qm{z>r} (u’"Aw +u %) dxdt} dr.

By defining ¢ (x, ) = (t — a)y(x, t) and changing the order of integration the above
expression is equal to

//uwdxdt—// (u"’Aq+uZ—?) dxdt://ul//dxdr

which completes the proof of Lemma 5.2.5. O
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We shall now give our most general trace result.
Lemma 5.2.6. Let u, v; be defined as above. Let y € C{°(R2) such that ¥ = 0 on
S =0D x [a, b]. Then

/tﬁ(x,b)dvbzf Y(x,a)dv,
D D

+//;20 (umAl/f+uE;—1/;)dxdt+//Sg—fdu.

Proof. Pick n; € Cgo(R) with 0 < 5 < 1 and with support in (a, b) such that
n,/cdt — dé, — dé§p weakly (where §. is the Dirac measure at ¢). We may also assume
that

(5.2.4)

lim n; =

k—o00 0 otherwise.

{1 1 € [a, b],

Using ¢ = niy as a test function in the class B defined previously, it follows from
Lemma 5.2.4 that

9 9
/f W A+ ume Y dxdt+//nk—wd/¢
Qo at S on
:—// un, ¥ dxdt.
Q0

Letting k — oo and using the continuity result in Lemma 5.2.5 we obtain (5.2.4). [

Step 2. As before D € R”" open bounded set with D smooth I = (0, T) and
D xI=QyccC Q. Letu € L' (2), u > 0 be a solution of the IDP

loc

B
a—”; — Au" in D'(Q).
u(x,0) = f(x) xeD, (5.25)
u =g ondD x [0, T].
Proposition 5.2.7. Assume that u € C(Q) solve (5.2.5), and that
/ 8(x) f(x)dx < L (8§(x) =dist(x, dD))
D
and
// gx)doydt <L (S=0D x (0,T)).
s
Then
// udxdt < C(L) (5.2.6)
Q
and
sup/ SxX)u(x,t)dx < C(L). (5.2.7)
tel JD
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Proof. Define n as the Green’s potential of —1, i.e.

An=-1 1inD,
n=0 ondD.

We may recall that by properties of the Green’s function it follows that
Ci1é(x) <nkx) <Cré(x) forallx € D.

By the Green’s formula

d
—/ u(x,t)n(x)dx:/ Au™ ndx
dt Jp D

; (5.2.8)
— _/ u’"dx—l—/ wix, )" 2 do(x).
D aD on

Hence fort € 1

/n(x)u(x,t)dxf/ n(x)f(x)dx+/ /tga—ndadt
D D apJo = On

which proves (5.2.7). Using (5.2.7), the estimate (5.2.6) follows by integrating (5.2.8)
int fromOto T. 0

Step 3. We begin by proving Lemma 5.2.2 stated above.
Proof of Lemma 5.2.2. Without loss of generality we can assume that w > 0 and

M =1.
First we prove the lemma for w € C* ($20) such that w|, Dx(a,b) = 0. Thus

d ow AW ow
— wAw:/—AuH—/w—:Z — Aw
p 9t D

dt Jp dt p Ot
and
/ w(x, b) Aw(x, b)dx —/ wx,a) Aw(x,a)dx
D D
b ow
=2 — Aw <C
a JD ot
which proves the desired result. O

Now we consider a general w € C°(£p) which satisfies the hypothesis of our
lemma. We claim that there exists p > 1 such that:

. 1/p
if K CC D then (/ |Vw|pdx> <C. (5.2.9)
K



174 5 Weak solutions

To see the claim, let K cc D cC D with 8D smooth. We can write w restricted to D
in the following form:

w = Poisson’s integral of w|, 5 + Green’s potential of Awp = u + v.
Since u is harmonic we have that
IVitll oo gy < CK) Nlutll oo 5 < CL(K).
Also using that
9,609 = =
it follows that

1
|Vv<x>|sCf|Aw<y)| o
i -

|x
But the operator L: L'(D) — L (R") defined as

1
f=f*—= M=
is continuous for pg = . Therefore taking p < po, and using the compactness of

the domain we complete the proof of the claim.

Now going back to the proof of the lemma, we define D, T € [0, 1], aone parameter
family of domains such that

(i) K cC Dy forall T € [0, 1],
(i1) 0Dy is smooth,
(iii) Dy cC Dy ift < 7/,
(iv) D; = D.

For each T € [0, 1] we introduce the function W where w; = w in D; and w;
harmonic in D — D, with boundary values 0 on d D and w on d D;. Thus

(i) 0 < w; < 1 (maximum principle),

(ii) dw’ < 0 (hypothesis),
(iil) w. is continuous on D andin 7 on [0,1],
(iv) w; is superharmonic (note that w, < w).

Since w:|,; = 0 we can apply the result proven above if we prove the estimate

sup/ |[Aw; (x,t)|dx < M.
(a,b)JD
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But from the above estimate

9 9
// T Awdxdr < // YT Aw, dxdi < c/ |Aw, (x, )| dx.
K x(a,b) Of Dx(ab)y Of D

Therefore

ow 3/4
// — Awdxdt < C / |[Aw;(x,a)|dxdt.
K x(a,b) 0t 12 Jp

Let us estimate Aw;. Since

Jw  Jdwg
Awr = (Aw) xp, + | — — doyp,
on on

we only have to bound
Jw;

3/4/ (aw
12 Jap, \| 0n on
3/4
SC/ |Vw|dx+C/ (/
D3/4\D12 1/2 D,

=I+1IL

d

)daapz dt

Jwy

p 1/p
da) dt
on

The integral I can be estimated by using (5.2.9). For II we combine the regularity
result that allows us to estimate the norm of the normal derivative in terms of tangential
derivatives together with Holder’s inequality to obtain

3/4 /p l/p
II§/ (/ IVTu)Tlpdx> dt < C ff IVw|? <C
1/2 dD, D34\D1 2

by (5.2.9). O

Next we shall show that w(x, t) = f p G(x, y) dv; (where vy is the trace of u given
by Lemma 5.2.3) is locally bounded. For this purpose we shall use a variant of the
Moser [109] iteration technique introduced in [45]. We begin by establishing a useful
consequence of the classical Sobolev inequality.

Lemma 5.2.8. Let F be a non-negative smooth function in Qo = D x (a, b). Suppose
that m > 1 and K CC D are given. Then there exist constants k > 1 and 0 > 0 such
thatif H > 0 and AF > —H then

m(k—1)
// kaSC{/ H™dxdt - sup (/ F(x,t)dx)
K x[a,b] Qo tela,b] D

mk
+ dist(K, 9D)~? - sup (f F(x,t)dx) }
D

t€la,b]
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Proof. Let

n—2

1 ifn > 2m,
P= " .
2 otherwise,

and set g = %. Fork > 1 andt € [a, b] it follows, from Holder’s inequality, that

1/p 1/q
/ka(x,t)dx§</ Fpm(x,t)dx) (/ F”‘“qm(x,t)dx) .
K K K

Next, we choose & such that (k — 1)gm = 1. Let GH (x, t) be the Green’s potential
of H, i.e.

GH(x,1) = /D G(x,y)H(y,0)dy
and define f = max(F — GH, 0). Then
@ f=0,
(i) f < F,
(iii) f is superharmonic (F — G H, and 0 are superharmonic),
Gv) F < f+GH.

By fractional integration

1/p
(/ (GH)”’"(x,t)dx) §Cf H"(x,1)dx.
K D

Since f is subharmonic in x

f(€) < Cdist(K. 9D)™" / £ dx.
D

1/p m
(/ fl”") < C (distK, aD)™"" (/ F) :
K D

Adding these estimates and integrating in ¢ completes the proof of the proposition. [

Therefore

We recall that w(x, t) = Gpu(x, t). Thus by the results proved in Step 1, for any
n € C§°(0) we have

0 (G
// —nwdxdtzf Mud)cdt
Q0 at Qo at

(G
:—// numdxdt+// ( n)d,u.
Q2 aDx[a,p] 0N
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which can be written as

0 (G
// <—nw+num>dxdt=// ( n)du.
Qo \ 0f aDx[a,p] 0N

Defining the harmonic function % as

0G
h(x,t) = // — &, x)du)
aDx[a,b] 9N

we have

(1) Ah =0,

(i) [ph(x,t)dx <C,
(iii) £ > 0.

Therefore using Harnack’s inequality for harmonic functions, we have the pointwise
bound
h <C(K) forany K CC D.

Define now ¢ = w — h so that Ag = —u in D'(D) and dq /9t + u™ = 0 in D'(R).
Also, by the above it follows that supg . ;, 11 < 0.
Next, xo € D and set B, = {x : [x — xo| < p}. Assume that B, CC D,a < T <

T < b, and set
S=B,x(r,bl, R=B,x(T,b].

Fix M so large such that
Q=q+M=>0 inB, x[a,b]. (5.2.10)

Lemma 5.2.9. Suppose P is a smooth and convex function with a bounded derivative
P’ = p € L*([0, 00)). Also suppose that P(0) = p(0) = 0. Define Z by

1t
Z(t) = / (PN ds.
0
Then

sup / P(Q(x,s))dx+// [max(—AZ(Q), 0)]" dxdt
B, s

selr,b]
c
S //RP(Q)dxdt.

Proof. From the hypothesis we have that P and p are non-negative and non-decreasing.
Fix0 < r < p andpick n € C®(R"T!) suchthat0 < 5 < 1, = 1in B, x [1, 00)
and n =0ifx e R"\ B, ort < T. We may also choose 7 so that

an
ot

C
<
(-7
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where C = C(n).
Fors € [t,b]set §' = B, x (t,s], R" = B, x (T, s]. Since dQ/dt + u™ = 0 we
have by multiplying by P(Q)n? and integrating over R’

// p(Q)andxdt+// p(Q)n* u™ dxdt = 0.
R’ at R’

Integration by parts shows that

/ P(Q(x,s))nzdx—i-// p(Q)nzumdxdt=2// P(Q)na—”dxdr
B, R’ R’ dt

and hence we can conclude that

sup / P(Q(x,s))ds—l—/f p(Q)u™ dxdt
s

selr,b] /B,
C
P dxdt.
T //R (Q)dx

Assuming that AZ(Q) > —(p(Q))l/’”u, we finish the proof of the lemma. To prove
that AZ(Q) > —(p(Q))l/’"u, we compute

AZ(Q) = div(VZ(Q)) = div((p(Q)'/™ -V Q)
1
= (p(ONY"AQ + ;(P(Q))”’”‘l p'(Q) IVQI*.

Since AQ = —u, and the last term above is non-negative the proof is completed. [

As a consequence we have:

Lemma 5.2.10. Let @ > 0 and set B = (o« + m)/m. Then

(@+ D™ sup Q“+1(x,s)ds+/ (max(—AQF, 0))" dxdt
t<s<bJB,
C 1)m— 1
< (“+ ) // 0°+! dxdr.

Proof. For L > 0 let p be defined by

(x+1s* 0<s<L,
p(s) = a .
(¢ +1)L* otherwise.

Using Lemma 5.2.9 with P(s) = fos p(t) dt and then letting L — oo yields the lemma.
O

We can now prove the boundedness of w.
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Lemma 5.2.11. Let T € (a, b) and p > 0 such that
B3y, ={x:|x —xol <3p} S D
with D x (a, b) = Qo CC Q. Then w = Gu is bounded in R = B, x [T, b].

Proof. Choose M solargein (5.2.10) suchthat Q > 1in B3, x[a, b]. For j =0, 1, ...
define agp = O and atj 1 = k(o; + m) — 1 where k is defined in Lemma 5.2.8. Set

oj+m +2 +jT
:Bj = ]m . Pj :pj.?,Tj = %,Bj ZBpijj =(Tj,b], R; = Bj x I and

) 1/(ej+1)
A] = <// Q(;-{']Jrl dxdt) .
Rj

(€2) we have that Ag < oo. Setting

. m
Sinceu € L,

Ej — Sup/ Q&j—i-l
B

SEI/' j

we have by combining lemmas 5.2.8 and 5.2.10 that

ajr1+1 RN kB :
Ajfi-l = // Qi1+l = QlBim
Rj+1 Rj+i

< C{(aj+ 1! .A‘J)fj+1+1 . E;a/-l-m)(k—l)/(ozj—i-l) a1
+(j+ 1 gty

Observe that (j + 1)! < C (aj + 1)"~1, so using Lemma 5.2.9 once again we obtain

that
1+ 1 gk rm—mtl | k(@4m)y
AT < Clay + DA AT G+ D2,

Since Q > 1in B3, x [a, b]

which easily gives that
Ao = | Qllpr) = C Ao

and the lemma is proved. O

Lemma 5.2.12. Forany I = (a, b) and D such that D x I = Q¢ CC 2, w(x,t) and
fat u™(x, s)ds are bounded in Q2y. Furthermore if (x,1t) € Qq

t
w(x, 1) = Gug(x) — / u™(x,s)ds + h(x,1). (5.2.11)

where Ah = 0 and h is bounded in Q.
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Proof. Define

1) = / / 3G (% 6)du(®)
aDx[a,r] ON

and observe that the relation (5.2.11) follows from the equations d¢q /9t + u™ = 0 with
qg = w — h. Since

sup/ hx,t)dx < o0
D

tel
by Harnack’s inequality

h(x,t) <C forany (x,t) € K x I with K CC D.

From Lemma 5.2.10 it follows that

t
sup f u™(x,s)ds < o0
(x,t)eKxI Ja
which yields the lemma. O
Notice that if D cC D with 4D smooth, and G’D denotes the Green’s function of
D, by the maximum principle G’D > Gp. Therefore w < G'u in Q.

Next we study the regularity of w in Sobolev spaces. We recall that HO1 (D) denotes
the completion of C§°(D) in the norm

12
g = ([ wnax)
D

First we observe that if D C R” is a bounded domain such that D x (a, b) CC £,
then w = Gu = G, satisfies

w(-,1) € Hy (D)

for all ¢ € [a, b]. This follows from the boundedness of w since
/ IVw(x,t)Izdx = / wdv; < 00.
D

where v, is the trace defined in the Step 1. For functions f € H IO(D) we shall use the
notation

&(f) =/ VP dx.

We want now to show that u € L™+ (2).

loc
Theorem 5.2.13. Ifu € L
equation

locr M > 1, withu > 0 a weak solution of the porous medium

— = Au"
ot
in Q. Thenu € LT (Q).

loc



5.2 Weak solutions of the porous medium equation 181

Proof. Let Q¢ = D x (a, b) such that Q¢ CC Q. Let K be a compact subset of D.
Denote by v = v, = the trace of u att = a. Let

t
v(x, 1) = Gv(x) — / u™(x, s)ds.
Pick ¢ € CPR") with p(x, 1) =0(x) n(t),0 > 0,n>0and [n= [0 = 1. Let
Aev(x, 1) =f/ (&, D)v(x —&,t —1)dédT (5.2.12)

where ¢, (£, 7) = 77" - p(x /e, t/¢). Thus

0Agv

=—-2u" <0
ot

and
Al = —deu < 0.

From Lemma 5.2.2 we obtain that

9
// Y Avdxdr = f/ Gett™)Ouert) dxdt < C
K x(a,b) 0f K x(a,b)

where C is independent of ¢. By Fatou’s Lemma we finally conclude that

// W (x, 0)dxdt < C
K x(a,b)

which is the desired result. O

Let B= B(x,t) = {x : |x| < r}. Assume that Qo = B x (a, b) CC 2. We recall
that

/W(x,b)dvbzf Y(x,a)dv,
B B

0 0
+// {umAl//-l-u—w}dxdt—i-// W,
o ot 3B x[a,b] N

forany ¢ € Cg° (R"*t1y with ¢ = 0on 8 B x R. Also we recall that v, and y are weakly
continuous measures, and that w = Gu (Green’s function of u in B) is bounded.

To complete the proof of Theorem 5.2.1 we need the following lemma.

Lemma 5.2.14. There exists a continuous weak solution u® > 0 of the porous medium
equation du™* /9t = A(w™)™ in Qo = B x (a, b) such that u = u* a.e. in Q.
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Proof. Let gy be a small positive constant. For ¢ € (0, gg9) denote B, = B(xg, r — &),
G = the Green’s function of B, w, = Geue, Q, = Be x(a,b) andu, = ue(x,t) =
Aeu(x,t) (Where A, was defined in (5.2.12)).

Denote by u] the continuous weak solution of the porous medium equation in g,
with initial values

N U on B, x {a},
u. =
¢ (Aet™NY™  on 9B, x [a, b].

Let §.(x) = dist(x, dB,). We claim that there exists an &g > 0 such that for all
& € (0, g9)

sup / 8€(x)u:(x,t)dx§C and / (u:)m dxdt < C. (5.2.13)
te(a,b) J B Qo,

To prove this claim we use the weak continuity of the measure of the boundary side
respect to the radius R. For ¥ € C§°(R) with ¥ = 0 on 0B, define

(x —xo)
Yelr) = ¥ (— +x0) .
r—e
Then ¥, = 0 on d B, and
lim/ Y (x)ui(x,a)dx =/ Y (x)dv,
el0 B, B
by the weakly continuity of the measure v;. Again by the weakly continuity

d
lim / / We WH"dodt = / /
e=0J JaB, x(a,b) e IBx(a,b) 3”

which proves the claim.
By our definition of weak solution (using the above claim) we have

_ // oY (u:)m — Ye(x, a)u:(x, a)dx + // <(”:)mAWa + u: 8‘/’5)
9B, x(a.b) e B. Q, at

Vel(x,b)us(x,b)dx.

By

Claim. There exists u* € C(f2p) non-negative weak solution of the porous medium
equation (no boundary value problem) such that u} — u* uniformly on compact
subsets of ©2¢. Moreover,

/ ¥ (x, b)u*(x,b)dx
B

:/ w(x,a)dva+/ !(u )’”Aw—i-—l/fu }dxdt—i—// —d
B Q2 9Bx(a,b) O
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Indeed, let i, (x, t) be the solution of

Ah, =0 in o, ,
helap, = Aeu™ ondB; x (a,b),

and let w} = G u}. Then

ad
—_—— = Gb‘)\'é‘ (—u) = GEA()\,glxlm) = hg - )\gum

ot Jat dt
and
ow* ou’*
a: =G, 81‘6 =G AW)" =he — W)™,

Define E, = w} — w, and
le(t) = E(E:(,1)) = / |VE,|*dx.
Be

Notice that
ES( s a) =0.

Therefore I, (a) = 0. Also
1.(1) =/ |V (w? — we)|” dx =/ (wF — we) A(w? — wy) dx.
B. B.

Thus

d—lg(t) =— Alw, —we) — | (w; — we) Ad(w; — wy)
t A at B

0E,
=-=2 AE,.
Ot

Integration in time leads to

// oE
Qo, Jat

since lo(a) =0and . (-) > 0.
Observe that A,u — u in L™ () since we have already proved that u €
L"T1(Qp). Define L"*! = foo u¥)"+Ddxdt. Then L™+ is uniformly bounded

. 1 [?al,
AE, dxdt = ——/ —£ <0 (5.2.14)
2 ), ot
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in ¢ € (0, g9). To see this we compute

Lyt = f () )"
Q0.
a *
= [[ wr-2
Qo, at
= u, he + Aw;
Qo, Q0, ot
0 ow?*
:/f u:ksum+// u; w5+// Aw} Le
Qo, Q0, ot Q0, at
ow owr
= // uireu™ +// (—Aw;k 81‘8 + Aw} 81‘8)'
/f duwg _ dwe (Aw*—Aw)<0
ot ot € o=

(proved above in (5.2.14)) the last expression is bounded by
ow ow?*
ot (a2 )
= // ureu™ + // ug (W)™ — reu™)
< // uireu™ —l—// ug(u)™.

" <crL,+cL”
and therefore L. is bounded uniformly in €.
Thus we can assume that

Since

Thus

(up)™ — u* weakly in LTD/m Q)

and

uf — u*  weakly in L™1(Qp).

Now for T € (a, b) we have

0E,
0<1.(T)= -2 AE,
Q0, ot

= 2/ (e — u:) (Aeu™ — (M:)m)
Qo

:2// Aglt Apu™ —2// upreu™ —2// ug(up)" —I—Z// uy (up)™.
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Hence letting ¢ — 0 we obtain
0=<1(T)=<0
from which the lemma follows. O

Theorem 5.2.1 is an immediate consequence of the previous lemma. O

5.3 Further results and open problems

1. The results in this chapter extend, without difficulty, to general ¢ € 4§, (slow
diffusion) which are in addition convex. It would be interesting to establish this for
general ¢ € 4.

2. One could ask about corresponding results for variable sign solutions with u™
replaced by |u|™ ! u. In light of the counterexamples of Serrin [119], it is not clear
whether the corresponding results hold for variable sign solutions.

3. The corresponding questions can be formulated for weak solutions in a cylinder
and weak solutions respectively in the fast diffusion case with m; < m < 1 and
me < m < 1, as defined in Chapter 4. This is an interesting and challenging question.
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