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Preface

In this monograph we study the initial value problem (Cauchy problem) and the Dirich-
let problem for a class of degenerate diffusions modeled on the equation ut = �um,
m > 0, u ≥ 0. Our approach to these problems is through the use of local regularity
estimates and Harnack type inequalities, which yield equicontinuity and hence com-
pactness for families of solutions. The theory is quite complete in the slow diffusion
case (porous medium equation) m > 1 and in the super-critical fast diffusion case
mc < m < 1, where mc = (n − 2)+/n, while problems remain open in the range
m ≤ mc. In this book we have emphasized the techniques used in the proofs of the
results presented, in the hope that they will have a wider scope of applicability beyond
the specific problems discussed here. We have also added, at the end of each chapter,
a section which discusses further results beyond the main focus of the text and open
problems that we find challenging and important.

This book is addressed to both researchers and to graduate students with a good
background in analysis and some previous exposure to partial differential equations.
Both authors have used with success preliminary versions of the manuscript for second
and third year graduate courses in pde.

Acknowledgments. We would like to thank Gustavo Ponce for providing us with the
notes for a course C. K. taught at the University of Chicago. We wish to thank Natasa
Sesum for her diligent reading of the manuscript and many useful comments.

P. D. was partially supported by NSF, the Guggenheim Foundation and the ESPRC
at the Imperial College, London.

C. K. was partially supported by NSF and at IAS by The Von Neumann Fund, The
Weyl Fund, the Oswald Veblen Fund and The Bell Companies Fellowship.





Contents

Preface vii

Introduction 1

1 Local regularity and approximation theory 9
1.1 Maximum principle and approximation . . . . . . . . . . . . . . . . 9
1.2 A priori L∞-bounds for slow diffusion . . . . . . . . . . . . . . . . 15
1.3 Harnack inequality for slow diffusion . . . . . . . . . . . . . . . . 23
1.4 Local L∞-bounds for fast diffusion . . . . . . . . . . . . . . . . . . 28
1.5 Equicontinuity of solutions . . . . . . . . . . . . . . . . . . . . . . 33
1.6 Existence of weak solutions . . . . . . . . . . . . . . . . . . . . . . 52

2 The Cauchy problem for slow diffusion 58
2.1 Pointwise estimates and existence of initial trace . . . . . . . . . . . 58
2.2 Uniqueness of solutions . . . . . . . . . . . . . . . . . . . . . . . . 60
2.3 Existence and blow up . . . . . . . . . . . . . . . . . . . . . . . . 66
2.4 Proof of Pierre’s uniqueness result . . . . . . . . . . . . . . . . . . 68
2.5 Further results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3 The Cauchy problem for fast diffusion 84
3.1 The Cauchy problem for super-critical fast diffusion . . . . . . . . . 84
3.2 The Cauchy problem for logarithmic fast diffusion . . . . . . . . . . 93
3.3 Further results and open problems . . . . . . . . . . . . . . . . . . 123

4 The initial Dirichlet problem in an infinite cylinder 133
4.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . 133
4.2 The friendly giant (slow diffusion) . . . . . . . . . . . . . . . . . . 138
4.3 The trace (slow diffusion) . . . . . . . . . . . . . . . . . . . . . . . 143
4.4 Existence of solutions (slow diffusion) . . . . . . . . . . . . . . . . 145
4.5 Asymptotic behavior (slow diffusion) . . . . . . . . . . . . . . . . . 148
4.6 A priori estimates (fast diffusion) . . . . . . . . . . . . . . . . . . . 150
4.7 The trace and uniqueness (fast diffusion) . . . . . . . . . . . . . . . 152
4.8 Existence of solutions (fast diffusion m1 < m < 1) . . . . . . . . . 153
4.9 Further results and open problems . . . . . . . . . . . . . . . . . . 155

5 Weak solutions 157
5.1 Weak solutions of the porous medium equation in a cylinder . . . . 157
5.2 Weak solutions of the porous medium equation . . . . . . . . . . . 166
5.3 Further results and open problems . . . . . . . . . . . . . . . . . . 185

Bibliography 187

Index 197





Introduction

We shall study non-negative solutions u of the nonlinear evolution equations

∂u

∂t
= �ϕ(u) x ∈ R

n, 0 < t < T < +∞ (1)

where the nonlinearity ϕ is assumed to be continuous, increasing, with ϕ(0) = 0 and
satisfies the growth condition

a ≤ u ϕ′(u)

ϕ(u)
≤ a−1 for all u > 0 (2)

for some constant a ∈ (0, 1) and the normalization condition ϕ(1) = 1. We shall
denote the class of such nonlinearities ϕ by �a .

The growth condition (2) is a natural generalization of the pure power case
ϕ(u) = um, which is well known in the literature and arises in a number of physical
problems. When m = 1 it reduces to the linear heat equation. When m > 1 equa-
tion (1) describes the flow of an isotropic gas through a porous medium (the porous
medium equation), cf. [110]. Another application refers to heat radiation in plasmas
[136]. When m < 1, equation (1) arises in the study of fast diffusions, in particular in
models of gas-kinetics [35], [44], in diffusion in plasmas [21], and in thin liquid film
dynamics driven by Van der Waals forces [64], [63]. Also it arises in geometry; the
case m = (n−2)/(n+2), in dimensions n > 3 describes the evolution of a conformal
metric by the Yamabe flow [135] and it is related to the Yamabe problem, the case
m = 0, n = 2 describes the Ricci flow on surfaces [77], [53], [133], and the case
m < 0 in dimension n = 1 describes a plane curve shrinking along the normal vector
with speed depending on the curvature [72], [68]. For a survey on the porous medium
and fast diffusion equations see [111], [127].

The main objective of this book is to present the main results regarding the solv-
ability of the Cauchy problem and the initial Dirichlet problem for equation (1) for a
wide class of nonlinearities ϕ. The local regularity theory for equations of the form (1)
will be presented as well. Special emphasis will be given to the various techniques,
which although have been developed to study nonlinear equations of the form (1) may
be applied to other nonlinear parabolic problems.

In the 1940s D. Widder [132] studied the characterization of the class of all non-
negative solutions of the heat equation

∂u

∂t
= �u in ST = R

n × (0, T ]. (3)

In this case, the notion of solution is clear: u ∈ L1
loc(ST ) and the equation holds in

the distribution sense (weak solution). It follows by classical regularity theorems that
u ∈ C∞(ST ).



2 Introduction

The Widder theory can be expressed as follows. Let u be a non-negative weak
solution of the heat equation in the strip ST . Then:

(A.1) The solution u satisfies the growth condition

sup
0<t<T/2

∫
u(x, t) e−C |x|2 dx < ∞ (4)

where C is an absolute constant.

(A.2) There exists a non-negative Borel measure μ on R
n such that

lim
t↓0

u( ·, t) = dμ in D′(Rn).

We shall call the measure μ the trace of u. Furthermore, the trace μ satisfies
the growth condition ∫

e−C |x|2 dμ < ∞ (5)

where C is an absolute constant.

(A.3) The solution u satisfies the pointwise estimate

u(x, t) ≤ Ct(u) eC |x|2

where C is an absolute constant and Ct(u) depends on u and t .

(A.4) The trace μ determines the solution uniquely; if u, v are two non-negative weak
solutions of equation (3) and

lim
t↓0

u( ·, t) = lim
t↓0

v( ·, t)

then u ≡ v.

(A.5) For each non-negative Borel measure μ on R
n satisfying the growth condition

(5) there is a non-negative continuous weak solution u of (3) in ST/M with trace
μ, and

u(x, t) = Cn

tn/2

∫
e−|x−y|2/4t dμ(y)

for an absolute constant Cn depending only on dimension n.

Let us note that the assumption that the class consists of non-negative solutions is
necessary for the Widder theory to hold true, as there are specific examples of oscillating
solutions with initial data identically equal to zero which do not satisfy condition (4).

The porous medium equation, i.e. ϕ(u) = um, m > 1, in (1) has been studied
extensively and is by now well understood. In fact, by combining the results ofAronson
and Caffarelli [8], Bénilan, Crandall, and Pierre [20] and Dahlberg and Kenig [45] one
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obtains the complete analogue of the Widder theory for this case. Let u be a non-
negative continuous distributional solution of the equation

∂u

∂t
= �um, m > 1, (x, t) ∈ ST . (6)

Then:

(B.1) The spatial averages of the solution u satisfy the growth condition

sup
0<t<T

sup
R>1

1

Rn+2/(m−1)

∫
|x|<R

u(x, t) dx < ∞.

(B.2) The initial trace μ exists; for any continuous distributional solution u of (1)
there exists a Borel measure μ such that

lim
t↓0

u( ·, t) = dμ in D′(Rn)

and satisfies the growth estimate

sup
R>1

1

Rn+2/(m−1)

∫
|x|<R

dμ < ∞. (7)

(B.3) The solution u satisfies the pointwise growth estimate

um−1(x, t) ≤ Ct(u) (1 + |x|2) for t ∈ (0, T /2)

where Ct(u) = CT (u(0, T )) t−λ, λ = n/(2 + n(m − 1)) as t ↓ 0.

(B.4) The trace μ determines the solution uniquely; if u, v are two non-negative
continuous distributional solutions and

lim
t↓0

u( ·, t) = lim
t↓0

v( ·, t)

then u ≡ v.

(B.5) For every measure μ on R
n satisfying (7) there exists a non-negative continuous

distributional solution of (6) with trace μ satisfying (7).

Let us note that the assumption on the continuity of u is not essential, due to the
result of Dahlberg and Kenig in [49] where it is shown that if u ∈ Lm

loc(�), u ≥ 0 and
∂u/∂t = �um in D′(�), then u is continuous.

In order to extend the above results from the porous medium equation ϕ(u) = um,
m > 1 to the case of equation (1) we consider the class Sa of nonlinearities ϕ, corre-
sponding to slow diffusion, which is defined by the following conditions:

(i) ϕ : [0, ∞) → R is continuous, strictly increasing with ϕ(0) = 0;
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(ii) there exist a ∈ (0, 1) such that for any u > 0

a ≤ u ϕ′(u)

ϕ(u)
≤ 1

a
(polynomial growth);

(iii) there exists u0 > 0 such that and for any u ≥ u0

1 + a ≤ u ϕ′(u)

ϕ(u)
(super-linearity);

(iv) u0 = 1 and ϕ(1) = 1 (normalization).

The condition (iv) is only technical and imposed to normalize the class Sa . Condi-
tions (ii) and (iv) imply the pointwise polynomial growth condition

u1/a ≤ ϕ(u) ≤ ua for 0 ≤ u ≤ 1

while conditions (iii) and (iv) imply the pointwise super-linear polynomial growth
condition

u1+a ≤ ϕ(u) ≤ u1/a for u ≥ 1.

It is clear that the porous medium equation ϕ(u) = um, m > 1, belongs to Sa . However,
the super-linear growth on ϕ(u) ∈ Sa is only assumed for large values of u.

The Widder theory in this case can be described as follows: by hypothesis ψ(u) =
ϕ(u)/u, for u ≥ 1 is an increasing function, so that we may define 	(u) ≡ ψ−1(u).
Thus if u is a non-negative continuous weak solution of (1) then the following holds:

(C.1) Growth condition (B.1) holds with 	(R2) instead of R2/(m−1).

(C.2) Condition (B.2) holds with 	(R2) instead of R2/(m−1) in the growth estimate
(7) on the initial trace.

(C.3) The pointwise estimate (B.3) holds with ψ(u) instead of um−1.

(C.4) and (C.5) are similar to (B.4) and (B.5).

Following the ideas in [49] one can remove the assumption on the continuity of u in
the case where ϕ is convex. For general ϕ in the class Sa an analogous result remains
an open problem.

Consider next equation (1) with nonlinearity ϕ which is either a power ϕ(u) = um

with (n − 2)/n < m < 1 or, more generally, it belongs to the class Fa , corresponding
to super-critical fast diffusion, which is defined by the following conditions:

(i) ϕ : [0, ∞) → R is continuous, strictly increasing with ϕ(0) = 0;

(ii) there exists a ∈ (0, 1) such that for any u > 0

a ≤ u ϕ′(u)

ϕ(u)
≤ 1

a
(polynomial growth);
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(iii) there exists u0 > 0 such that for u ≥ u0

n − 2

n
+ a ≤ u ϕ′(u)

ϕ(u)
≤ 1 − a (sublinearity);

(iv) u0 = 1 and ϕ(1) = 1 (normalization).

Conditions (ii) and (iv) imply the pointwise polynomial growth condition

u1/a ≤ ϕ(u) ≤ ua for 0 ≤ u ≤ 1

while conditions (iii) and (iv) imply the pointwise sublinear (since 1 − a < 1) and
super-critical (since (n − 2)/n + a > (n − 2)/n) polynomial growth condition

u
n−2

n
+a ≤ ϕ(u) ≤ u1−a for u ≥ 1.

The above growth conditions generalize the fast diffusion equation ϕ(u) = um, in the
super-critical range of exponents (n − 2)/n < m < 1, which in particular belongs to
the class Fa .

It follows by the results of Herrero and Pierre [81], and Dahlberg and Kenig [47]
that in the fast diffusion case no growth conditions need to be imposed on the initial
trace for existence, as described next:

(D.1) For any non-negative continuous distributional solution u of (1), there exists a
unique locally finite Borel measure μ on R

n such that

lim
t↓0

∫
Rn

u(x, t) ψ(x) dx =
∫

Rn

ψ(x) dμ(x)

for all ψ ∈ C∞
0 (Rn).

(D.2) The trace μ determines the solution uniquely: if u, v are two non-negative
continuous distributional solutions and

lim
t↓0

u( ·, t) = lim
t↓0

v( ·, t)

then u ≡ v.

(D.3) For any locally finite Borel measure μ on R
n there exists a continuous distri-

butional solution u of (1) in S∞ = R
n × (0, ∞) with trace μ.

(D.4) For any non-negative continuous distributional solution u of (1) in ST , there
exists a non-negative continuous distributional solution û of (1) in S∞ with
u = û in ST .

The super-critical assumption (iii) is essential for the theory described above. In-
deed, in the sub-critical case m ≤ (n − 2)/n the analogues of the above results do
not hold true. In particular, there is no continuous distributional solution of equation
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ut = �um, m ≤ (n − 2)/n with initial data the Dirac mass. We refer the reader to
Section 3.3 for details.

One particularly interesting case of fast diffusion is the case where ϕ(u) = log u,
corresponding to the limiting case of ϕ(u) = um, when m → 0. It has been shown by
Esteban, Rodríguez and Vazquez in [69], and Daskalopoulos and del Pino in [52] that a
strong non-uniqueness phenomenon takes place in this case. In the critical dimension
n = 2 this phenomenon is related to the topological properties of solutions to the Ricci
flow, corresponding to evolving metrics on compact surfaces, non-compact surfaces
and orbifolds. We refer the reader to Section 3.2 of Chapter 3 for the details on the
solvability and well-posedness of the Cauchy problem for the logarithmic fast diffusion
equation.

A brief outline of the contents of the book is as follows.
In Chapter 1 we shall collect a series of preliminary, yet very important results, con-

cerning continuous distributional solutions of equation (1). These results will be used
throughout the book. We emphasize the a priori L∞ bounds, the Harnack inequality
for solutions of slow diffusion, and the equicontinuity of solutions.

Chapter 2 deals with the solvability of the Cauchy problem for equation (1) in
the slow diffusion case ϕ ∈ Sa . We shall provide a complete characterization of
non-negative weak solutions of (2.0.1) in terms of their initial condition, showing in
particular the results (B.1)–(B.5) and their extensions (C.1)–(C.5).

The first part of Chapter 3 is devoted to the solvability of the Cauchy problem for
equation (1) in the super-critical fast diffusion case ϕ ∈ Fa . We shall present a theory
which completely classifies the class of continuous weak solutions of (3.1.1) in terms
of their initial condition, showing in particular (D.1)–(D.4). The second part of this
chapter is devoted to the Cauchy problem for the logarithmic fast diffusion equation
ut = � log u, in dimensions n ≥ 2. We give special emphasis to the critical case
n = 2, where many interesting phenomena can be observed with important geometric
applications. We show that in this case a strong non-uniqueness phenomenon takes
place and establish the existence a continuum of solutions with a given initial data.
In the last section of this chapter we comment on the solvability and well-posedness
of equation ut = �um in the sub-critical case 0 < m ≤ (n − 2)/n as well as in the
super-fast diffusion case m < 0.

In Chapter 4 we study the class of non-negative strong solutions of the initial
Dirichlet problem for equation (1) on D × (0, ∞), D ⊂ R

n open bounded, in the slow
diffusion case ϕ ∈ Sa . We establish the existence of an exceptional solution α with
infinite initial data. We then show that any other strong solution of the initial Dirichlet
problem is uniquely characterized by its initial traces μ and λ, namely non-negative
Borel measures that are supported on D and ∂D respectively. We also study in this
chapter the initial Dirichlet problem for equation (1) in the pure power fast diffusion
case, ϕ(u) = um, in the range (n − 2)+/n < m < 1.

Our last Chapter 5 is devoted to the study of the regularity properties of weak
solutions to the porous medium equation ut = �um, m > 1. We establish that weak
solutions are continuous.
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The last section in each chapter is devoted to a brief summary of further known
results as well as several open problems related to the theory presented.

Denote by �a the class of nonlinearities ϕ which satisfy the following conditions:

(i) ϕ : [0, ∞) → R is a continuous non-negative function with ϕ(0) = 0;

(ii) there exist a constant a ∈ (0, 1) such that

a ≤ u ϕ′(u)

ϕ(u)
≤ a−1 for all u > 0;

(iii) ϕ(1) = 1 (normalization).

For future reference, we close the Introduction with the statement of three results,
proved in following chapters, which will play a fundamental role throughout the book.

The following compactness result due to P. Sacks [118] will be proved in Section 1.5
of Chapter 1, and will be used extensively throughout the book.

Theorem H.1. Let {uk} be a sequence of continuous non-negative distributional solu-
tions of the equation ∂u/∂t = �ϕ(u) in R, with ϕ ∈ �a . If {uk} is uniformly bounded
in R, then the uk’s are equicontinuous in S.

In the case that ϕ ∈ Sa , the following stronger result due to DiBenedetto and
Friedman [67] holds: Let u be a non-negative continuous distributional solution of the
equation ut = �ϕ(u) in a compact domain R ⊂ R

n × (0, ∞), with ϕ ∈ Sa . Then∣∣u(x, t) − u(x′, t ′)
∣∣ ≤ C(M)

{|x − x′| + |t − t ′|}α

for any (x, t), (x′, t ′) ∈ S ⊂⊂ R, where α = α(a, n) and the constant M is given by
M = supt

∫
R

u(x, t) dx.
In other words, continuous solutions in R are Hölder continuous in S. This result

is sharp, i.e. examples show that u need not be more regular than Hölder continuous.
To see this consider the Barenblatt self-similar solution of the Cauchy problem

ut = �um inR
n × R

+,

u(x, 0) = δ(0) x ∈ R
n,

which has the explicit form

B(x, t) = t−α

[(
M − k

|x|2
tβ

)
+

] 1
m−1

with

α = n

n (m − 1) + 2
, β = 1

n(m − 1) + 2
and M , k specific constants which depend only on m, n. It is clear that for m > 2, the
solution B(x, t) is Hölder continuous with exponent α ≤ α0(m, n) but not Lipschitz.

We shall use the following weaker version of (C.5) which will be proved in Sec-
tion 1.6 of Chapter 1:
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Theorem H.2. Let f ∈ L1(Rn) be a non-negative function. Then there exists a unique
non-negative continuous distributional solution of the equation (1) in R

n+1+ such that

sup
t>0

∫
u(x, t) dx ≤

∫
f (x) dx

and
lim
t↓0

‖u( ·, t) − f (x)‖L1(Rn) = 0.

Furthermore if f is radially decreasing so is u( ·, t), for each t > 0.

The following uniqueness result due to M. Pierre [113] will be proved in Section 2.4
of Chapter 2:

Theorem H.3. If u1 and u2 are continuous non-negative distributional solutions of the
equation (1) with ϕ ∈ �a such that

sup
t>0

∫
(u1(x, t) + u2(x, t)) dx < ∞

with
u1, u2 ∈ L∞(Rn × [τ, ∞)) for each τ > 0

and
lim
t↓0

u1( ·, t) = lim
t↓0

u2( ·, t) in D′(Rn)

then u1 = u2.



Chapter 1

Local regularity and approximation theory

We shall collect and prove in this chapter various preliminary results which will be
used throughout the coming chapters. All the results in this chapter will be concerned
with non-negative solutions of equation

∂u

∂t
= �ϕ(u) (1.0.1)

where the nonlinearity ϕ is assumed to belong to the class �a defined by the following
conditions:

(i) ϕ : [0, ∞) → R is a continuous non-negative function with ϕ(0) = 0;

(ii) there exists a constant a ∈ (0, 1) such that

a ≤ u ϕ′(u)

ϕ(u)
≤ a−1 for all u > 0; (1.0.2)

(iii) ϕ(1) = 1 (normalization).

For some of the results ϕ will be assumed to belong to the subclass Sa of �a , corre-
sponding to slow diffusion, which is defined by the additional condition:

(iv) for the same constant a ∈ (0, 1), ϕ satisfies the additional growth condition
(super-linearity)

1 + a ≤ u ϕ′(u)

ϕ(u)
for all u ≥ 1. (1.0.3)

1.1 Maximum principle and approximation

In this section we shall establish a preliminary version of the maximum principle. This
will be used to prove an approximation procedure which justifies the a priori estimates
in the coming sections.

For x0 ∈ R
n and r > 0, set B = Br(x0) = {x ∈ R

n : |x − x0| < r}, and for
τ1 < τ2, let Q = B × (τ1, τ2). Denote by ∂pQ the parabolic boundary of Q, i.e.
∂pQ = ∂Q \ (B × {τ2}).

We shall consider the following boundary value problem (BVP):

∂u

∂t
= �ϕ(u) in Q,

u = g in ∂pQ,

⎫⎬
⎭ (1.1.1)
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where g ∈ C(∂pQ) with g ≥ 0 is given.

Definition. A function u(x, t) is said to be a weak solution of (1.1.1) if u ≥ 0,
u ∈ C

([τ1, τ2] : L1(B)
) ∩ L∞(Q) and u satisfies the integral identity∫∫

Q

[
ϕ(u) �η + u

∂η

∂t

]
dxdt

=
∫ τ2

τ1

∫
∂B

ϕ(g)
∂η

∂n
dσdt +

∫
B

u(x, τ2) η(x, τ2) dx −
∫

B

g(x, τ1) η(x, τ1) dx

(1.1.2)

for any η ∈ C∞(Q) vanishing on ∂B × [τ1, τ2].
Here ∂/∂n denotes the exterior normal derivative on ∂B and σ denotes the surface

measure on ∂B.

Remarks. 1. The condition u ∈ C
([τ1, τ2] : L1(B)

)∩L∞(Q) guarantees that (1.1.2)
makes sense.

2. It will be proved later (Proposition 1.1.3) that if u is a weak solution on the
cylinder Q then it is also a weak solution on any cylinder Q′ ⊂ Q with the appropriate
boundary condition.

We have the following comparison principle for weak solutions of (1.1.1).

Theorem 1.1.1 ([12] [45]). Let g1, g2 ∈ C(∂pQ) and let u1, u2 be weak solutions of
the BVP (1.1.1) with boundary values g1 and g2 respectively. If 0 ≤ g1 ≤ g2 on ∂pQ,
then u1 ≤ u2 in Q.

Proof. Fix s ∈ (τ1, τ2] and consider the cylinder Q(s) = B ×[τ1, s]. Set b = u1 −u2
and consider η a non-negative test function, with η ≡ 0 and ∂η/∂n ≤ 0 on ∂lQ(s),
where ∂lQ(s) = ∂B × [τ1, s] denotes the lateral boundary of Q(s). Using the integral
identity (1.1.2) it follows that∫

B

b(x, s) η(x, s) dx ≤
∫∫

Q(s)

b

[
∂η

∂t
+ A � η

]
dxdt (1.1.3)

with A ≥ 0 given by

A =
{

ϕ(u1)−ϕ(u2)
u1−u2

u1 
= u2,

ϕ′(u1) u1 = u2.

Fix now a function h ∈ C∞
0 (B), h ≥ 0. For E ∈ C∞(Q) with E > 0 on Q, let

η ≡ S(E) be the solution of the following (backward) BVP on Q(s):

∂η/∂t + E �η = 0 in Q(s),

η = 0 on ∂lQ(s),

η(x, s) = h(x) x ∈ B.

⎫⎪⎬
⎪⎭ (1.1.4)
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By the classical linear theory we have that η ∈ C∞(Q), η ≥ 0 in Q(s) and ∂η/∂n ≤ 0
on ∂lQ(s). Moreover ∫∫

Q(s)

E (�η)2 dxdt ≤ 1

2

∫
B

|∇h|2 dx. (1.1.5)

To prove (1.1.5) we multiply the equation in (1.1.4) by �η and integrate in Q(s). Thus∫∫
Q(s)

E (�η)2dxdt = −
∫∫

Q(s)

�η
∂η

∂t
dxdt

= −
∫

B

h �h dx +
∫

B

η(x, τ1)�η(x, τ1) dx +
∫∫

Q(s)

η
∂(�η)

∂t
dxdt

=
∫

B

|∇h|2 dx −
∫

B

|∇η|2(x, τ1) dx +
∫∫

Q(s)

η
∂(�η)

∂t
dxdt

≤
∫

B

|∇h|2dx −
∫∫

Q(s)

E (�η)2dxdt

because∫∫
η

∂(�η)

∂t
dxdt = −

∫∫
η �(E�η) dxdt = −

∫∫
E (�η)2 dxdt

since �η ≡ 0 on the lateral sides (E �η = −∂η/∂t and E > 0).
An approximation argument shows that if we only assume that E satisfies 0 < c <

E < C in Q(s) then there exists η ≡ S(E) with ∂η/∂t + E �η = 0 in Q(s), and∫
B

b(x, s)h(x)dx ≤
∫∫

Q(s)

b

[
∂η

∂t
+ A �η

]
dxdt.

Choose now a sequence εk ↓ 0 and define

αk = |ϕ(u1) − ϕ(u2)|
εk + |u1 − u2| , Ak = αk + εk,

and
ηk = S(Ak).

Thus we obtain

I =
∫

B

b(x, s)h(x)dx ≤
∫∫

Q(s)

b

[
∂ηk

∂t
+ A �ηk

]
dxdt

=
∫∫

Q(s)

b(A − Ak)�ηk dxdt

and from (1.1.5) it follows that

(max(I, 0))2 ≤
(∫∫

Q(s)

Ak (�ηk)
2
) (∫∫

Q(s)

(A − Ak)
2

Ak

b2 dxdt

)

≤
(

1

2

∫
B

|∇h|2 dx

)(∫∫
Q(s)

(A − Ak)
2

Ak

b2 dxdt

)
.

(1.1.6)



12 1 Local regularity and approximation theory

Next, observe that

(A − Ak)
2 = (A − αk − εk)

2 ≤ (A − αk)
2 + ε2

k

and

A − αk = εkA

εk + |u1 − u2| .
Hence

(A − αk)
2 b2

Ak

= ε2
kA2b2

Ak(εk + |u1 − u2|)2

≤ ε2
kA |b|

εk + |u1 − u2|
≤ εk |ϕ(u1) − ϕ(u2)| ≤ C εk

since Ak = αk + εk ≥ αk and u1, u2 ∈ L∞(Q). Also

ε2
k b2

Ak

≤ εkb
2 ≤ C εk.

Therefore, letting k → ∞ in (1.1.6) it follows that∫
B

h(x)b(x, s) dx ≤ 0

for any h ∈ C∞
0 (B), h ≥ 0. Thus b(x, s) = u1(x, s) − u2(x, s) ≤ 0, finishing the

proof.

The following approximation result will be used extensively in the sequel.

Corollary 1.1.2. Let g ∈ C(∂pQ) be non-negative, and suppose u is a weak solution

of the BVP (1.1.1). Assume also that u is continuous in Q and that Gk ∈ C∞(Rn × R)

have been chosen so that gk = Gk|∂pQ are strictly positive, g ≤ gk+1 ≤ gk , and
that gk converges to g uniformly. Let ϕ ∈ C∞ ([0, ∞)), ϕk belonging to the class
�a defined above such that ϕk → ϕ uniformly on compact subsets of [0, ∞). Let uk

solve ∂uk/∂t = �ϕk(uk) in Q with uk = gk on ∂pQ. Then each uk ∈ C∞(Q) and uk

converges to u uniformly on compact subsets of Q.

Proof. Since 0 < inf∂pQ gk = mk ≤ uk ≤ M1 = max∂pQ g, by the maximum
principle, the existence and regularity of uk follows by combining the classical linear
theory for parabolic equation with the Picard method (see [103]). From Theorem H.1
stated in the introduction (i.e. the equicontinuity result due to P. Sacks [118]) it follows
that there exists w uniform limit of a subsequence of {uk}. Then w is a weak solution
of (1.1.1). Hence, by Theorem 1.1.1, w = u which yields the corollary.

Proposition1.1.3 ([8]). Letubeanon-negative continuous solution of ∂u/∂t = �ϕ(u)

in D′(�), � ⊆ R
n ×R. Then for any Q ⊂⊂ �, u is a weak solution of the BVP (1.1.1)

with boundary value g = u|∂pQ.
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Proof. It suffices to show that u satisfies the integral identity (1.1.2) in Q. Let Q =
Br × (τ1, τ2) and let η be a C∞(Q) function with η ≡ 0 on ∂lQ = ∂Br × (τ1, τ2).
For each ε ∈ (0, r) and θ ∈ [0, ε) let �εθ denote the continuous function such that
�εθ (x) = �εθ (|x|) with

�εθ (ρ) =
{

1 for 0 ≤ ρ ≤ r − ε,

0 for ρ ≥ r − θ,

and

��εθ = |x|−n+1 ( |x|n−1 �εθ

)′ = 0 in Br−θ \ Br−ε.

One can compute ∇�εθ explicitly as

∇�εθ =
{

−Wεθ · x
|x|n for x ∈ Br−θ \ Br−ε,

0 otherwise,

where for n > 2

Wεθ = (n − 2) (r − θ) (r − ε)n−2

(r − θ)n−2 − (r − ε)n−2 .

As a distribution in R
n, ��εθ is the signed measure

(��εθ )(dx) = Wεθ

{
δr−θ (|x|) − δr−ε(|x|)}dw

where dw denotes the surface element on the unit ball in R
n, and δλ(|x|) denotes

the Dirac measure concentrated at |x| = λ. Similar expressions can be derived for
n = 1, 2.

Let Kν be a C∞ radially symmetric function with support in Bν(0), Kν ≥ 0 and∫
Kνdx = 1. Define

�ν
εθ (x) =

∫
Kν(x − ξ) �εθ (ξ)dξ.

In particular, if ν is sufficiently small ��ν
εθ is supported in two disjoint annular re-

gions: one containing ∂Br−ε and the other containing ∂Br−θ . A simple approximation
argument (in the time variable) shows that

∫∫
�

[
ϕ(u) �(η �ν

εθ ) + u �ν
εθ

∂η

∂t

]
dxdt

=
∫

B

(uη�ν
εθ )(x, τ2) dx −

∫
B

(uη�ν
εθ )(x, τ1) dx.
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When ν tends to zero in the above identity we obtain∫∫
Q

[
ϕ(u)�εθ�η + u �εθ

∂η

∂t

]
dxdt

+ 2
∫ τ2

τ1

∫
Br−θ\Br−ε

ϕ(u) ∇�εθ · ∇η dxdt

+ Wεθ

∫ τ2

τ1

{∫
∂Br−θ

ϕ(u) η dσ −
∫

∂Br−ε

ϕ(u) η dσ

}
dt

=
∫

B

(uη�εθ )(x, τ2) dx −
∫

B

(uη�εθ )(x, τ1) dx.

Now we let θ → 0. Since η ≡ 0 on ∂Br × [τ1, τ2] it follows that∫∫
Q

[
ϕ(u)�ε0�η + u�ε0

∂η

∂t

]
dxdt + Iε + Jε

≡
∫

B

[ (uη�ε0)(x, τ2) − (uη�ε0)(x, τ1) ]dx

(1.1.7)

where

Iε = 2
∫ τ2

τ1

∫
Br−Br−ε

ϕ(u)∇�ε0∇η dxdt

and

Jε = −Wε0

∫ τ2

τ1

∫
∂Br−ε

ϕ(u)η dσ.

Using polar coordinates we find

Iε = −2Wε0

∫ τ2

τ1

∫ r

r−ε

(∫
Sn−1

ϕ(u)
∂η

∂n
||x|=ρdσ

)
dρdt.

Observe that limε↓0 Wε0 = rn−1. Therefore

lim
ε↓0

Iε = −2rn−1
∫ τ2

τ1

∫
Sn−1

ϕ(u)
∂η

∂n
||x|=r dσdt.

On the other hand, since η ≡ 0 for |x| = r , we have

Jε = Wε0

∫ τ2

τ1

∫
Sn−1

ϕ(u)
{
η||x|=r − η||x|=r−ε

}
dσdt

implying that

lim
ε↓0

Jε = rn−1
∫ τ2

τ1

∫
Sn−1

ϕ(u)
∂η

∂n
||x|=rdσdt.

Letting ε ↓ 0 in (1.1.7) we obtain the desired identity (1.1.2).
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Corollary 1.1.4. Suppose that u is a non-negative continuous solution of ∂u/∂t =
�ϕ(u) in D′(�), � ⊆ R

n × R. Let ϕk ∈ C∞([0, ∞)) ∩ �a and ϕk → ϕ uniformly
on compact subsets of [0, ∞). Then for Q ⊂⊂ �, there are non-negative solutions
uk ∈ C∞(Q) of ∂uk/∂t = �ϕk(uk) in Q, that converge uniformly to u on compact
subsets of Q.

Proof. The corollary follows easily from Corollary 1.1.2 and Proposition 1.1.3.

1.2 A priori L∞-bounds for slow diffusion

In this section we shall first deal with smooth, non-negative solutions of ∂u/∂t =
�ϕ(u), where ϕ belongs to C∞([0, ∞)) ∩ Sa . Our aim is to establish pointwise
estimates of u in terms of averages. The proof given here [45] is based on a variant of
the Moser [109] iteration technique.

We shall use the following notation:

Q∗ = {
(x, t) ∈ R

n+1 : |x| < 2, −4 < t < 0
}
,

Q = {
(x, t) ∈ Q∗ : |x| < 1, −1 < t < 0

}
,

R = Bρ × (−τ, 0],
S = Br × (−T , 0]

with 0 < r < ρ, 0 < T < τ .

Theorem 1.2.1. Let u be a smooth non-negative solution of the equation ∂u/∂t =
�ϕ(u) in Q∗, with ϕ ∈ Sa . Then

‖u‖L∞(Q) ≤ C

{
1 +

∫∫
Q∗

up dxdt

}θ/p

(1.2.1)

where C, p, θ are positive constants which depend only on a and n.

To prove Theorem 1.2.1 we need first some preliminary estimates:

Lemma 1.2.2. Let v be a smooth non-negative solution of ∂v/∂t ≤ �ϕ(v) in R. Then
for α ≥ ε > 0 there is a constant Cε = Cε(a, n) such that

∫
Br

α �α(v(x, 0))dx +
∫∫

S

∣∣∇ϕβ(v)
∣∣2 dxdt

≤ Cε

{
(ρ − r)−2 + (τ − T )−1} ∫∫

R

[
ϕ2β(v) + α �α(v)

]
dxdt (1.2.2)

where

�α(v) =
∫ v

0
[ϕ(s)]αds (1.2.3)
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and

β = α + 1

2
.

Proof. We begin by choosing ψ ∈ C∞(Rn+1) such that

(i) 0 ≤ ψ ≤ 1,

(ii) ψ ≡ 1 on S and ψ ≡ 0 outside R,

(iii) |∇ψ(x, t)| ≤ C (ρ − r)−1 and |∂tψ(x, t)| ≤ C (τ − T )−1 in R \ S.

By hypothesis, if η is a Lipschitz non-negative function supported in R, then∫∫
R

[ η ∂tv + ∇η · ∇ϕ(v) ]dxdt ≤ 0.

Taking η = ψ2ϕα(v) we obtain∫∫
R

[
ϕα(v)∂tv + αϕα−1(v) |∇ϕ(v)|2 ]ψ2 dxdt

≤ −2
∫∫

R

ϕα(v) ∇ϕ(v) · ∇ψ ψ dxdt.

Hence, for any δ > 0,∫∫
R

[
ϕα(v)∂tv + αβ−2

∣∣∇ϕβ(v)
∣∣2 ]

ψ2dxdt

≤ −2β−1
∫∫

R

ϕβ(v)∇ϕβ(v) ∇ψ ψ dxdt

≤ δβ−1
∫∫

R

∣∣∇ϕβ(v)
∣∣2 ψ2 dxdt + δ−1β−1

∫∫
R

ϕ2β(v) |∇ψ |2 dxdt.

Choosing δ = α/2β and combining terms we find that∫∫
R

ϕα(v) ∂tv ψ2 dxdt+αβ−2

2

∫∫
R

∣∣∇ϕβ(v)
∣∣2 ψ2 dxdt

≤ 2α−1
∫∫

R

ϕ2β(v) |∇ψ |2 dxdt.

Let �a be as in (1.2.3). Integrating by parts in t and using that

∂t�α(v) = ∂t

∫ v

0
[ϕ(s)]αds = ϕα(v) ∂tv

we obtain that∫
Br

α �α(v(x, 0)) ψ2(x, 0)dx + α2β−2

2

∫∫
R

∣∣∇ϕβ(v)
∣∣2 ψ2 dxdt

≤ 2
∫∫

R

ϕ2β(v) |∇ψ |2 dxdt + 2
∫∫

R

α �α(v)ψ |∂tψ | dxdt.
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From the hypotheses on ψ and using that β = α+1
2 we obtain (1.2.2), when α ≥ ε > 0.

Corollary 1.2.3. Let v be as in Lemma 1.2.2 and α ≥ ε > 0. Then

sup
t∈[−T ,0]

{ ∫
Br

α �α (v(x, t)) dx

}
+
∫∫

S

∣∣∇ϕβ(v)
∣∣2 dxdt

≤ Cε

{
(ρ − r)−2 + (τ − T )−1} ∫∫

R

[
ϕ2β(v) + α �α(v)

]
dxdt

(1.2.4)

with �a given by (1.2.3).

Proof. Pick t0 ∈ [0, T ) such that∫
Br

�α (v(x, −t0)) dx ≥ 1

2
sup

t∈[−T ,0]

∫
Br

�α (v(x, t)) dx.

Using Lemma 1.2.2 with R replaced by R′ = Bρ × (−τ, −t0] and S replaced by
S′ = Br × (−T , −t0] we obtain (1.2.4).

In the proof of Theorem 1.2.1, we shall use the following variant of Sobolev’s
inequality.

Lemma 1.2.4. Let w be a non-negative smooth function defined in R. Let q∗ =
q/(q − 1), q = n/2 for n ≥ 3, and q = 2 for n = 1, 2. Then for k ∈ (1, q∗), we have

ρ−n τ−1
∫∫

R

w2kdxdt ≤ C

{
ρ−n τ−1

∫∫
R

(w2 + ρ2 |∇w|2) dxdt

· sup
t∈(−τ,0)

(
ρ−n

∫
Bρ

(w(x, t))2(k−1)q dx

)1/q} (1.2.5)

where C depends only on n.

Proof. Since the estimate (1.2.5) is scaling invariant we can assume that ρ = τ = 1.
Using Hölder and Sobolev inequalities we have that∫

B1

w2k(x, t)dx =
∫

B1

w2(x, t)w2(k−1)(x, t) dx

≤
(∫

B1

w2q∗
(x, t)dx

)1/q∗ (∫
B1

w2(k−1)q(x, t)dx

)1/q

≤ C

(∫
B1

(w2 + |∇w|2)dx

) (
sup

t∈(−1,0)

∫
B1

w2(k−1)q(x, t)dx

)1/q

.

By integrating in time we obtain (1.2.5).
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Proposition 1.2.5. For any q ≥ 1 there exists α0 ≥ 1 such that if α ≥ α0 and u ≥ 1
then

ϕ2β(k−1)q(u) ≤ Mα �α(u) (1.2.6)

where

k = k(α) = 1 + 1/q

1 + 1/α
, β = α + 1

2
and

Mα = max

(
α + a

a
,

1

a

)
.

Proof. Since ϕ ∈ Sa∫ 1

x

ϕ′(u)

ϕ(u)
du ≤ 1

a

∫ 1

x

du

u
for any x ∈ (0, 1]

Hence, ϕ(x) ≥ x1/a for x ∈ (0, 1], and

�α(1) =
∫ 1

0
ϕα(s)ds ≥

∫ 1

0
sα/ads = a

α + a
.

Therefore, taking Mα sufficiently large (1.2.6) holds at u = 1.
On the other hand, we have

u
d

du
[ Mα �α(u) − (ϕ(u))2β(k−1)q ]

≥ α Mαu ϕα(u) − 2a−1β (k − 1)q (ϕ(u))2β(k−1)q

≥ ϕα(u)
[
αMαu − 2a−1β (k − 1)q

] ≥ 0

for u ≥ 1 and Mα ≥ a−1. Observe that k = 1+1/q
1+1/α

(hence in particular k > 1 if
α ≥ α0 > q) and 2β = α + 1, thus

0 < 2β(k − 1)q = (α + 1)
(α − q)

(α + 1)
= α − q < α. �

Proof of Theorem 1.2.1. To simplify the notation we set

v = max{u, 1} and F = (ρ − r)−2 + (τ − T )−1.

Observe that because of growth condition (1.0.3), ϕ(v) ≥ v, therefore

�α(v) ≤ v ϕα(v) ≤ ϕα+1(v). (1.2.7)

Assume now that Q ⊆ S ⊂ R ⊂ Q∗. By Lemma 1.2.4 with w = (ϕ(v))β we find∫∫
S

ϕ2βk(v)dxdt ≤ C

{∫∫
S

ϕ2β(v) + ∣∣∇ϕβ(v)
∣∣2 dxdt

· sup
t∈(−T ,0)

(∫
Br

ϕ2β(k−1)q(v)dx

)1/q
}

. (1.2.8)
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By Proposition 1.2.5 we have ϕ2β(k−1)q(v) ≤ α �a(v), for α ≥ α0 ≥ 1. Hence by
1.2.3 and the above remarks we obtain the estimate∫∫

S

(ϕ(v))2βk dxdt

≤ C F

[∫∫
R

(
(ϕ(v))2β + α �α(v)

)
dxdt

]
· sup

t∈[−T ,0]

(∫
Br

α �α(v)dx

)1/q

≤ C F 1+1/q α

(∫∫
R

(ϕ(v))2β dxdt

)1+1/q

(1.2.9)

where C = C(n, α0), for α ≥ α0.
Define next the sequence α0, α1, . . . and β0, β1, . . . inductively by letting α0 be as

in Proposition 1.2.5, and

βν = αν + 1

2
, βν+1 = k(αν)βν and k(α) = 1 + 1/q

1 + 1/α
(1.2.10)

with q = n/2, when n ≥ 3 and q = 2 otherwise. Also, define

rν = 2(1 + ν)

1 + 2ν
and Rν = {(x, t) : |x| < rν, −r2

ν < t < 0}

and

Mν =
(∫∫

Rν

ϕ2βν (v) dxdt

)1/2βν

.

It then follows from (1.2.9) that

M
2βν+1
ν+1 ≤ C F 1+1/q

ν αν M2βν (1+1/q)
ν .

Using (1.2.10) and the estimate Fν ≤ C r2
ν ≤ C ν4, we conclude that

Mν+1 ≤ [C ν8 αν]1/(αν+1+1) Mθν
ν (1.2.11)

with θν = (1 + 1/q)/k(αν).
Since limα→∞ k(α) = 1 + 1/q, it follows thatEν ≤ αν ≤ (E∗)ν for some numbers

1 < E < E∗ < ∞. Thus from (1.2.11) we obtain that

Mν+1 = eγν Mθν
ν ,

where 0 ≤ γν ≤ C (ν + 1)E−ν . Observe that 1 < θν < 1 + C E−ν , and so it easily
follows that limν→∞ Mν ≤ C M

θ0
0 which proves Theorem 1.2.1.

We shall now give a rescaled version of Theorem 1.2.1. Let Qr = Br × (−r2, 0].
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Corollary 1.2.6. Let u be a smooth non-negative solution of the equation ∂u/∂t =
�ϕ(u) in Qρ , with 1/2 < ρ < 2. Then, for any 1/2 < r < ρ < 2,

‖u‖L∞(Qr ) ≤ C

{
1 + 1

(ρ − r)N

∫∫
Qρ

updxdt

}θ/p

(1.2.12)

where C, p, θ , N are positive constants which depend only on a and n.

We shall now estimate the maximum of a solution in terms of spatial averages.

Lemma 1.2.7. Let u be a smooth non-negative solution of the equation ∂u/∂t =
�ϕ(u), in Q∗, with ϕ ∈ Sa . Then

‖u‖L∞(Q) ≤ C

{
1 + sup

−4<t<0

∫
|x|<2

u(x, t)dx

}σ

(1.2.13)

where the constants C, σ depend only on n and a.

Proof. Let S = Br × (−T , 0], R = Bρ × (−τ, 0] satisfy Q ⊂ S ⊂ R ⊂ Q∗ and set
v = max{u, 1}. From (1.2.4) and (1.2.5) for k ∈ (1, q∗) we have that∫∫

S

ϕ2βk(v)dxdt

≤ C(α) F

(∫∫
R

ϕ2β(v)dxdt

)
· sup

t∈(−τ,0]

[ ∫
Bρ

(
ϕ(v)

)2β(k−1)q

dx

]1/q

As before, F = (ρ − r)−2 + (τ − T )−1, β = (α + 1)/2.
Choose α sufficiently large so that vp ≤ ϕ(v)2β k for every k > 1 and v ≥ 1, with p

as in Theorem 1.2.1. We shall bound
∫∫

Q′ ϕ(v)2βk dxdt in terms of spatial averages,
for Q ⊂ Q′ ⊂ Q∗. This combined with Theorem 1.2.1 will imply (1.2.13).

To this end observe first that since ϕ(v) ≤ vM , for some M > 1 and all v ≥ 1, if
we pick k ∈ (1, q∗) so close to one such that

2β(k − 1)qM < 1

it follows that ∫∫
S

ϕ2βk(v) dxdt ≤ C F I 1/q

∫∫
R

ϕ2β(v) dxdt (1.2.14)

where I = supt∈[−4,0]
∫
|x|<2 v(x, t) dx.

For r ∈ [1/2, 2] and s > 0 we define

L(r) = Br × [−r2, 0]
and

m(r, s) =
∫∫

L(r)

wsdxdt
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with w = (ϕ(v))2β . From (1.2.14) it follows that for 1/2 < r < ρ < 2

m(r, k) ≤ C (ρ − r)−2 I 1/q m(ρ, 1). (1.2.15)

Using Hölder’s inequality we have

m(ρ, 1) ≤ m(ρ, k)θ/km(ρ, s)(1−θ)/s

for any s ∈ (0, 1) with θ = (1−s)k
k−s

∈ (0, 1). For γ > 1 and r ∈ [1/2, 1], (1.2.15)
shows that

log m(2rγ , k) ≤ 1

q
log I + log C + log(2(r − rγ ))−2

+ θ

k
log m(2r, k) + 1 − θ

s
log m(2, s)

since m(2r, s) ≤ m(2, s). Integrating in r from 3/4 to 1 we find after a change of
variable that

γ −1
∫ 1

3/4
log m(2r, k)

dr

r
≤ C1 log I + C2 log m(2, s) + C3

+ θ

k

∫ 1

3/4
log m(2r, k)

dr

r
.

(1.2.16)

Now we choose s so small that (ϕ(v))2βs ≤ v for all v ≥ 1, and γ so close to 1 such
that γ −1 > θ

k
.

If m(3/2, k) ≤ 1, then Theorem 1.2.1 shows that ‖u‖L∞(Q) ≤ C and the proof is
completed.

Hence, we may assume m(3/2, k) > 1. Thus log m(2r, k) > 0 for r ∈ [3/4, 1],
and from (1.2.16) we obtain(

γ −1 − θ

k

)∫ 1

3/4
log m(3/2, k)

dr

r
≤ C1 log I + C2 log m(2, s) + C3

which yields ∫∫
L(3/2)

ϕ2βk(v) dxdt ≤ C Iσ1

(∫∫
Q

ϕ2βs(v) dxdt

)σ2

where C, σ1, σ2 depend only on n, s, and a. By our choice of s it follows that∫∫
L(3/2)

ϕ2βk(v) dxdt ≤ C Iσ

which together with Theorem 1.2.1 completes the proof of the lemma.

Our final result is an improvement of Lemma 1.2.7 which shows that if the spatial
averages of the solution are small so is its L∞-norm.
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Theorem 1.2.8. Suppose that u is a smooth, non-negative solution of the equation
∂u/∂t = �ϕ(u) in Q∗, with ϕ ∈ Sa . Then there exist constants C, γ , σ > 0 such that

‖u‖L∞(Q) ≤ C {I γ + Iσ } (1.2.17)

where I = sup−4<t<0

∫
|x|<2 u(x, t)dx.

Proof. If I ≥ ε0 > 0 then from Lemma 1.2.7 we obtain (1.2.17) with a constant C

depending on ε0. If 0 ≤ I ≤ ε0 < 1 it follows from (1.2.13) that 0 ≤ u < C0 = C0(r0)

in Qr0 = {(x, t) : |x| < r0, −r2
0 < t < 0}, for r0 ∈ (1, 2).

Claim. There exists ε0 ∈ (0, 1) such that if I ≤ ε0 = ε0(r0, r1), then 0 ≤ u ≤ 1 in
Qr1 , with 1 < r1 < r0 < 2.

The proof of this claim readily follows by combining the equicontinuity result H.1
stated in the Introduction and the assumption on the smallness of the spatial integrals.

Thus we have reduced the problem to the following: If 0 ≤ u ≤ 1 in Q∗, then
‖u‖L∞(Q) ≤ C Iσ .

To prove the last statement we begin by combining Corollary 1.2.3 and Lemma 1.2.4
with w = (ϕ(u))β and β = (α + 1)/2, we obtain∫∫

S

ϕ2βk(u)dxdt ≤ C F

{∫∫
R

ϕ2β(u) + α�α(u) dxdt

}

· sup
[−T ,0]

(∫
Br

(ϕ(u))2β(k−1)q dx

)1/q (1.2.18)

with k > 1 and S, R, F , β, �α as in the proof of Theorem 1.2.1.
Observe that there exists η = η(a) > 0 such that u ≥ ϕη(u), for u ∈ (0, 1). For

α > 0, define

k = k(α) = 1 + α + η

q (α + 1)

where q = n/2 for n ≥ 3, and q = 2 for n = 1, 2. Observe that

lim
α→∞ k(α) = 1 + 1

q
∈ (1, q∗), q∗ = q

q − 1
.

We choose α0 > 0 such that 1 < k < q∗ for α ≥ α0. From our choice of k and η,
there exists M > 0 such that for u ∈ [0, 1]

u
d

du

{
αM�α(u) − (ϕ(u))2β(k−1)q

}
≥ α M u ϕα(u) − C (α + 1)(k − 1)q (ϕ(u))α+η ≥ 0

since u ≥ ϕ(u)η. Since �a(0) = ϕ(0) = 0, we conclude that

(ϕ(u))2β(k−1)q ≤ Mα �α(u).
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On the other hand for u ∈ [0, 1]

�α(u) ≤ u ϕα(u) ≤ ϕα(u).

Thus from Lemma 1.2.2 and (1.2.18) we find that

∫∫
S

ϕ2βk(u) dxdt ≤ C (αF)1+1/q

(∫∫
R

ϕα(u) dxdt

)1+1/q

(1.2.19)

because also ϕ2β(u) = ϕα+1(u) ≤ ϕα(u), for u ∈ [0, 1].
Arguing in a similar manner to the proof of Theorem 1.2.1 from (1.2.9), it follows

from (1.2.19) that

‖u‖L∞(Q) ≤ C

(∫∫
Q∗

ϕα(u) dxdt

)σ/α

for α ≥ α0 and σ = σ(a, n). Choosing α > α0 such that ϕα(u) ≤ u for u ∈ [0, 1] we
finish the proof.

1.3 Harnack inequality for slow diffusion

In this section we shall consider non-negative solutions of the generalized porous
medium equation ∂u/∂t = �ϕ(u), where ϕ belongs to C∞([0, ∞)) ∩ Sa , where Sa is
the subclass of �a , corresponding to slow diffusion, defined by the growth conditions
(1.0.2) and (1.0.3). We shall establish a suitable Harnack inequality which controls
the size of the spatial averages in terms of the value of the solution at one point. This
result will be used to prove the existence of an initial trace for non-negative solutions
of the generalized porous medium equation. In the special case of the porous medium
equation φ(u) = um, m > 1, the Harnack estimate was first established by Aronson
and Caffarelli [8]. Their proof used, among other things, the explicit formula of the
solution of the porous medium equations with initial trace the Dirac measure (i.e. the
Barenblatt solution described in the introduction). Ughi [122] extended this result to a
class of nonlinearities that were asymptotically um, both at u = 0 and at u = ∞. The
corresponding result for nonlinearities in the class Sa was established by Dahlberg and
Kenig [45].

For simplicity of the exposition we shall first consider the case of the porous medium
equation and at the end we shall explain how one can extend the result to the general
class of nonlinearities Sa .

We shall consider then non-negative solutions of the porous medium equation

∂u

∂t
= �um, m > 1 (1.3.1)
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on the strip ST = R
n × (0, T ). We shall study the class P(M) of all non-negative

continuous weak solutions u of (1.3.1) in S∞ = R
n × [0, ∞) such that

sup
t>0

∫
Rn

u(x, t)dx ≤ M.

Our first result is concerned with pointwise estimates in the class P(M).

Lemma 1.3.1. If u ∈ P(M) then there exists C = C(m, n, M) > 0 such that

u(x, t) ≤ C for t ≥ 1

and

u(x, t) ≤ C

(
ρ2

t

)1/(m−1)

for t ∈ (0, 1)

where (
ρ2

t

)1/(m−1)

= t−n/(n(m−1)+2).

Proof. The proof is based on local estimates and rescaling arguments.
If t > 1 consider the interval (t − 1, t). By hypothesis∫

|ξ−x|≤1
u(ξ, τ ) dξ ≤ M

for any x ∈ R and any τ ∈ (t − 1, t). Therefore from Theorem 1.2.1 we can conclude
that u(x, t) ≤ C for any (x, t) ∈ R

n × (1, ∞).
For small t , if u is a solution of the equation (1.3.1) then so is

v(x, t) = u(αx, βt)

γ
if γ =

(
α2

β

)1/(m−1)

.

Define

v(ξ, τ ) = γ −1 u(x + ρξ, τ t), where γ =
(

ρ2

t

)1/(m−1)

and ρ satisfies the equation

ρn

(
ρ2

t

)1/(m−1)

= 1.

Since γ −1 ρ−n = 1 we then have∫
Rn

v(ξ, τ )dξ = γ −1ρ−n

∫
Rn

u(y, τ t) dy ≤ M.

Hence v ∈ P(M) and v(0, 1) = u(x,t)
γ

≤ C. Thus

u(x, t) ≤ C

(
ρ2

t

)1/(m−1)

as desired.
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Next we establish the existence of trace in the class P(M).

Lemma 1.3.2. If u ∈ P(M) then there exists a positive measure μ such that

(i)
∫

dμ ≤ M ,

(ii) u( ·, t) → dμ in D′(Rn) as t ↓ 0.

Proof. From Lemma 1.3.1 we have

um−1(x, t) ≤ C t−σ

for t ∈ (0, 1) with

σ = n(m − 1)

n(m − 1) + 2
∈ (0, 1).

Let η ∈ C∞
0 (Rn) be a test function. Then for 0 < τ < t∣∣∣∣

∫
Rn

[ u(x, t) − u(x, τ ) ] η(x) dx

∣∣∣∣ ≡
∣∣∣∣
∫ t

τ

∫
Rn

�η(x) um(x, s) dxds

∣∣∣∣
≤ Cη

∫ t

τ

∫
s−σ u(x, s) dxds ≤ Cη M

∫ t

τ

s−σ ds ≤ Cη M t1−σ

(the equality above can be justified by the limit process proved in Section 1.1). Thus
limt↓0

∫
u(x, t) η(x) dx exists and the lemma is proved.

Corollary 1.3.3. Let u1, u2 ∈ P(M) have the same trace. Then u1 ≡ u2 in R
n ×

(0, ∞).

Proof. If follows immediately by combining the H.3 result stated in the Introduction
and Lemma 1.3.1.

The following compactness result will be used in this section.

Lemma 1.3.4. Suppose that uk ∈ P(M) with trace μk for k = 1, 2, . . . such that
μk → μ in D′(Rn). Then there exists a unique u ∈ P(M) such that uk → u uniformly
on compact sets and u has trace μ.

Proof. By hypothesis and Theorem 1.2.1 it follows that the sequence {uk} is uniformly
bounded. Hence it is equicontinuous (by the result H.1 stated in the Introduction).

Let u be the uniform limit on compact sets of some subsequence {ukj
} of {uk}.

Then u is a continuous non-negative weak solution of the equation (1.3.1). Also, by
Fatou’s Lemma,

∫
u(x, t) dx ≤ M for any t ∈ (0, ∞). Moreover since, as in the proof

of Lemma 1.3.2, we have for any η ∈ C∞
0 (Rn)∣∣∣∣

∫
Rn

[uk(x, t) − uk(x, τ ) ] η(x) dx

∣∣∣∣ ≤ Cη M t1−σ

independently of k, by taking the limit when kj tends to infinity and t tends to zero
we prove that u has trace μ. Hence, by Corollary 1.3.3 any subsequence of {uk} will
converge to the same limit and the proof is complete.
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The following result is concerned with the existence of the fundamental solution. In
the case of the porous medium equation (1.3.1) the following result follows immediately
from the explicit form of the fundamental solution (the Barenblatt–Prattle self-similar
solution described in the Introduction). However, we give here an independent proof
of its existence and bound from below which also valid for more general nonlinearities
ϕ(u), with ϕ ∈ Sa .

Lemma 1.3.5. There exists Q ∈ P(1) with initial trace the Dirac mass at the origin δ.
Moreover, there exists T = T (m, n) > 0 such that

Q(0, T ) > 1/2. (1.3.2)

Proof. Let
{
fj

} ⊆ C∞
0 (Rn) be a sequence of radially decreasing functions such that∫

fj ≡ 1, and fj → δ in D′(Rn).
Let us denote by uj the solution of the porous medium equation in P(1) with data

fj which is radially decreasing. The existence of uj follows from the result stated
in Theorem H.2 in the Introduction. By Lemma 1.3.4 we conclude that there exists
Q ∈ P(1) with initial trace δ.

Now we pick η ∈ C∞
0 (Rn) such that

∫
η(x)dx = 1 and η(0) = 1. Then uj (0, T ) ≥∫

uj (x, T ) η(x)dx and by the argument in Lemma 1.3.4∣∣∣∣
∫

Rn

uj (x, T )η(x) dx − 1

∣∣∣∣ ≤ C T 1−σ

which completes the proof.

Using the estimate (1.3.2) we shall give a preliminary version of our Harnack
inequality.

Theorem 1.3.6. Let u be a non-negative continuous weak solution of equation (1.3.1)
in S1 = R

n × [0, 1]. Then there exists C = C(m, n) > 0 such that∫
|x|<1

u(x, 0)dx ≤ C Hm (u(0, 1)) (1.3.3)

where

Hm(s) =
{

1 for s ∈ (0, 1),

s1+ (m−1) n
2 for s ≥ 1.

Proof. We divide the proof in two cases.

Case 1. Assume that the support of u( ·, 0) is contained in the ball B1 = {x : |x| ≤ 1}
and that u ∈ P(M) for some M > 0.

We shall use a contradiction argument. If (1.3.3) does not hold, then for each
k = 1, 2, . . . there exists uk ∈ P(Mk) with supp uk( ·, 0) ⊆ B1 such that

Ik =
∫

Rn

uk(x, 0)dx ≥ k Hm (uk(0, 1)) .
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Observe that Ik ≥ k since Hm( · ) ≥ 1.
Define αk such that

αn
k · (α2

k )1/(m−1) = Ik, γk = α
2/(m−1)
k ,

and vk(x, t) = uk(αkx,t)
γk

(rescaled solution).

Thus αk → ∞ as k → ∞, vk is a solution of (1.3.1) with
∫

vk(x, 0)dx = 1 and vk ∈
P(1) by the result H.2 stated in the Introduction and with supp vk( ·, 0) ⊆ B1/αk

(0).
Therefore vk(x, 0) → δ in D′(Rn) and, by Lemma 1.3.4, vk → Q (fundamental
solution) uniformly on compact sets. Thus

vk(0, 1) → Q(0, 1) > 0. (1.3.4)

On the other hand since vk(0, 1) = uk(0,1)
γk

then uk(0, 1) → +∞. Finally

Ik ≥ k Hm (uk(0, 1)) = k (uk(0, 1))1+ n(m−1)
2

hence

Ik = α
n+ 2

m−1
k ≥ k (uk(0, 1))

2+n(m−1)
2 .

Thus α
2/(m−1)
k ≥ q

√
k uk(0, 1), with q = (2 + n(m − 1))/2. In other words

k−1/q ≥ uk(0, 1)

α
2/(m−1)
k

= vk(0, 1).

Therefore vk(0, 1) → 0 when k → ∞, which contradicts (1.3.4), hence finishing the
proof.

Case 2. General case.

Denote by h a continuous function in R
n such that 0 ≤ h ≤ 1 with support contained

in B1 = {x : |x| ≤ 1}, and consider the BVP

∂wR/∂t = �wm
R in CR = {(x, t) : |x| < R, 0 < t < R},

wR(x, 0) = h(x)u(x, 0) for |x| < R,

wR(x, t) = 0 for |x| = R and t ∈ (0, R).

⎫⎪⎬
⎪⎭ (1.3.5)

The existence of a solution wR of (1.3.5) will be proved in a following section. The
uniqueness follows by Theorem 1.1.1. In fact, for R < ρ we have that wR ≤ wρ ≤ C

in CR .
Let v be the solution of (1.3.1) in R

n ×[0, ∞) with data h(x)u(x, 0) (this existence
result follows by H.2). Then by Theorem 1.1.1

wR ≤ wρ ≤ v in CR with v ∈ P(M).
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By the equicontinuity result H.1 there exists sequence {ρk} such that wρk
→ w uni-

formly on compact sets with w ∈ P(M). From Case 1 we have that∫
|x|≤1

h(x) u(x, 0) dx ≤ C Hm (w(0, 1)) ≤ C Hm (u(0, 1))

which completes the proof.

Now we shall rescale the estimate (1.3.3).

Theorem1.3.7. Letubeanon-negative continuousweak solutionof the porousmedium
equation (1.3.1) in ST = R

n × [0, T ]. Then for R > T 1/2

∫
|x|<R

u(x, 0)dx ≤ C

{
Rn

(
R2

T

)1/(m−1)

+ T n/2 Hm (u(0, T ))

}
. (1.3.6)

Proof. Define γ = (
R2

T

)1/(m−1) and v(x, t) = u(Rx,T t)
γ

. Then v is also a solution of
the porous medium equation and by (1.3.3)

∫
|x|<1

v(x, 0)dx =
(

Rn

(
R2

T

)1/(m−1) )−1 ∫
|x|<R

u(x, 0)dx

≤ C Hm (v(0, 1))

≤ C

{
1 +

[
Rn

(
R2

T

)1/(m−1)
]−1

T n/2 Hm (u(0, T ))

}
.

�

We shall finish this section by explaining how to extend the above to the equation
∂u/∂t = �ϕ(u) with ϕ ∈ Sa . For the detailed proof of the results we refer to [45].

For ϕ ∈ Sa , ϕ(u)
u

is monotonically increasing on [1, ∞). Denote by 	 its inverse.

(i) In Lemma 1.3.1,
(

ρ2

t

)1/m−1 must be replaced by 	
(

ρ2

t

)
.

(ii) In Theorems 1.3.6 and 1.3.7, in the definition of Hm(s) for s ≥ 1, s1+ (m−1)n
2 must

be replaced by s
(

ϕ(s)
s

)n/2.

(iii) In Theorem 1.3.7,
(

R2

T

)1/(m−1) must be replaced by 	
(

R2

T

)
.

1.4 Local L∞-bounds for fast diffusion

In this section we shall establish local L∞-bounds for smooth, non-negative solutions
of ∂u/∂t = �ϕ(u), where ϕ belongs to C∞([0, ∞)) ∩ Fa . The subclass Fa of �a ,
corresponding to fast diffusion, is defined by the conditions
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(i) ϕ : [0, ∞) → R is a continuous non-negative function with ϕ(0) = 0,

(ii) there exist a ∈ (0, 1) such that for all u > 0

a ≤ u ϕ′(u)

ϕ(u)
≤ a−1,

(iii) there exist a ∈ (0, 1) and u0 > 0 such that for u ≥ u0

a + n − 2

n
≤ u ϕ′(u)

ϕ(u)
≤ 1 − a, (1.4.1)

(iv) u0 = 1, and ϕ(1) = 1.

Here the lower bound in (1.4.1) enters (and of course, it necessarily enters (see [25]
and [81])).

The main result in this section is the following estimate [47] (and [81] for the pure
power case).

Theorem 1.4.1. Let u be a continuous, non-negative weak solution of ∂u/∂t = �ϕ(u)

in Q∗ = {(x, t) : |x| < 2, −4 < t < 0}, with ϕ ∈ Fa . Let

Q = {(x, t) : |x| < 1, −1 < t < 0}
and define Hϕ(s) to be 1 for 0 < s < 1, and s [ϕ(s)/s]n/2 for s ≥ 1. Then there is a
constant C = C(a, n) > 0 such that

‖Hϕ(u)‖L∞(Q) ≤ C {‖u‖L1(Q∗) + 1}. (1.4.2)

The proof of Theorem 1.4.1 will be based on the following a-priori estimate.

Lemma 1.4.2. Let u be a smooth, non-negative solution of the equation ∂u/∂t =
�ϕ(u) in R = Bρ × (−ρ2, 0], where ϕ ∈ Fa ∩ C∞([0, ∞)). Then,

‖u‖L∞(S) ≤ C

{
1 + 1

(ρ − r)N

∫∫
R

updxdt

}θ

(1.4.3)

where C, p, θ , N are positive constants which depend only on a and n and S =
Br × (−r2, 0], 1/2 < r < ρ < 2.

The proof of Lemma 1.4.2 is similar to the proof of Corollary 1.2.6 and is left to
the reader.

Proof of Theorem 1.4.1. First note that the lower bound in (1.4.1) implies that Hϕ is
increasing for s > 1. Next, let p be as in Lemma 1.4.2 (and we can also assume
that p ≥ 1). For such a fixed p, we define now Hp,ϕ(s) to be 1 for 0 < s ≤ 1, and
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sp[ϕ(s)/s]n/2 for s ≥ 1. Again, Hp,ϕ is increasing for s ≥ 1. Let Fp,ϕ(s) be the
inverse function to Hp,ϕ , defined again for s ≥ 1. We first claim that

u(0, 0) ≤ CFp,ϕ

{∫∫
Q∗

up(x, t) dxdt + 1

}
. (1.4.4)

In order to establish (1.4.4) we first note that if u is a continuous weak solution of
∂u/∂t = �ϕ(u) in �, and for given α > 0, β > 0, γ > 0 we define v(x, t) =
u(αx, βt)/γ , then v is a continuous weak solution of ∂v/∂t = �ψ(v) in the appropriate
�′, where ψ(s) = βϕ(γ s)α−2γ −1. Suppose now that β/α2 ≥ 1 and ϕ ∈ Fa . Let
Gϕ(γ ) = γ /ϕ(γ ), which by the right-hand side inequality in (1.4.1) is increasing for
γ ≥ 1. Let Eϕ(s) be its inverse function defined for s ≥ 1, and choose γ = Eϕ(β/α2).
Then ψ(1) = βϕ(γ )α−2γ −1 = 1, and it is easy to see that ψ ∈ Fa .

Assume now that (1.4.4) fails. We can then find ϕk ∈ Fa, uk continuous weak
solutions such that

uk(0, 0) ≥ k Fp,ϕk

{∫∫
Q∗

u
p
k (x, t)dx dt + 1

}
.

First note that Fp,ϕk
(1) = 1, and that Fp,ϕk

(s) is increasing for s ≥ 1, so that
uk(0, 0) ≥ k. Because of (1.4.3) this forces that

Ik =
∫∫

Q∗
u

p
k (x, t)dx dt → + ∞ as k → ∞.

For αk small (to be chosen momentarily), let

vk(x, t) = uk(αk x, t)

γk

, γk = Eϕk

(
1

α2
k

)
.

The vk are continuous weak solutions of ∂v/∂t = �ψk(v), ψk ∈ Fa in Q∗, by our
previous discussion. In addition

∫
|x|<2/αk

∫ 0

−4
v

p
k (x, t) dxdt = 1

[Eϕk
(1/α2

k )]p α−n
k Ik.

Choose αk so that
1

[Eϕk
(1/α2

k )]p α−n
k Ik = 1,

or equivalently

Ik = [Eϕk
(1/α2

k )]p
1/αn

k

.

This is possible because E
p
ϕk

(s)/sn/2 is increasing for s ≥ 1, by the left-hand side
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inequality in (1.4.1), and Ik → + ∞. Moreover, αk → 0 as k → ∞. But then

vk(0, 0) = 1

Eϕk
(1/α2

k )
uk(0, 0)

≥ k

Eϕk
(1/α2

k )
Fp,ϕk

{Ik + 1}

≥ k

Eϕk
(1/α2

k )
Fp,ϕk

(Ik)

= kFp,ϕk

{
[Eϕk

(1/α2
k )]p

1/αn
k

}
1

Eϕk
(1/α2

k )

= k

by the definition of Fp,ϕk
and Eϕk

. However, this contradicts (1.4.3), by our choice of
αk , and thus (1.4.4) is established.

We next note that by using translation and dilation (x, t) → (αx, α2t), (1.4.4) has,
as a consequence,

‖u‖L∞(Br/2×(−r2/4,0]) ≤ CFp,ϕ

{
1

rn+2

∫∫
Br×(−r2,0)

up(x, t)dx dt + 1

}
(1.4.5)

for 0 < r < 2. Finally, using (1.4.5), translations, the dilations (x, t) → (αx, α2t),
and a simple covering argument, one can show

‖u‖L∞(S) ≤ CFp,ϕ

{
1

(ρ − r)n+2

∫∫
R

up(x, t)dx dt + 1

}
(1.4.6)

where S = Br × (−r2, 0], R = Bρ × (−ρ2, 0], 1/2 < r < ρ < 2.
To conclude the proof of the theorem, we use an argument which originates in the

work of Hardy and Littlewood (see [70]), and which was first used in the context of
the porous medium equation in [45].

We shall first show that

‖u‖L∞(Q) ≤ C{‖u‖L1(Q∗) + 1}σ , (1.4.7)

where σ = σ(a, n). Once (1.4.7) is established, the theorem will follow by repeating
the argument that we used to establish (1.4.6), with p = 1, and using (1.4.7) instead
of (1.4.3).

In order to establish (1.4.7) we need to point out two properties of Fp,ϕ . First,
Fp,ϕ(As) ≤ C Aσ Fp,ϕ(s), for A ≥ 1, s ≥ 1. This is an easy consequence of (1.4.1).
Another easy consequence of (1.4.1) is that Fp,ϕ(sp−1) ≤ Cs1−ε, for s ≥ 1, where
ε = ε(a, n).
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Now, for 1/2 < r < 1, let

Sr = B2r × (−4r2, 0]
m(r) = ‖u‖L∞(Sr )

I =
∫∫

Q∗
u(x, t)dx dt

J = max{I, 1}.
We want to show that

m(1/2) ≤ {I + 1}σ . (1.4.8)

If there exists r, 1/2 < r < 1 such that m(r) ≤ 1, we are done, and hence, we can
assume that m(r) > 1 for all r, 1/2 < r < 1. Pick now 1/2 < r < ρ < 1. Then
(1.4.6) implies that

m(r) ≤ C Fp,ϕ

{
1

(r − ρ)n+2

∫∫
Sρ

up(x, t) dxdt + 1

}

≤ C Fp,ϕ

{
4J

(r − ρ)n+2 m(ρ)p−1
}

≤ C

{
J

(r − ρ)n+2

}σ

Fp,ϕ(m(ρ)p−1)

≤ C

{
J

(r − ρ)n−2

}σ

m(ρ)1−ε.

Choose now γ, 0 < γ < 1 so that θ = (1 − ε)/γ < 1, and let ρ = rγ . Taking
logarithms, we see that

log m(r) ≤ C log J + C log
1

(r − rγ )
+ (1 − ε) log m(rγ ).

Integrating with respect to the measure dr/r , between 1/2 and 1, we obtain∫ 1

1/2
log m(r)

dr

r
≤ C log J + C + θ

∫ 1

1/2γ

log m(r)
dr

r

≤ C log J + C + θ

∫ 1

1/2
log m(r)

dr

r
.

The inequality (1.4.8) immediately follows from this, and our theorem is established.

Remark. In the case when ϕ(u) = um, 0 < m < 1, the technique of the proof of
Theorem 1.4.1 allows one to show

‖u‖L∞(Q) ≤ Cq

{(∫∫
Q∗

uq

) 1
q−(1−m)n/2 + 1

}
, (1.4.9)
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for each q such that q − (1 − m)n/2 > 0. Note that q = 1 is allowed precisely when
m > (n − 2)/n, giving another explanation of the result in [25]. Moreover, at least in
the range m > (n − 2)/n, an inequality of the form

‖u‖L∞(Q) ≤
{∫∫

Q∗
uq + 1

}σ

can only hold if q − (1 − m)n/2 > 0, as can be seen by considering the Barenblatt
solutions ([7], [17], [25], [81])

Uα(x, t) = t−β
{
α + 2mγ −1|x|2t−2β/n

}−s
,

where α > 0, s = 1
1−m

, γ = 2
1−m

− n, β−1 = m − 1 + 2
n

.

By rescaling we obtain the following general L∞- estimate from (1.4.2).

Theorem 1.4.3. Let u be a weak solution of equation ∂u/∂t = �ϕ(u) in B4R × (0, T ),
continuous in B4R × [0, T ], with ϕ ∈ Fa . Suppose that T/R2 > 1. Then

sup
|x|<R

Hϕ(u(x, T )) ≤ C

{
1

T n/2

∫
|x|<4R

u(x, 0)dx+Eϕ

(
T

R2

)
·
(

T

R2

)n/2 }
. (1.4.10)

1.5 Equicontinuity of solutions

In this section we shall prove the equicontinuity result H.1 stated in the introduction due
to P. E. Sacks [118]. More precisely we shall show that if {uk} is a uniformly bounded
sequence of continuous weak solutions of the equation ∂u/∂t = �ϕ(u) in a compact
domain R of R

n×(0, T ), then {uk} is equicontinuous in any compact domain S ⊂⊂ R.
Consider weak solutions of the equation

∂u

∂t
= �ϕ(u) in QT = � × (0, T ). (1.5.1)

Denoting β = ϕ−1 we can write (1.5.1) as

∂β(u)

∂t
= �u in QT = � × (0, T ). (1.5.2)

The equicontinuity property is a consequence of the following theorem which con-
stitutes the basic result in this section.

Theorem 1.5.1. Let u ∈ C∞(QT ) be a solution of (1.5.2) with β ∈ C∞(R), β(0) = 0,
0 < β ′ < ∞ and

0 ≤ μ1(δ) ≤ β ′(s) ≤ μ̂1(δ) for |s| ≥ δ > 0. (1.5.3)

Let C1 be a bound for ‖u‖L∞(QT ) and ‖β(u)‖L∞(QT ). Then, for any Q ⊂⊂ QT , the
modulus of continuity of u in Q depends only on C1, μ1, μ̂1, n, and dist(Q; ∂pQT ).
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Notation and Remarks. Without loss of generality we can assume that μ1 and μ̂1 are
monotone increasing and decreasing respectively. We shall use the following notation:

Q(x0,t0)(R) = {(x, t) : |x − x0| < R, t0 − R2 < t < t0},
Q(R) = Q(0,0)(R) and Q = Q(1),

◦
V 2(QT ) = L∞(

(0, T ) : L2(�)
) ∩ L2((0, T ) : H 1

0 (�)
)
.

Recall the
Sobolev Embedding Theorem. For u ∈ ◦

V 2 (QT ), we have

‖u‖
L

2(n+2)
n (QT )

≤ C0 ‖u‖ ◦
V 2(QT )

. (1.5.4)

We shall first present a simpler proof of this result, due to Bouillet, Caffarelli and
Fabes [26], in the special case where the nonlinearity β satisfies, in addition to (1.5.3),
the growth condition:

β ′(s) ≥ η > 0, s > 0 (1.5.5)

together with the assumption β(0) = 0. This is the case of the porous medium equation,
where β(u) = u1/m, m > 1. We shall show the following:

Theorem 1.5.2. Let u ∈ C∞(Q), 0 ≤ u ≤ 1 be a solution of equation (1.5.2) in Q

with β satisfying (1.5.5) and β(0) = 0. Then

|u(x, t) − u(0, 0)| ≤ σ(|x| , |t |), (1.5.6)

where σ is a modulus of continuity depending only on β(1), η and the dimension n.

We shall present the proof due to Bouillet, Caffarelli and Fabes. It is based upon
two basic lemmas. The first uses the ideas of De Giorgi:

Lemma 1.5.3. Under the hypotheses of Theorem 1.5.2, there exists a constant μ,
depending only on β(1), η and the dimension n, such that if

|Q ∩ {u ≤ 1/2}| ≥ μ, (1.5.7)

then

sup
Q(1/2)

u ≤ 3

4
. (1.5.8)

Proof. Throughout this lemma, C will denote various constants which depend only on
β(1), η and the dimension n. For k ≥ 1, let uk = (u − 3/4 + 1/2k+1)+. Using energy
estimates we shall show that∫∫

Q(1/2)

u2
k dx dt → 0 as k → ∞,

provided that the measure of the set Q ∩ { u ≤ 1/2 } is sufficiently close to one.
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Let ζ(x, t) be a smooth test function, 0 ≤ ζ ≤ 1, ζ = 0 near ∂pQ(r) and let K > 0.
Multiplying (1.5.2) by (u − K)+ζ 2 and integrating over Br(0) × (−r2, τ ), for some
τ ∈ (−r2, 0), we obtain∫ τ

−r2

∫
β ′(u)(u − K)+ut ζ 2 dx dt = −

∫ τ

−r2

∫
∇u∇((u − K)+ζ 2) dxdt

which in combination with Hölder’s inequality gives the estimate∫ τ

−r2

∫
β ′(u)(u − K)+ ut ζ 2 dx dt + 1

2

∫ τ

−r2

∫
|∇(u − K)+|2 ζ 2 dx dt

≤ C

∫ τ

−r2

∫
(u − K)+2 |∇ζ |2 dx dt.

(1.5.9)

In order to transform the first term on the left hand side of the previous estimate, we
define

B(u) =
∫ u

0
β ′(s + k)s ds,

so that
∂B((u − K)+)

∂t
= β ′(u) (u − K)+ ut .

Note that for 0 ≤ u ≤ 1, we have
η

2
u2 ≤ B(u) ≤ uβ(u) ≤ β(1) u.

Hence ∫
((u − K)+ζ )2|t=τ dx +

∫ τ

−r2

∫
|∇(u − K)+ ζ |2 dx dt

≤ C

∫ τ

−r2

∫
(u − K)+2 |∇ζ |2 + (u − K)+|ζt | dx dt.

Taking the supremum of the left side over τ ∈ (−r2, 0] we obtain the estimate

sup
τ∈(−r2,0]

∫
((u − K)+ζ )2|t=τ dx +

∫∫
Q(r)

|∇(u − K)+2 ζ 2| dx dt

≤ C

∫∫
Q(r)

(u − K)+2 |∇ζ |2 + (u − K)+|ζt | dx dt.

(1.5.10)

On the other hand the proof of the variant of Sobolev’s inequality (1.2.5) in Lemma 1.2.4
applied to k = (n + 2)/n, q = n/2 gives us the estimate∫∫

Q(r)

((u − K)+ζ )
2(n+2)

n dxdt

≤ C

{∫∫
Q(r)

|∇(u − K)+ζ |2 + (u − K)+2ζ 2 dxdt

}

· sup
τ

(∫
((u − K)+ζ )2|t=τ dx

)1/q

.

(1.5.11)
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Combining (1.5.10) and (1.5.11) we conclude that for p = 2(n + 2)/n we obtain

(∫∫
Q(r)

((u − K)+ζ )pdxdt

)2/p

≤ C

∫∫
Q(r)

(u − K)+2|∇ζ |2 + (u − K)+|ζt | dxdt.

(1.5.12)

For k ≥ 1, set rk = 1/2 + 1/2k and Qk = Q(rk). Choose ζk to be smooth in
Qk = Q(rk), ζk = 0 near ∂pQk , 0 ≤ ζk ≤ 1, ζk = 1 on Qk+1. Moreover, ζk can be
chosen to satisfy the bounds

|∇ζk|2 + |(ζk)t | ≤ Ck

for some constant C > 1. Setting uk = (u − K)+, with K = 3/4 − 1/2k+1 and
applying (1.5.12), we obtain

(∫∫
Qk

(ukζk)
p dxdt

)2/p

≤ Ck

∫∫
Qk

(u2
k + uk) dxdt

from which we conclude that(∫∫
Qk+1

u
p
k dxdt

)2/p

≤ Ck

∫∫
Qk

(u2
k + uk) dxdt (1.5.13)

for all k.
We shall use (1.5.13) to show that

∫∫
Qk+2

uk+1 ≤ Ck

{∫∫
Qk+1

(u2
k + uk)

}1+ε/2

. (1.5.14)

We begin by observing that by Hölder’s inequality

∫∫
Qk+2

u2
k+1 ≤

(∫∫
Qk+2

u
p
k+1

)2/p

· |{uk+1 > 0} ∩ Qk+2|(p−2)/p. (1.5.15)

Since

|{uk+1 > 0} ∩ Qk+2| ≤ ∣∣{uk > 1/2k+2} ∩ Qk+1
∣∣ ≤ C4k

∫∫
Qk+1

u2
k (1.5.16)

combining (1.5.13), (1.5.15) and (1.5.16), we obtain

∫∫
Qk+2

u2
k+1 ≤ Ck

(∫∫
Qk+1

(u2
k + uk) dxdt

)1+ε

, (1.5.17)
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with ε = (p − 2)/p = 2/(n + 2). Also, since uk > 1/2k+2 when uk+1 > 0, we have∫∫
Qk+2

uk+1 ≤
∫∫

Qk+2

uk+1 (uk2k+2)

≤ Ck

(∫∫
Qk+2

u2
k+1

)1/2 (∫∫
Qk+1∩{uk>1/2k+2}

u2
k

)1/2

and therefore from (1.5.17) we conclude (1.5.14).
Setting now αk = ∫∫

Qk+1
(u2

k + uk), (1.5.17) and (1.5.14) imply that

αk+1 ≤ Ck α
1+ε/2
k .

Hence,
lim

k→∞ αk = 0,

provided that

α1 =
∫∫

Q

(
u − 1

2

)
+

+
(
u − 1

2

)2

+
dx dt

is sufficiently small, depending only on β(1), η and the dimension n. This readily
implies that limk→∞ αk = 0 provided that the measure of the set Q ∩ { u ≤ 1/2 } is
sufficiently close to one showing the desired result.

The next lemma is due to Bouillet, Caffarelli and Fabes [26].

Lemma 1.5.4. There exist positive numbers N = N(β(1), η) and δ = δ(β(1), η),
depending only on β(1), η and also on the dimension n, such that if 0 ≤ u ≤ 1 is a
smooth solution of (1.5.2) on the cylinder QN ≡ {|x| ≤ 6}×(−N, 0), with β satisfying
the assumptions of Theorem 1.5.2, then

inf|x|≤1/4
u(x, 0) ≥ δ or sup

|x|≤1/4
u(x, 0) ≤ 1 − δ. (1.5.18)

Proof. For j = 0, 1, . . . , N − 1, set Qj+1,j = {|x| < 1} × (−(j + 1), −j). Since the
function u solves (1.5.2), the function v = 1 − u solves the equation (β̃(v))t = �v,
with β̃(v) = β(1)−β(1−v) still satisfying the hypotheses of Lemma 1.5.3. Therefore,
if for some j

|Qj+1,j ∩ {1 − u ≤ 1/2}| ≥ μ, (1.5.19)

with μ as in Lemma 1.5.3, it follows from this lemma that

1 − u ≤ 3

4
on

{|x| < 1
2

} × ( − j − 1
4 , −j

)
.

In particular, we shall then have u(x, −j) ≥ 1/4, for |x| ≤ 1/2. We shall show that in
this case

u(x, 0) ≥ δ for |x| ≤ 1
4 , (1.5.20)
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for an appropriate positive constant δ, depending only on η and the dimension n. Indeed,
let φ solve

− �φ = λ1φ in |x| ≤ 1

2
, (1.5.21)

with φ ≡ 0 at |x| = 1/2, where λ1 > 0 denotes the principal eigenvalue of −�. Since,
β ′(u) ≥ η, it is easy to check that for all α > 0

w(x, t) = αe−λ1t/ηφ(x)

satisfies

− 1

β ′(u)
�w + wt ≤ 0.

Hence, if α is chosen sufficiently small, depending only on dimension n and η, so that

u(x, −j) ≥ 1

4
≥ αφ(x) = w(x, 0),

we can deduce from the maximum principle on {|x| < 1/2} × (−j, 0), that

u(x, 0) ≥ w(x, j) for |x| ≤ 1

2
.

Since w(x, j) = αe−λ1j/ηφ(x), we conclude that (1.5.20) holds true by choosing

δ < αe−λ1N/η inf|x|≤1/4
φ. (1.5.22)

Therefore, we may assume that

|Qj+1,j ∩ {1 − u ≤ 1/2}| < μ for all j = 0, 1, . . . , N − 1

which implies that

|Qj+1,j ∩ {u ≤ 1/2}| ≥ 1 − μ = λ > 0 for all j = 0, 1, . . . , N − 1.

Hence, the set
E = ({|x| ≤ 1} × (−N + 1, 0)

) ∩ {
u ≤ 1

2

}
,

has measure
|E| ≥ (N − 1) λ.

Let ũ be a subsolution of (1.5.2) such that

ũ = 1/2 on E and ũ = 1 on ∂pQN

where ∂pQN denotes the parabolic boundary of QN . In fact, ũ can be chosen so that
it is a solution in QN \ E. It follows by the maximum principle that

ũ ≥ u in QN.
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Therefore, in order to show that u(x, 0) ≤ 1 − δ for |x| ≤ 1/4 it is sufficient to show
the same for ũ. Define

ψ(x) = 1

N

∫ 0

−N

(1 − ũ(x, s)) ds.

Since ψ ≥ 0 and

�ψ ≤ − 1

N

∫ 0

−N

(
β(ũ(x, s))

)
s
ds ≤ β(1)

N
,

it follows by the Harnack estimate that

inf|x|≤5
ψ + β(1)

N
≥
∫

|x|≤6
ψ(x) dx.

But on the other hand∫
|x|≤6

ψ(x) dx ≥ 1

N

∫∫
E

(1 − ũ) dx ≥ N − 1

N

λ

2

since ũ = 1/2 on E and the measure of E is at least (N − 1)λ. Therefore we conclude
that

inf|x|≤5
ψ + β(1)

N
≥ N − 1

N

λ

2

and hence we can make

inf|x|≤5
ψ ≥ λ

4

by choosing N sufficiently large depending on β(1) and λ. This implies that there
exists a point (x0, t0), with |x0| = 5, −N < t0 < 0 such that

1 − ũ(x0, t0) ≥ λ

4
.

We shall show that

1 − ũ(z, t0) ≥ λ

4
for |z| ≤ 1

2
. (1.5.23)

Indeed, let � denote the hyperplane which is the perpendicular bisector of the line
segment joining z and x0. The plane � divides the ball {|x| ≤ 6} into two parts. We
denote by Dx0 the part which contains x0 and Dz the domain which is obtained by
reflecting Dx0 across the plane �. Also, let T denote the transformation of reflection
across �. Then 1 − ũ(T x, t) is a solution of equation (1.5.2) in Dz × (−N, 0), since
Dx0 ⊂ QN \ E, while 1 − ũ(x, t) is a super-solution of equation (1.5.2) in the same
cylinder. Moreover

1 − ũ(T x, t) ≤ 1 − ũ(x, t)

on its parabolic boundary. It follows by the maximum principle that

1 − ũ(T x, t) ≤ 1 − ũ(x, t) in D × (−N, 0),
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and therefore in particular

1 − ũ(z, t0) ≥ 1 − ũ(T z, t0) = 1 − ũ(x0, t0) ≥ λ

4
,

showing (1.5.23). We can conclude, as before, that

1 − ũ(z, 0) ≥ αλ e−λ1N/η inf|x|≤1/4
φ for |z| ≤ 1

4 ,

with φ being the solution of (1.5.21) and all the constants depending only on dimension
and η. Therefore the lemma follows.

The following result readily follows from Lemma 1.5.4 via simple rescaling.

Lemma 1.5.5. Under the hypotheses of Theorem 1.5.2 there exist positive constants
ρ = ρ(η, β(1)) and δ = δ(η, β(1)), depending only η, β(1) and the dimension n, such
that if u is a smooth solution of equation (1.5.2) on the unit cube Q, with 0 ≤ u ≤ 1,
then

max
Qρ

u − min
Qρ

u =: osc u
Qρ

≤ 1 − δ.

We are now in position to finish the proof of Theorem 1.5.2.

Proof of Theorem 1.5.2. The proof is based on Lemma 1.5.5. For θ > 0, consider the
class Bθ of nonlinearities β satisfying the hypotheses of Theorem 1.5.2 and β(1) ≤ θ .
Let Aθ denote the class of all solutions u ∈ C∞(Q) of equation (1.5.2) in Q, with
β ∈ Bθ , satisfying 0 ≤ u ≤ 1. We shall show that there exists a sequence ρk ↓ 0 for
which

ωk := sup
u∈Aθ

oscQρk
u → 0 as k → ∞.

This readily implies (1.5.6).
To this end, set

ω = sup
u∈Aθ

oscQ u

and for u ∈ Aθ , let us define the function

v = u − infQ u

ω
.

Then v satisfies the equation (β̃(v))t = �v, where β̃(s) = β(sω + infQ u)/ω. More-
over, by Lemma 1.5.5

osc v
Qρ1

≤ 1 − δ

with δ = δ(η, β(ω + infQ u)/ω) and ρ1 = ρ(η, β(ω + infQ u)/ω). Since infQ u ≤ 1
and ω ≤ 2, this implies that

osc u
Qρ1

≤
[

1 − δ(η,
1

ω
Cθ)

]
ω



1.5 Equicontinuity of solutions 41

with
Cθ = sup{β(3); β ∈ Bθ }

and ρ1 = ρ1(η, Cθ/ω) < 1. We conclude that

ω1 := sup
u∈Aθ

osc u
Qρ1

≤
[

1 − δ(η,
1

ω
Cθ)

]
ω.

Now, for any u ∈ Aθ , we set

u1(x, t) = u(ρ1x, ρ2
1 t), (x, t) ∈ Q.

The rescaled function u1 still satisfies equation (1.5.2) in Q and therefore we can
conclude, using once more Lemma 1.5.5, that

ω2 := sup
u∈Aθ

osc u
Qρ2

≤
[

1 − δ(η,
1

ω 1
Cθ)

]
ω1

with ρ2 = ρ(η, Cθ/ω1). Repeating the same argument, we find a decreasing sequence
ρk such that the oscillations ωk = oscQρk

uk , satisfy

ωk ≤
[

1 − δ(η,
1

ωk−1
Cθ)

]
ωk−1.

This implies that the sequence {ωk} is decreasing and therefore it has a limit λ. If
λ = 0, then we have proven (1.5.6). If λ > 0, then the term Cθ/ωk remains bounded
in k, which implies that ρk → 0 and that for a fixed δ̃ ∈ (0, 1), we have

ωk ≤ (1 − δ̃) ωk−1

showing that ωk → 0 and contradicting that λ > 0. This finishes the proof of the
theorem.

We shall now give the proof of the general result, Theorem 1.5.1. We shall combine
the ideas of De Giorgi (see [76]) and Krylov–Safonov [101].

Lemma 1.5.6. Let M > 0 and μ1(s) = μ1(−s) for s < 0. Define

B̂(x, M) = 1

x2

∫ x

0
μ1(M − s) s ds, x ≥ 0

and

μ2(x) = 1

16x2

∫ x

0

∫ s

0
μ1(r) dr ds.

Then μ2 is non-decreasing and B̂(x, M) ≥ μ2(M) for x ∈ [0, 4M].
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Proof. By definition

d

dx
μ2(x) = 1

16x2

∫ x

0
μ1(r) dr − 1

8x3

∫ x

0

∫ s

0
μ1(r) drds ≥ 0

by the convexity of x �→ ∫ x

0 μ1(r) dr . Also by the monotonicity of μ1

d

dx
B̂(x, M) ≤ 0 for x ∈ [0, M].

Thus by Fubini’s theorem

B̂(x, M) ≥ B̂(M, M) = 1

M2

∫ M

0
μ1(M − s) sds

= 1

M2

∫ M

0

∫ r

0
μ1(l) dl ds ≥ μ2(M)

for x ∈ [0, M]. On the other hand, for x ∈ [M, 4M] we have

B̂(x, M) = 1

x2

∫ x

0
μ1(M − s) s ds

≥ 16M2

x2

1

16M2

∫ M

0
μ1(M − s) s ds ≥ μ2(M). �

Now, using the truncation method of De Giorgi we shall prove the next lemma.

Lemma 1.5.7. There exists a non-decreasing Ĥ with 0 < Ĥ(M) < M/2, for M > 0,
such that if Q(x0,t0)(R) ⊆ QT , |u| ≤ M in Q(x0,t0)(R), 0 < M < C1 (with C1 as in
Theorem 1.5.1) and

1∣∣Q(x0,t0)(R)
∣∣
∫∫

Q(x0,t0)(R)

(M − u) dxdt ≤ Ĥ (M),

then u ≥ M/2 in Q(x0,t0)(R/2).

Proof. Let η be a smooth function such that 0 ≤ η ≤ 1 with η = 0 near ∂pQ(R) =
∂pQ(x0,t0)(R). Pick k ∈ [0, M/2], and define w = M − u ≥ 0 in Q(R) so that

β ′(M − w)
∂w

∂t
= �w.

Multiplying this equation by (w − k)+η2 and integrating by parts over the cylinder
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B(x0,R) × (t0 − R2, τ ), where τ ∈ (t0 − R2, t0), we obtain

∫∫
β ′(M − w)

∂w

∂t
(w − k)+η2 dxdt

=
∫∫

�w (w − k)+η2 = −
∫∫

∇w · ∇
(
(w − k)+η2

)
= −

∫∫
η2

∣∣∇(w − k)+
∣∣2 − 2

∫∫
η ∇η · ∇(w − k)+ (w − k)+

≤ −3

4

∫∫
η2

∣∣∇(w − k)+
∣∣2 + C

∫∫
|∇η|2 (

(w − k)+
)2

.

We can replace η2
∣∣∇(w − k)+

∣∣2 by
∣∣∇ (

η (w − k)+
)∣∣2 because the error is equal to

|∇η|2 ((w − k)+
)2. Thus

∫∫
β ′(M − w)

∂w

∂t
(w − k)+η2

≤ −3

4

∫∫ ∣∣∇ (
η(w − k)+

)∣∣2 + C

∫∫ ∣∣∇η2
∣∣ ((w − k)+)2.

(1.5.24)

Let us denote

B(x) =
∫ x

0
β ′(M − k − s) s ds

so that
∂

∂t
B
(
(w − k)+

) = β ′(M − w) (w − k)+ ∂w

∂t

and also

B
(
(w − k)+

) ≥ (
(w − k)+

)2
B̂
(
(w − k)+, M − k

)
by the definition of B̂. Since k ≤ M/2, u < M and w = M − u, it follows that
(w − k)+ ∈ [0, 4(M − k)], so by Lemma 1.5.6 and the above inequality

B
(
(w − k)+

) ≥ (
(w − k)+

)2
μ2(M − k) ≥ (

(w − k)+
)2

μ2(M/2).

We also have

B((w − k)+) ≤ (w − k)+
∫ (w−k)+

0
β ′(M − k − s) ds

≤ (w − k)+ [β(M − k) − β(M − w)] ≤ C
[
(w − k)+

]2
.

Let

I =
∫∫

β ′(M − w)(w − k)+ ∂w

∂t
η2 dxdt.
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Then

I =
∫∫

∂

∂t
B
(
(w − k)+

)
η2 dxdt

=
∫

BR(x0)

B
(
(w − k)+

)
η2|t=τ dx − 2

∫∫
B
(
(w − k)+

)
η2 ∂η

∂t

≥ μ2(M/2)

∫ (
(w − k)+

)2
η2|t=τ − C

∫∫
((w − k)+)2 η

∣∣ ∂η
∂t

∣∣.
(1.5.25)

Without loss of generality we can assume μ2(M/2) ≤ 3/4. Hence, combining (1.5.24),
(1.5.25) we obtain

μ2(M/2)

[∫
BR(x0)

(
(w − k)+ η

)2 |t=τ +
∫∫ ∣∣∇ (

η (w − k)+
)∣∣2]

≤ C

[∫∫
|∇η|2 ((w − k)+

)2 +
∫∫

((w − k)+)2 η
∣∣ ∂η

∂t

∣∣ ] ≤ C′.

From the Sobolev Embedding Theorem, inequality (1.5.4), mentioned at the beginning
of the section, we obtain∥∥(w − k)+η

∥∥
L

2(n+2)
n

≤ C
∥∥(w − k)+η

∥∥ ◦
V 2(Q(R))

≤ C

μ2(M/2)

[∫∫
{w≥k}∩supp η

|∇η|2 + η |ηt |
]1/2

.
(1.5.26)

We start now the iteration process. For m ∈ N let

km = M

2

(
1 − 1

2m

)
,

Rm = R

2

(
1 + 1

2m

)
,

Qm = Q(Rm),

and

Jm = 1

|Q0|
∫∫

Qm

[
(w − km)+

]2
dxdt.

In particular,

J0 = 1

|Q0|
∫∫

Q(R0)

(M − u) dxdt.

In order to prove the lemma it suffices to show that

lim
m→∞ Jm = 0 (1.5.27)

provided J0 < Ĥ(M).
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Let ηm ∈ C∞
0 such that ηm = 1 on Qm+1 with ηm = 0 near ∂pQm, and |∇ηm|2,

|∂ηm/∂t | ≤ 4m/R2. Thus we have from Hölder inequality and (1.5.26) that

|Q0| · Jm+1 =
∫∫

Qm+1

[
(w − km+1)

+]2
dxdt

≤
(∫∫

Qm

(
(w − km+1)

+ ηm

)2(n+2)/n
dxdt

) n
n+2 |Qm ∩ {w ≥ km+1}| 2

n+2

≤ C

μ2(M/2)2

4m

R2
|Qm ∩ {w ≥ km+1}|1+ 2

n+2 .

(1.5.28)

But ∫∫
Qm

[
(w − km)+

]2 ≥ (km+1 − km)2 · |Qm ∩ {w ≥ km+1}|

so that
|Qm ∩ {w ≥ km+1| ≤ C Rn+2 4mM2 Jm. (1.5.29)

By combining (1.5.28), (1.5.29) it follows that for R ≤ 1

Jm+1 ≤ C

μ2(M/2)2

4m

Rn+2

(
Rn+24mJm

M2

)1+2/(n+2)

≤ C

μ2(M/2)2

(
42+2/(n+2)

)m 1

M2+4/(n+2)
J

1+2/(n+2)
m .

Thus it is easy to see that Jm → 0 provided

J0 ≤ C∗∗ = C∗Mn+4 (μ2(M/2))(n+2) ,

which completes the proof of the lemma.

Corollary 1.5.8. There exists a non-decreasing function H(M) with 0 ≤ H(M) ≤
M/2, such that if Q(R) ⊆ QT , |u| ≤ M in M(R) for 0 < M < C1, and u(x, t) ≤ M/2
for (x, t) ∈ Q(R/2), then

|Q(R) ∩ {u ≤ M − H(M)}| ≥ H(M) |Q(R)| .
Proof. Let H(M) = Ĥ (M)/(2C1 + 1), with Ĥ (M) as in the previous lemma. We
shall argue by contradiction. Assume that the result were false. Write∫∫

Q(R)

(M − u) dx dt =
∫∫

A1

+
∫∫

A2

(1.5.30)

where

A1 = Q(R) ∩ {u ≤ M − H(M)}
A2 = Q(R) ∩ {u > M − H(M)}.
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Therefore∫∫
Q(R)

(M − u) dx dt ≤ 2 C1 |Q(R) ∩ {u ≤ M − H(M)}| + H(M) |Q(R)|

≤ Ĥ (M)|Q(R)|.
Thus using the past lemma u ≥ M/2 in Q(R/2), which contradicts the hypothesis.

Fix ε > 0, m > 0 and denote by g = gε,m ∈ C∞ a function such that g ≥ 0,
g′′ ≥ 0, 0 ≤ g′ ≤ 1 and [s − ε − 1/m]+ ≤ g(s) ≤ [s − ε]+.

Lemma 1.5.9. Let z(x, t) = g (u(x, t)). Then

zt − a(x, t)�z ≤ 0 (1.5.31)

where δ ≤ a(x, t) ≤ δ−1, δ = δ(ε, μ1(ε), μ̂1(ε), C1, n).

Proof. We have
∂z

∂t
= g′(u)

∂u

∂t

and

β ′(u)
∂u

∂t
− �u = 0.

Also,
�z = g′′(u) |∇u|2 + g′(u) �u ≥ g′(u) �u.

Define u(x, t) ≡ max{u(x, t), ε} and

a(x, t) = 1

β ′(u(x, t))
.

From our assumptions on β and u, there exists δ > 0 such that

δ ≤ a(x, t) ≤ δ−1.

If u ≤ ε, then z = g(u) = 0 and ∂z/∂t = �z = ∇z = 0 almost everywhere. Thus
(1.5.31) holds. If, on the other hand, u > ε then a(x, t) = 1/β ′(u), and β ′(u) ∂z/∂t −
�z ≤ 0 with β ′(u) > 0. Therefore (1.5.31) also holds in this case.

The following result is due to Krylov and Safonov [101]. We refer the reader to
their paper for its proof.

Theorem 1.5.10. Let w be a non-negative function in QR such that

∂w

∂t
− aij (x, t)

∂2w

∂xi∂xj

≥ 0 in QR.
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Assume that the coefficients aij satisfy

δ |ξ |2 ≤ aij (x, t) ξiξj for all (x, t) ∈ QR (1.5.32a)

and
‖aij‖L∞QR

≤ δ−1, (1.5.32b)

and that
|Q(R) ∩ {w > 1}| ≥ θ0 |Q(R)|

for some θ0 ∈ (0, 1). Then there exists a0 = a0(δ, n, θ0) such that

w(x, t0) ≥ a0 for |x − x0| ≤ R/2.

Corollary 1.5.11. Under the hypotheses of the above theorem, if

k2
n = min

{
1/5; inf

θ∈[0,1]

(
1 − (1 − θ/2)2/(n+2)

θ2

)}

there exists ã0 = ã0(δ, n, θ0) such that

w(x, t) ≥ ã0 for all (x, t) ∈ Q(knθ0R).

Proof. Let α = knθ0 and pick any t ∈ [
t0 − (αR)2, t0

]
. Then

Q(x0,t)(
√

1 − α2R) ⊆ Q(x0,t0)(R).

We also have that

|Q(x0,t0)(R) \ Q(x0,t)(
√

1 − α2 R)|
≤ (1 − (1 − α2)(n+2)/2)

∣∣Q(x0,t0)(R)
∣∣ ≤ θ0

2

∣∣Q(x0,t0)(R)
∣∣

since

1 − α2 = 1 − k2
nθ2

0 ≥ 1 −
(

1 −
(

1 − θ0

2

)2/(n+2))
=
(

1 − θ0

2

)2/(n+2)

and

1 − (1 − α2)(n+2)/2 =
(

1 −
(

1 − θ0

2

))
= θ0

2
.

Thus∣∣Q(x0,t)(
√

1 − α2 R) ∩ {w ≥ 1}∣∣ ≥ θ0

2

∣∣Q(x0,t)(R)
∣∣ ≥ θ0

2

∣∣Q(x0,t)(
√

1 − α2 R)
∣∣

and this for all t ∈ [t0 − (αR)2, t0]. Thus by the Theorem 1.5.10 there exists ã0
depending only on n, δ, and θ0 such that

w(x, t) ≥ ã0 for |x − x0| <

√
1 − α2 R

2
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for all t ∈ [t0 − (αR)2, t0]. Since α ≤ 1/
√

5, then α ≤ √
1 − α2/2. Therefore

Q(x0,t0)(αR) ⊆ Bx0(
√

1 − α2 R/2) × [t0 − (αR)2, t0]
which proves the corollary.

Corollary 1.5.12. Suppose that z(x, t) verifies

(i) z ≤ M in Q(R);
(ii) ∂z

∂t
− aij

∂2z
∂xi∂xj

≤ 0 in Q(R);
(iii) |Q(R) ∩ {z ≤ M/2}| ≥ θ0 |Q(R)| for some θ0 ∈ (0, 1).

Then there exists a0 depending only on n, δ, and θ0 such that

z(x, t) ≤ M − Ma0

2
in Q(knθ0R).

Proof. Set

w(x, t) = 2

M
(M − z(x, t)).

Then

(i) w ≥ 0,

(ii) ∂w
∂t

− aij
∂2w,

∂xi∂xj
≥ 0 in Q(R),

(iii) |Q(R) ∩ {w ≥ 1}| ≥ θ0 |Q(R)|.
Thus by the previous corollary there exists a0 = a0(n, δ, θ0) such that

w(x, t) ≥ a0 in Q(x0,t0)(knθ0R)

which implies that

z(x, t) ≤ M − Ma0

2
in Q(x0,t0)(knθ0R). �

Let QT = � × (0, T ), Q ⊂⊂ QT , and d = dist(Q, ∂pQT ). For R < d consider
Q(R) = Q(x0,t0)(R) with (x, t) ∈ Q. For the proof of Theorem 1.5.1 we shall also
need the following lemma.

Lemma 1.5.13. Given M, ε, θ0, m and z = gε,m(u) (as in Lemma 1.5.9), there exist
R∗ and σ ∗ depending only on M, ε, θ0, and the “data” (i.e., μ1, μ̂1, c1) such that

0 < R∗ ≤ d/c, 0 < σ ∗ < M/2

and for R < R∗
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(i) z ≤ M in Q(R);
(ii) if |Q(R) ∩ {z = 0}| ≥ θ0 |Q(R)|, then z ≤ M − σ ∗ in Q(knθ0R).

Proof. We observe that z verifies the conditions in Corollary 1.5.12 with δ depending
only on ε and the data (see Lemma 1.5.9). Let d0 be the constant in Corollary 1.5.12
which depends only on n, δ and θ0. Setting R∗ = R/2 and θ∗ = min{M/2, Ma0/2}
we have

z(x, t) ≤ M − Ma0

2
≤ M − σ ∗ in Q(knθ0R). �

Proposition 1.5.14. Let (x0, t) ∈ Q such that u(x0, t0) = 0. Then there exist Mk ↓ 0
and Rk ↓ 0 as k ↑ ∞ depending only on the “data” such that

|u(x, t)| ≤ Mk in Q(x0,t0)(Rk).

Proof. With the same notation as in Lemma 1.5.13 let

σ(M) = σ ∗ (H(M), M − H(M), H(M))

and

R∗(M) = R∗ (H(M), M − H(M), H(M)) .

We have

0 < σ(M) ≤ H(M)

2

and

0 < R∗(M) ≤ d

2
for M ∈ (0, C1].

Let
M1 = c1, Mk+1 = Mk − σ(Mk)

R1 = R(M), Rk+1 = min{R(Mk+1), kn H(Mk) Rk}.
Claim. |u(x, t)| ≤ Mk in Q(x0,t0)(Rk).

We shall use induction:

(1) For k = 1, |u| ≤ c1 = M1 in QT ⊃ Q(x0,t0)(R1).

(2) Assuming that

|u| ≤ Mk on Q(Rk)

we shall prove that

|u| ≤ Mk+1 on Q(Rk+1).



50 1 Local regularity and approximation theory

Set ε = ε(Mk) = Mk − H(Mk). For m > 0 define z(x, t) = gε,m(u). Thus
z ≤ [u − ε(Mk)]+ ≤ H(Mk) in Q(Rk). Also since u(x0, t0) = 0

|Q(Rk) ∩ {z = 0}| ≥ |Q(Rk) ∩ {u ≤ ε(Mk)}|
= |Q(Rk) ∩ {u ≤ Mk − H(Mk)}|
≥ H(Mk) |Q(Rk)|

by Corollary 1.5.8. Hence, by the previous lemma

z ≤ H(Mk) − σ(Mk) in Q(knH(Mk)Rk) ⊃ Q(Rk+1).

By the triangle inequality

|u| ≤
[
u − ε(Mk) − 1

m

]+
+ ε(Mk) + 1

m
≤ z + ε(Mk) + 1

m

≤ H(Mk) − σ(Mk) + ε(Mk) + 1

m
= Mk+1 + 1

m
≤ Mk+1

(since m is arbitrary in the g construction). Thus

|u| ≤ Mk+1 in Q(Rk+1).

Now it is easy to see that Mk ↓ 0 and Rk ↓ 0 as k → ∞ which finishes the proof of
the proposition.

Proposition 1.5.15. Let Mk and Rk be as in the previous proposition. Let (x0, t0) ∈ Q

such that dist((x0, t0), ∂pQ) > 2d, where d = dist(Q, ∂pQT ). Suppose that

Mk0+1 < u(x0, t0) ≤ Mk0 for some k0.

Then

u ≥ Mk0

2
in Q1

(x0,t0)(Rk0) ≡ Q′ (1.5.33)

where
Rk0 = min

{
Rk0+1; Rk0

2

}
and

Q1
(x0,t0)(R) = {(x, t) : |x − x0| < R, |t − t0| < R2}.

Proof. Suppose that (1.5.33) does not hold. Then there exists (x1, t1) ∈ Q′ such that

u(x1, t1) <
Mk0

2
.

If t1 ≤ t0, then by using induction as in the proof of the previous proposition we obtain

|u| ≤ Mk0+1 in Q(x0,t0)(Rk0+1)
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which implies that u(x0, t0) ≤ Mk0+1, impossible. Thus we have that u ≥ Mk0
2 in

Q′ ∩ {t ≤ t0}.
Suppose now that u(x1, t1) < Mk0/2, for some t1 > t0. It then follows that

(x0, t0) ∈ Q(x0,t1)(Rk0+1). Using once more the induction argument as in Proposi-
tion 1.5.14 together with u(x1, t1) ≤ Mk0/2 and Lemma 1.5.7 we obtain that |u| ≤
Mk0+1 in Q(x0,t1)(Rk0+1), i.e.,

u(x0, t0) ≤ Mk0+1 (since (x0, t0) ∈ Q(x0,t1)(Rk0+1))

which is a contradiction. Thus we have that

u ≥ Mk0

2
in Q1

(x0,t1)(Rk0)

which proves the proposition.

Proof of Theorem 1.5.1. Fix ε > 0 and (x0, t0) ∈ Q. We must find η depending only
on ε and the “data” such that

if |(x0, t0) − (x1, t1)| < η, then |u(x0, t0) − u(x1, t1)| < ε.

Call L = u(x0, t0), and without loss of generality we can assume that L ≥ 0, otherwise
we replace u by −u. We shall consider two cases:

Case 1. L ≤ ε/3.

Claim. There exist η1 > 0 depending only on ε and the “data” such that

|u(x1, t1)| <
2ε

3
for (x1, t1) ∈ B(x0,t0)(η1).

To prove this we use the induction method of Proposition 1.5.15. Without loss of
generality we can assume that ε/3 < M1/2. Then by using that Mk ↓ 0 we get that if

Mk+1

2
≤ ε

3
<

Mk

2

then |u| ≤ Mk+1 < 2ε/3 in Q(x0,t0)(Rk+1). By the same argument given in the proof
of Proposition 1.5.15 it follows that there exists η > 0 such that

|u| ≤ 2ε

3
in B(x0,t0)(η).

which proves the result.
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Case 2. L > ε/3.

Claim. There exists η2 > 0 such that

u(x, t) >
ε

6
in (x, t) ∈ B(x0,t0)(η2).

Indeed, by case 1, there exists η2 > 0 such that if for some (x1, t1), u(x1, t1) ≤ ε/6,
then u(x, t) ≤ ε/3 for every (x, t) ∈ B(x1,t1)(η2) (notice that η2 is independent of
(x1, t1)). Now let (x, t) ∈ B(x0,t0)(η2). If u(x, t) < ε/6 then u(x0, t0) ≤ 2ε/6 = ε/3
which contradicts our hypothesis. Thus u(x, t) ≥ ε/6 for any (x, t) ∈ B(x0,t0)(η). But
in this neighborhood of (x0, t0) u satisfies the equation

∂u

∂t
= a(x, t)�u.

wherea(x, t) = 1
β ′(u(x,t))

with c1 ≤ a(x, t) ≤ c2.

By the Krylov–Safonov Theorem, u|B(x0,t0)(η) is Hölder continuous with exponent
and constants depending only on ε and the “data”. In particular we obtain the desired
result.

1.6 Existence of weak solutions

This section is concerned with the existence of weak solutions of the equation

∂u

∂t
= �ϕ(u) (1.6.1)

with ϕ ∈ �a . We remind the reader that the class of nonlinearities �a is defined by the
following conditions:

(i) ϕ : [0, ∞) → R is a continuous non-negative function with ϕ(0) = 0.

(ii) there exist a ∈ (0, 1) such that for all u > 0

a ≤ u ϕ′(u)

ϕ(u)
≤ a−1.

We start by considering the existence problem in finite cylinders. Let QT = � ×
(0, T ], where � ⊂ R

n is an open bounded set. As in the previous section we denote
by β the inverse function of ϕ. Thus β : [0, ∞) → [0, ∞).

We shall study the following initial Dirichlet problem (IDP):

(β(v))t = �v in QT ,

β (v(x, 0)) = u0(x) x ∈ �,

v(x, t) = 0 (x, t) ∈ ∂� × (0, T ].

⎫⎪⎬
⎪⎭ (1.6.2)

We assume that the nonlinearity β satisfies the following conditions:
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(a) β : R → R is locally absolutely continuous.

(b) β strictly increasing with β(0) = 0.

(c) there exist μ, μ̂ and s0 > 0, such that

(i) μ is increasing on [0, s0] and decreasing on [s0, ∞) with
∫∞
s0

μ(s)ds = ∞,

(ii) μ̂ is decreasing on [0, s0] with
∫ s0

0 μ̂(s) ds < ∞,

(iii) 0 < μ(|s|) ≤ β ′(s) ≤ μ̂(|s|), for any s.

Remark. It is easy to verify that if ϕ ∈ �a , then β = ϕ−1 satisfies the hypotheses
(a), (b) and (c). In particular, in the case where ϕ(u) = um, m > 0, it follows that
β(u) = u1/m. Hence (a)–(c) are immediate.

Notation. We introduce the following notation:

W 1,1(QT ) =
{

u ∈ L2(QT ) : ∇u,
∂u

∂t
∈ L2(QT )

}
,

◦
W

1,1(QT ) = closure { η ∈ C∞(QT ) : η ≡ 0 on ∂QT } ⊂ W 1,1(QT ),

E = {ψ ∈ ◦
W

1,1(QT ) : ψ(x, T ) = 0},
◦
V 2(QT ) = L∞(

(0, T ]; L2(�)
) ∩ L2((0, T ]; H 1

0 (�)
)
.

Definition. A function v ∈ ◦
V 2 (QT ) is called a solution of the IDP (1.6.2) if β(v) ∈

L2(QT ) and∫∫
QT

(
β(v)

∂ψ

∂t
− ∇v · ∇ψ

)
dxdt =

∫
�

u0(x) ψ(x, 0) dx

for all ψ ∈ E.

Theorem 1.6.1. For any u0 ∈ L∞(�) there exists a solution v ∈ L∞(QT ) ∩ C(QT )

of the IDP (1.6.2).

Proof. Let Jn
j denote an n-dimensional mollifier which is positive, symmetric, with∫

J n
j = 1 and supp J n

j ⊆ B1/j (0). Define

u0(x) =
{

u0(x) x ∈ �,

0 otherwise,

and
u0j = (

J n
j ∗ u0

) · φj

where φj is an appropriate smooth cut-off function such that

u0j ∈ C∞
0 (�),

u0j → u0 in Lp(�), for any p < ∞
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and
‖u0j‖L∞(�) ≤ ‖u0‖L∞(�) .

Also define
ϕj = β−1

j

where
βj = (

J 1
j ∗ β

)
(s) − (J 1

j ∗ β)(0).

It is clear that

(i) βj ∈ C∞
0 (R),

(ii) βj (0) = 0,

(iii) β ′
j (s) = J 1

j ∗ β ′(s) > 0,

since β( · ) is locally absolutely continuous. Hence we have that

ϕj ∈ C∞(R),

and for any M > 0 there exists ε = ε(j, M) > 0 such that

ϕ′
j (s) ≥ ε(j, M) for |s| ≤ M .

By the classical theory of non-degenerate quasilinear equations (see [103]) we conclude
that the IDP

(uj )t = �ϕj(uj ) in QT ,

uj (x, 0) = u0j x ∈ �,

uj (x, t) = 0 on ∂� × (0, T ],

⎫⎪⎬
⎪⎭ (1.6.3)

has a classical solution uj . By the maximum principle uj ∈ L∞(QT ) with

‖uj‖L∞(QT ) ≤ ‖u0j‖L∞(�) ≤ ‖u0‖L∞(�) .

Therefore {uj }∞0 is uniformly bounded. Set vj = ϕj (uj ).
We claim that {vj } is uniformly bounded. Indeed, since the ϕj ’s are increasing and

the {uj } is uniformly bounded it suffices to show that {ϕj (r)}∞j=0 is bounded in j for
all r > 0. To this end, let r > 0 and set σj = ϕj (r) so that r = βj (σj ). Thus

r =
∫ σj

0
β ′

j (s)ds =
∫ σj

0
J 1

j ∗ β ′(s)ds.

If σj ≥ s0 + 1 then

J 1
j ∗ β ′(s) =

∫ 1/j

−1/j

J 1
j (t) β ′(s − t) dt

≥
∫ 1/j

−1/j

J 1
j (t)μ(s − t) dt ≥ μ(s − 1)
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and therefore r ≥ ∫ σj

s0+1 μ(s − 1) ds. Thus if {ϕj (r)} is not bounded it follows that
σj ↑ ∞ as j ↑ ∞, i.e.,

r ≥
∫ ∞

s0+1
μ(s − 1) ds =

∫ ∞

s0

μ(s) ds = ∞.

a contradiction. Thus we have established that {vj } is uniformly bounded.
Now we shall show that {vj } is an equicontinuous family. From the results in

Section 1.5, it suffices to prove that {βj } satisfies uniformly on j the assumptions of
Theorem 1.5.1. Thus we have to show that there exist μ1 and μ̂1 (independent of j )
such that

0 < μ1(δ) ≤ β ′
j (s) ≤ μ̂1(δ) for 0 < δ < |s| ≤ C1 (1.6.4)

where C1 is an upper bound for ‖uj‖L∞(QT ) and ‖β(uj )‖L∞(QT ).
Let μ and μ̂ as in condition (c) defining the class of nonlinearities β, with s0 =

C1 + 1. We shall show (1.6.4) for s > 0. The case s < 0 can be treated the same way.
Define

μ1(s) = 1

C1 + 1

∫ s

0
min{μ(r), μ(C1 + 1)} dr

≤ s

C1 + 1
min{μ(s), μ(C1 + 1)}

≤ min{μ(s), μ(C1 + 1)} ≤ β ′(s)

for s ≤ C1. Since μ( · ) is increasing, it follows that μ1( · ) is convex and thus for
0 < δ ≤ |s| ≤ C1 we obtain

β ′
j = J 1

j ∗ β ′(s) ≥ J 1
j ∗ μ1(s) ≥ μ1(s) ≥ μ1(δ).

Defining
μ̂∗(s) = max{ μ̂(s), μ̂(C1 + 1) }

j0 =
[

2

s

]
+ 1

(where [ ·] denotes the integer part), for j ≥ j0 it follows that

β ′
j (s) = J 1

j ∗ β ′(s) ≤ J 1
j ∗ μ̂(s) ≤ μ̂

( s

2

)
since

J 1
j ∗ μ̂(s) =

∫ 1/j

−1/j

J 1
j (t)μ̂(s − t) dt

and
|s − t | ≥ s − 1/j ≥ s − 1/j0 ≥ s/2

with μ̂ decreasing in [0, s0]. Thus

μ̂(s − t) ≤ μ̂
( s

2

)
≤ μ̂∗( s

2

)
.
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For j < j0 we have

β ′
j (s) ≤ J 1

j ∗ μ̂(s) ≤ J 1
j0

∗ μ̂∗(0) < ∞.

Set
μ̂1(s) = max

{
μ̂∗( s

2

); J 1
[ 2
j
]+1

∗ μ̂∗(0)
}

(since μ̂ is decreasing). Thus μ̂1 is decreasing and

β ′
j (s) ≤ μ̂1(s) ≤ μ̂1(δ) for 0 < δ ≤ |s| ≤ C1.

We have shown above that there exist μ1 and μ̂1 as in the assumption of the equicon-
tinuity Theorem 1.5.1 (since the μ1, μ̂1 are independent of j ).

Now {vj } is equicontinuous and uniformly bounded, therefore there exists a sub-
sequence {vjk

} such that

vjk
→ v uniformly on compacts.

We shall show next that v is a solution of the IDP (1.6.2). In fact, it is clear that

(i) v ∈ L∞(QT ) with

‖v‖L∞(QT ) ≤ sup
jk

‖vjk
‖L∞(QT ) < C1.

(ii) v ∈ C(QT ).

(iii) Also, v ∈ ◦
V 2 (QT ).

Indeed, from i) it follows that v ∈ L∞ (
(0, T ) : L2(�)

)
. From the equation∫∫

QT

(
βjk

(vjk
)
∂ψ

∂t
− ∇vjk

· ∇ψ

)
dxdt +

∫
�

u0j ψ(x, 0) dx = 0 (1.6.5)

it follows that ∫∫
QT

∣∣∇vjk

∣∣2 dxdt ≤ M. (1.6.6)

The formal proof of (1.6.6) follows by an argument similar to that given in Section 1.2.
Thus {vjk

} are bounded in L2
(
(0, T ); H 1

0 (�)
)
. Therefore, there exists a subse-

quence (with the same notation) {vjk
} such that

vjk
→ w weakly in L2((0, T ); H 1

0 (�)
)
.

Sincevjk
→ v inL2

(
(0, T ); L2(�)

)
it follows thatv = w andv ∈ L2

(
(0, T ); H 1

0 (�)
)
.

Taking j → ∞ in the equation (1.6.5) and using that

(i) βjk
→ β uniformly on compacts,

(ii) vjk
→ v uniformly on compacts and is uniformly bounded.
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(iii) ∇vjk
→ ∇u weakly in L2

we obtain that∫∫
QT

(
β(v)

∂ψ

∂t
− ∇v · ∇ψ

)
dxdt +

∫
�

u0(x) ψ(x, 0) dx = 0

which completes the proof of Theorem 1.6.1.

To finish the section let us mention how one may extend this result on R
n, with

v0 ∈ L1(Rn). Let us consider weak solutions of the initial Cauchy problem (ICP)

(β(v))t = �v in ST = R
n × (0, T ],

β (v(x, 0)) = u0(x) x ∈ �.

}
(1.6.7)

We have the following existence result for the ICP (1.6.7).

Theorem 1.6.2. For any u0 ∈ L∞(Rn)∩L1(Rn), there exists a solution v ∈ L∞(ST )∩
C(ST ) of the ICP (1.6.7).

Proof. We only give a sketch of the proof, leaving the details to the reader. For an
increasing sequence of numbers Rj ↑ ∞, let vj be a solution of the IDP (1.6.2) on

Q
j
T = BRj

× (0, T ], with BRj
= { x : |x| < Rj }. The main estimate is∫

BRj

β
(
vj (x, t)

)
dx ≤

∫
BRj

u0(x) dx. (1.6.8)

Once this has been established one uses the estimates in Section 1.2, i.e., an priori
estimate on the L∞ of the solution in terms of its L1 means.



Chapter 2

The Cauchy problem for slow diffusion

This chapter is concerned with the solvability of the Cauchy problem for the equation

∂u

∂t
= �ϕ(u) on R

n (2.0.1)

with ϕ ∈ Sa , corresponding to slow diffusion. We shall provide a complete charac-
terization of non-negative weak solutions of (2.0.1) in terms of their initial condition,
showing in particular the results B.1–B.5 stated in the Introduction.

Let us review that for a ∈ (0, 1), Sa denotes the class of nonlinearities ϕ which
satisfy the conditions:

(i) ϕ : [0, ∞) → R is a continuous non-negative function with ϕ(0) = 0.

(ii) For all u > 0, ϕ satisfies the growth conditions

a ≤ u ϕ′(u)

ϕ(u)
≤ a−1. (2.0.2)

(iii.1) There exist u0 > 0 such that for u ≥ u0

1 + a ≤ u ϕ′(u)

ϕ(u)
≤ a−1. (2.0.3)

(iii.2) u0 = 1 and ϕ(1) = 1.

2.1 Pointwise estimates and existence of initial trace

In this section we shall combine the a priori estimates of Chapter 1, Section 1.2 with the
Harnack inequality of Section 1.3 to obtain sharp upper bounds for the size of a solution
u(x, t) of (2.0.1), with ϕ ∈ Sa , on ST = R

n × (0, T ) as t → 0 and as |x| → ∞.
For simplicity of the exposition we shall first consider the case of the porous medium

equation
∂u

∂t
= �um on ST = R

n × [0, T ), m > 1 (2.1.1)

and at the end we shall explain how one can extend the result to the general class of
nonlinearities ϕ ∈ Sa .

We introduce the following notation: for μ a non-negative measure on R
n and

ρ ≥ 1 we define

|‖μ|‖ρ = sup
R>ρ

μ ({ |x| < R })
Rn+2/(m−1)

. (2.1.2)
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Notice that for 1 ≤ ρ < r , |‖μ|‖r ≤ |‖μ|‖ρ and so

|‖μ|‖∞ = lim
ρ→∞ |‖μ|‖ρ (2.1.3)

exists. We shall set |‖μ|‖ = |‖μ|‖1, and for a non-negative function on R
n, |‖f |‖ =

|‖f dx|‖.

Lemma 2.1.1. Let u be a non-negative continuous weak solution of (2.1.1). Assume
that 0 < τ < min (T , 1). Then for any δ > 0 there exists constant C = C(u, δ, m, n)

such that for τ < t < T − δ

um(x, t) ≤ 1 + C u(x, t)
l2

τ
(2.1.4)

where l = τ 1/(n(m−1)+2) (1 + |x|).
Proof. The estimate (2.1.4) is trivial if u(x, t) ≤ 1, and so we shall assume that
u(x, t) > 1.

As a consequence of the Harnack estimate we have that

B = sup
0<s<T −δ

|‖u( ·, s)|‖ ≤ C(u, T , δ).

For (ξ, s) ∈ R
n × (0, τ−1T ), set

v(ξ, s) = u(x + lξ, τ s)

γ
with γ =

(
l2

τ

)1/(m−1)

.

Then, for 0 < s < (T − δ)/τ , we have∫
|ξ |<1

v(ξ, s) dξ = l−nγ −1
∫

|x−ξ |<l

u(ξ, τ s) dξ

≤ l−nγ −1
∫

|ξ |<l+|x|
u(ξ, τ s) dξ

≤ C B l−nγ −1(1 + |x|)n+2/(m−1)

≤ C

since l−nγ −1(1 + |x|)n+2/(m−1) = 1, by the definition of l, and l ≤ 1 + |x|, if τ ≤ 1.
By Lemma 1.2.8

v(0, 1) = u(x, τ )

γ
≤ C.

Hence we conclude the estimate

u(x, τ ) ≤ C γ = C

(
l2

τ

)1/(m−1)

. �
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Remark. The estimate (2.1.4) can be rewritten in the following form:

um−1(x, τ ) ≤ 1 + C τ
− n(m−1)

n(m−1)+2 (1 + |x|2). (2.1.5)

The following result generalizes that given in Lemma 1.3.2 in Chapter 1 concerning
the existence of a trace.

Theorem 2.1.2. Let u be a non-negative continuous weak solution of equation (2.1.1).
Then there exists a measure μ on R

n with |‖μ|‖ < ∞ such that u( ·, t) → dμ in D′(Rn)

as t ↓ 0.

Proof. If η ∈ C∞
0 (Rn), it follows from (2.1.5) that∣∣∣∣

∫
Rn

[u(x, t) − u(x, τ )] η(x) dx

∣∣∣∣ =
∣∣∣∣
∫ t

τ

∫
Rn

�η um(x, s) dxds

∣∣∣∣
≤
∫ t

τ

∫
Rn

|�η| (1 + |x|2) s−σ u(x, s) dxds → 0

when τ, t → 0 since σ < 1.

To complete this section we explain how the above results extend to solutions of

∂u

∂t
= �ϕ(u) with ϕ ∈ Sa.

(i) In the definition (2.1.2) of |‖μ|‖ρ , R2/(m−1) must be replaced by 	(R2) where
	( · ) is the inverse of ϕ(u)

u
: [1, ∞) → [1, ∞).

(ii) For s > 0 and 0 < τ < 1, notice that the equation

Rn 	

(
R2

τ

)
= (1 + s)n 	

(
(1 + s)2)

has a unique solution R = R(s, τ ). Moreover there exists δ = δ(n, a) > 0 such
that

R(s, τ ) ≤ (1 + s) τ δ.

Thus in Lemma 2.1.1 the estimate (2.1.4) must read

ϕ (u(x, t)) ≤ 1 + C u(x, t)
(R(|x| , τ ))2

τ
.

2.2 Uniqueness of solutions

In this section we shall establish that the solutions in ST = R
n × [0, T ) are uniquely

determined by their initial trace. We shall present the results in the case of the porous
medium equation (2.1.1), referring the reader to [46] for the more general case of
equation (2.0.1), with ϕ ∈ Sa .

We begin with the following preliminary results.
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Lemma 2.2.1. Suppose that u, v are non-negative continuous weak solutions of the
equation (2.1.1), such that for any R > 0

lim
t↓0

∫
|x|<R

[v(x, t) − u(x, t)]+ dx = 0

where A+ = max{A, 0}. Then v ≤ u in ST .

Proof. Define w = v − u and q = χ{v>u} (characteristic function). Let η ∈ C∞
0 (Rn),

η > 0.
We claim that for 0 < τ < t < T , we have∫
Rn

η(x)w+(x, t) dx ≤
∫

Rn

η(x)w+(x, τ )dx

+
∫ t

τ

∫
Rn

�η(x)
[
vm(x, s) − um(x, s)

]+
dxds.

(2.2.1)

Indeed, by Corollary 1.1.2 in Chapter 1 it suffices to prove (2.2.1) when u and v

are smooth functions. By Kato’s inequality [98]

�(vm − um)+ ≥ q �(vm − um)

in the distribution sense (d.s.). Since ∂w+/∂t = q ∂w/∂t in the d.s. it follows that

−∂w+

∂t
+ �(vm − um)+ ≥ 0

in the d.s. Hence∫ t

τ

∫
Rn

{
−∂w+

∂t
+ �(vm − um)+

}
η(x) dxds ≥ 0

and (2.2.1) follows by integration by parts.
Let

A =
{

vm−um

v−u
if v > u,

0 otherwise.

We wish to estimate A from above using (2.1.5). In the pure power case that we are
presenting here one may easily estimate A using that A ≤ m vm−1 and therefore for
0 < t < T − δ, A ≤ C (1 + |x|2) t−σ , by (2.1.5), where σ = σ(m, n) ∈ (0, 1)

and C = C(u, v, δ, T ). However, in the more general case of equation (2.0.1), where
ϕ ∈ Sa and ϕ′(u) is not necessarily an increasing function one needs to use a different
argument.

We shall give in the sequel a proof which immediately generalizes to the more
general case. We shall first show that if v ≥ 2, then for 0 < δ < T and 0 < t < T − δ,
we have

A ≤ C (1 + |x|2) t−σ (2.2.2)
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where σ = σ(m, n) ∈ (0, 1) and C = C(u, v, δ). To prove (2.2.2) consider two cases:

(i) If 0 ≤ u ≤ v/2 and v ≥ 2 then

A ≤ 2
vm

v
= 2 vm−1 ≤ C (1 + |x|2) t−σ

by (2.1.5).

(ii) If u > v/2 and v ≥ 2 then A ≤ mzm−1, for some z ∈ (u, v). Therefore using
(2.1.5) again we obtain (2.2.2).

We next let τ ↓ 0 in (2.2.1) and use the hypothesis and (2.2.2) we obtain that for
t ∈ (0, T )∫

Rn

w+(x, t) η(x) dx ≤ C

∫ t

0

∫
|x|≤2R

(1 + |x|2)s−σ w+(x, s) |�η| dxds

+ 2
∫ t

0

∫
0≤v<2

vm |�η(x)| dxds.

(2.2.3)

For r > 1, let

Mr(t) = |‖w+( ·, t)|‖r = sup
R>r

1

Rn+2/(m−1)

∫
|x|<R

w+(x, t) dx.

Choose R ≥ r such that∫
|x|<R

w+(x, t) dx ≥ 1

2
Mr(t) Rn+2/(m−1)

and assume that η ∈ C∞
0 (Rn) satisfies

0 ≤ η ≤ 1, η ≡ 1 on {|x| < R}, supp η ⊆ {|x| ≤ 2R}
and

|�η| ≤ C

R2 .

Substituting in (2.2.3) we obtain

1

2
Mr(t) Rn+2/(m−1) ≤ C

∫ t

0

∫
|x|≤2R

(1 + |x|2)s−σ w+(x, s) |�η| dxds

+ 2
∫ t

0

∫
0≤v<2

vm |�η(x)| dxds.

Since 1 < r < R it follows that

Mr(t) ≤ C

{
t rq +

∫ t

0
s−σ Mr(s) ds

}
(2.2.4)
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where q = −2 − 2/(m − 1) for 0 < t < T − δ. Defining

F(t) =
∫ t

0
s−σ Mr(s) ds

we have that
d

dt
F (t) ≤ C

{
α t−σ+1 + t−σ F (t)

}
where α = rq , for t ∈ (0, T − δ). Note that in the pure power case we can take α = 0,
so that the above ODE readily shows that F(t) ≡ 0, since F(0) = 0 finishing the proof
of the lemma. However, for a proof that can be generalized in the case of equation
(2.0.1) one needs to continue the argument, as shown next.

It is then easy to see that

F(t) ≤ C′α for 0 < t < T − δ

where C′ = C′(u, v, δ, T ). Hence, by (2.2.4)

Mr(t) ≤ C α = C r−2− 2
m−1 .

In particular, for 1 < r < R∫
|x|<r

w+(x, t) dx ≤ C rn−2, 0 < t < T − δ. (2.2.5)

Now we shall combine (2.2.3) and (2.2.5) to improve (2.2.5). Notice that for
0 < u < v < 2 we have vm − um ≤ Cm (v − u). Hence, if R > r and η is chosen as
before, then by (2.2.3)∫

|x|<R

w+(x, t) dx

≤
∫ t

0

∫
Rn

[
vm − um

]+ |�η| dxdt

≤ C Rn+ 2
m−1

∫ t

0
s−σ Mr(s) ds + C R−2

∫ t

0

∫
|x|<2R

w+(x, s) dxds.

Dividing through by Rn+2/(m−1) and using (2.2.5) and the fact that R > r we obtain
that

Mr(t) ≤ C

∫ t

0
s−σ Mr(s) ds + C t r−2/(m−1)−4. (2.2.6)

By the same method as above, where instead of (2.2.4) we use (2.2.6), we conclude
the improved estimate∫

|x|<r

w+(x, t)dx ≤ Crn−4 for r > 1, 0 < r < T − δ. (2.2.7)
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Let h(x, t) = ∫ t

0

[
vm(x, s) − um(x, s)

]+
ds. Then, arguing as above we find using

(2.2.2) that

r−n

∫
|x|≤r

h(x, t) dx ≤ C

∫ t

0
r−n

∫
|x|≤r

w+(x, s) dxds

+ C r2−n

∫ t

0
s−σ

∫
|x|<r

w+(x, s) dxds

≤ C tr−4 + C t−σ+1r−2.

However h is subharmonic in x for every t ∈ (0, T ), because for η ∈ C∞
0 (Rn), η ≥ 0

we have∫
Rn

η(x) �h(x, t) ds ≥
∫ t

0

∫
Rn

η(x)
∂w+

∂s
dxds =

∫
Rn

η(x)w+(x, t) dx ≥ 0.

Hence as

h(x, t) ≤ Cn r−n

∫
|x−y|<r

h(y, t) dy → 0, r → ∞,

h is identically 0, which easily yields the lemma for the case n ≥ 3. For n = 1, 2 define
u∗(ξ, t) = u(x, t) with ξ = (x, y) ∈ R

n+2 and notice that u∗ solves ∂u/∂t = �um,
in R

n+2. Therefore using the result for n ≥ 3 we complete the proof.

Now we shall prove the general uniqueness result by using the approximation
technique in [45].

Theorem 2.2.2. Let u, v be continuous non-negative weak solutions of equation (2.1.1)
and assume that

lim
t↓0

[u( ·, t) − v( ·, t)] = 0 in D′(Rn)

Then u ≡ v.

Proof. Let μ be the common trace (its existence follows from Theorem 2.1.2). Pick
h ∈ C∞

0 (Rn) with 0 ≤ h ≤ 1, and denote by w(x, t, h) the solution of the porous
medium equation in R

n × (0, ∞) with initial trace hμ and supt>0

∫
w(x, t, h) < ∞.

The existence result follows from Lemma 1.3.4 and Theorem H.2 (see the Introduction),
while the uniqueness follows from Corollary 1.3.3 in Chapter 1. Moreover,

sup
t>0

∫
w(x, t, h) dx ≤

∫
h dμ < ∞

Claim. w ≤ u.

For 0 < ε < T/2, let Uε be the unique solution in R
n × (0, ∞) of the porous

medium equation with data h(x)u(x, ε) at t = 0 and

sup
t>0

∫
Uε(x, t)dx ≤

∫
h(x) u(x, ε) dx ≤ Ch
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where Ch does not depend on ε, by the Harnack estimate. For any continuous function η

lim
ε→0

∫
η(x) h(x) u(x, ε) dx =

∫
η(x) h(x) dμ.

By the compactness result in L∞(R : L1(Rn)) (Lemma 1.3.4, Chapter 1).

lim
ε→0

Uε(x, t) = w(x, t)

uniformly on compact subsets of R
n × (0, ∞). The data for Uε, namely the function

h(x) u(x, ε) belongs to L1(Rn). Moreover from Lemma 1.3.4 of Chapter 1, we have

lim
t↓0

Uε(x, t) = h(x) u(x, ε) in L1(Rn).

Thus by the continuity of u(x, t + ε) and Lemma 2.2.1

Uε(x, t) ≤ u(x, t + ε) for 0 < t < T − ε.

Hence w ≤ u in R
n × (0, T ), which proves the claim.

Now if we choose 0 ≤ hj ≤ hj+1 ≤ 1, hj ∈ C∞
0 (Rn) with limj→∞ hj (x) ≡ 1

for all x ∈ R
n, it follows that

w(x, t, hj ) ≤ w(x, t, hj+1) ≤ u(x, t).

Let
w∞(x, t) = lim

j→∞ w(x, t, hj ).

Since {wj } is locally bounded in R
n × (0, T ), from H.1 it follows that {wj } is locally

equicontinuous and hence w∞ is a continuous weak solution of the porous medium
equation in R

n × (0, T ). Let λ denote the trace of w∞. Observe that hj μ ≤ λ ≤ μ

for all j . Hence λ = μ.
Since w∞ ≤ u it follows that

lim
t→0

∫
|x|<R

|u(x, t) − w∞(x, t)|+ dx = 0 for all R > 0.

Hence u = w∞ (Lemma 2.2.1), and similarly v = w∞, which concludes the proof of
the theorem.

Corollary 2.2.3. Let u, v be solutions of the porous medium equation (2.1.1). Assume
that u, v have traces μ, ν respectively. If μ ≤ ν, then u ≤ v in ST .

Proof. Let hj ∈ C∞
0 (Rn), 0 ≤ hj ≤ hj+1 ≤ 1, and such that limj→∞ hj (x) = 1 for

all x ∈ R
n.

Let uj , vj be the solutions of the porous medium equation in R
n × (0, ∞) with

initial traces hj μ and hj ν respectively. Then uj ≤ vj since by Lemma 1.3.4 in
Chapter 1, uj = limε→0 uj,ε, vj = limε→0 vj,ε, where uj,ε, vj,ε are the solutions with
initial data ηε ∗ (hj ·μ), ηε ∗ (hj · ν) respectively, where η ∈ C∞

0 (Rn),
∫

η = 1, η ≥ 0
and ηε(x) = ε−n η (x/ε). By Lemma 2.2.1, uj,ε ≤ vj,ε and our claim follows. Since
u = lim uj and v = lim vj we obtain the result.
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Next we have the following general compactness principle.

Theorem 2.2.4. Let {uk} be a sequence of non-negative continuous weak solutions of
the porous medium equation (2.1.1). Assume that supk uk(0, T ) < C. Let μk denote
the initial trace of uk , and assume that μk converges weakly to a non-negative measure
μ on R

n. Then there exists a unique continuous weak solution to the porous medium
equation (2.1.1) such that uk converges to u uniformly on compact sets and u has
trace μ.

Proof. From the Harnack inequality in Section 1.3 of Chapter 1 and the pointwise
estimates in Section 2.1 of this chapter, it follows that for each compact set K ⊆
R

n × (0, T )

sup
k

‖uk‖L∞(K) < C(K).

From the equicontinuity result Theorem H.1 it follows that there exists w uniform local
limit of a subsequence of {uk}.
Claim. w has trace μ.

In fact on [0, T /2] we have

|‖uk( ·, t)|‖ ≤ C(uk(0, T )) ≤ C.

By the pointwise bound (2.1.5)

um−1
k (x, t) ≤ C t−σ (1 + |x|2), 0 < σ < 1,

and hence∫
Rn

[uk(x, t) − uk(x, s)] η(x) dx ≡
∫ t

s

∫
Rn

�η um−1
k (x, τ ) uk(x, τ ) dxdτ ≤ C t1−σ

independently of k, which completes the proof of the theorem.

2.3 Existence and blow up

In this section we shall study the solvability and the maximum time interval of existence
[0, T ) for the porous medium equation (2.1.1), with m > 1, shown in [20], referring
the reader to [46] for the general case ∂u/∂t = �ϕ(u), with ϕ ∈ Sa .

Lemma 2.3.1. There exists a number δ = δ(m, n) > 0 such that if |‖μ|‖ ≤ δ, there
exists a unique solution u of the porous medium equation (2.1.1) in R

n × (0, 1), with
initial trace μ.

Proof. Using Lemma 2.1.1 and Theorem 2.2.4 it is enough to show that there exist
constants δ = δ(m, n) and C = C(m, n), such that if f ≥ 0, f ∈ C∞

0 (Rn) and
|‖f |‖ < δ and u solves

ut = �um in R
n × (0, ∞),

u(x, 0) = f (x) x ∈ R
n,
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then
sup

0<t<1
|‖u( ·, t)|‖ ≤ C.

Let g(t) = |‖u( ·, t)|‖ and ηR(x) = η(x/R), where 0 ≤ η ≤ 1, η ∈ C∞
0 (Rn),

η = 1 for |x| ≤ 1, and η = 0 for |x| ≥ 2. Then∫
Rn

u(x,t) ηR(x) dx

=
∫

Rn

f (x) ηR(x) dx +
∫ t

0

∫
Rn

R−2 �η
( x

R

)
um(x, τ ) dxdτ.

(2.3.1)

For 0 < τ < 1, R > 1 define v(x, s) = u(ρx, sτ )/γ , where ρ = 2R, γ =
(ρ2/τ)1/(m−1). Thus v is again a solution of the porous medium equation. By Theo-
rem 1.2.8 in Chapter 1, we have

sup
|x|≤1

v(x, 1) ≡ sup
|x|≤2R

u(x, τ )

γ
≤ C {I θ + Iσ }

where I = sup1/2<s<1

∫
|x|<2 v(x, s) dx.

Define G(τ) = sup{g(s) : τ/2 < s < τ } so that

I ≤ G(τ) τ 1/(m−1)

and
sup

|x|<2R

u(x, τ ) ≤ Cγ { τ θ/(m−1)(G(τ))θ + τσ/(m−1) (G(τ))σ }.

Using (2.3.1) we obtain that∫
|x|<R

u(x, t)dx ≤
∫

|x|<2R

f (x)dx +
∫ t

0

∫
|x|<2R

u(x, τ ) { τσ−1 (G(τ))σ(m−1)

+ τ θ−1 (G(τ))θ(m−1) } dxdτ

and therefore

G(t) ≤ C δ + C

∫ t

0
τσ−1(G(τ))σ(m−1)+1 + τ θ−1 (G(τ))θ(m−1)+1 dτ.

It is then easy to see that there are M0 and δ0 > 0 such that if 0 < δ < δ0, then

G(τ) ≤ M0 for τ ∈ (0, 1),

finishing the proof.

Proposition 2.3.2. Let u be a non-negative continuous weak solution of the porous
medium equation (2.1.1). If μ is the initial trace of u then

|‖μ|‖∞ ≤ C T −1/(m−1). (2.3.2)
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Proof. By the Harnack inequality

∫
|x|≤R

u(x, 0)dx ≤ C

{
Rn

(
R2

T

)1/(m−1)

+ T n/2Hm(u(0, T ))

}

Dividing by Rn+2/(m−1) and letting R ↑ ∞ we obtain (2.3.2).

Theorem 2.3.3. Let μ be a positive measure with |‖μ|‖∞ < ∞. Then there exists
T = T (μ) > 0 such that μ is the initial trace of a solution u of equation (2.1.1)
defined in ST = R

n × [0, T ). More precisely there exists c = c(m, n) such that

|‖μ|‖∞ ≥ c (T (μ))−1/(m−1), (2.3.3)

where
T (μ) = sup{ T : μ is the trace of a solution u of (2.1.1) }.

Proof. For 0 < τ < ρ2, γ = (ρ2/τ)1/(m−1), we have that if u is defined in ST then
v(x, t) = u(ρ x, τ t)/γ is defined in ST τ−1 . Let λ be a measure defined by

η(x) dλ = ρ−n γ −1 η
(x

ρ

)
dμ

so that if μ is the initial trace of u then λ is the initial trace of v.
For r > 1

λ({|x| < r}) = ρ−n γ −1 μ({|x| < ρr})
≤ |‖μ|‖ρ rn γ −1(ρr)2/(m−1)

= |‖μ|‖ρ rn+2/(m−1) τ 1/(m−1).

Therefore
|‖λ|‖ ≤ τ 1/(m−1) |‖μ|‖ρ.

Suppose |‖μ|‖∞ < ∞. We pick τ such that |‖μ|‖∞τ 1/(m−1) < δ (δ as in Lemma 2.3.1)
and find ρ > 1 such that |‖μ|‖ρτ 1/(m−1) < δ. Therefore |‖λ|‖ < δ, and hence v is
defined in S1 with trace λ.

Corollary 2.3.4. μ is the trace of a solution u of the porous medium equation ∂u/∂t =
�um in S∞ = R

n × [0, ∞) if and only if |‖μ|‖∞ = 0.

2.4 Proof of Pierre’s uniqueness result

This section is concerned with the proof of the uniqueness result H.3 stated in the
Introduction. This result has been used in the previous sections and will be proven
independently of the results in those sections.
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Theorem 2.4.1. Let u, v be continuous non-negative weak solutions of ∂z/∂t = �ϕ(z)

on R
n × (0, ∞) with ϕ ∈ Sa . Assume that

sup
t>0

∫
[u(x, t) + v(x, t)] dx ≤ C

for some C > 0 and that u, v ∈ L∞(Rn × [τ, ∞)) for each τ > 0. If

lim
t↓0

∫
[u(x, t) − v(x, t)] η(x) dx = 0

for any η ∈ C∞
0 (Rn), then u ≡ v.

Proof. Define

A =
{

ϕ(u)−ϕ(v)
u−v

u 
= v,

0 u = v,

and let εk ∈ L1(Rn) ∩ L∞(Rn) ∩ C∞(Rn) such that εk > 0, and

‖εk‖L∞(Rn) + ‖εk‖L1(Rn) → 0 as k → ∞.

Also define

αk = |ϕ(u) − ϕ(v)|
|u − v| + εk

,

and
Ak = αk + εk.

Notice that Ak is continuous and strictly positive on compact sets.
Fix η ∈ C∞

0 (Rn), η ≥ 0, and pick R > 1 such that support η ⊆ BR(0).

Step 1. Denote by θR the solution of the problem

�θR = −η in BR(0),

θR = 0 on ∂BR.

Fix T > 0, and define, for any smooth positive function α : R
n+1 → R, ψ = S(α, R)

as the solution of the heat equation

ψt + α �ψ = 0 in BR × (0, T ],
ψ(x, T ) = θR(x) in BR,

ψ(x, t) = 0 on ∂BR × [0, T ].

⎫⎪⎬
⎪⎭ (2.4.1a)

Setting h = �ψ we see that

ht + �(αh) = 0 in BR × (0, T ],
h(x, T ) = −η(x) in BR,

h = 0 on ∂BR × [0, T ].

⎫⎪⎬
⎪⎭ (2.4.1b)
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By integration by parts (the same argument used in the proof of Theorem 1.1.1, estimate
(1.1.5) in Chapter 1) we obtain that∫∫

BR×[0,T ]
α (�ψ)2 =

∫∫
BR×[0,T ]

α h2 ≤ 1

2

∫
Rn

|∇η|2 dx. (2.4.2)

Also by the Classical maximum principle

0 ≤ ψ ≤ ‖θR‖∞ .

We claim that
h(x, t) ≤ 0. (2.4.3)

Indeed, by integration it follows that for τ ∈ (0, T )∫
BR

h(x, T ) ψ̃(x, T ) dx −
∫

BR

h(x, τ ) ψ̃(x, τ ) dx

=
∫ T

τ

∫
BR

( h(x, t) ψ̃(x, t))t dxdt =
∫ T

τ

∫
BR

(
ht ψ̃ + h ψ̃t

)
dxdt

=
∫ T

τ

∫
BR

(−�(αh) ψ̃ + h ψ̃t ) dxdt =
∫ T

τ

∫
BR

( ψ̃t − α �ψ̃ ) h dxdt

(2.4.4)

for any smooth function ψ̃ defined in BR × (τ, T ) which vanishes on ∂BR × (τ, T ).
In particular we choose ψ̃ to be the solution of the problem

ψ̃t − α�ψ̃ = 0 BR × (τ, T ),

ψ̃ = 0 on ∂BR × (τ, T ),

ψ̃(x, τ ) = w(x) x ∈ BR,

where w ∈ C∞
0 (BR(0)), w ≥ 0.

From (2.4.4) it follows that∫
BR

h(x, T ) ψ̃(x, T ) dx =
∫

BR

h(x, τ ) w(x) dx.

Since h(x, T ) = −η(x) ≤ 0, and by the maximum principle ψ̃ ≥ 0, we conclude that∫
BR

h(x, τ )w(x)dx ≤ 0.

Therefore h(x, τ ) ≤ 0, which proves the claim (2.4.3).
From (2.4.3) it follows that

d

dt

∫
BR

|h(x, t)| dx = −
∫

BR

ht (x, t) dx

=
∫

BR

�(αh) dx =
∫

∂BR

∂(αh)

∂n
dσ ≥ 0
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since h(x, t) ≤ 0 on BR × (0, T ), and vanishes on the boundary. Hence,∫
BR

|h(x, t)| dx

is monotone increasing, and∫
BR

|h(x, t)| dx ≤
∫

BR

η(x)dx (2.4.5)

for any t ∈ [0, T ]. Also,

∂ψ

∂t
= −α �ψ = −αh > 0 (2.4.6)

i.e. ψ( ·, t) is an increasing function. Therefore for any t ∈ (0, T )

0 ≤ ψ(x, t) ≤ θR(x). (2.4.7)

By rescaling (using that θR is a Green’s potential)∥∥∥∥∂ψ

∂n

∥∥∥∥
L∞(∂BR)

≤ C(η) R1−n. (2.4.8)

Step 2. Let b = u − v, where u, v are continuous weak solutions of ∂z/∂t = �ϕ(z).
Then

E :=
∫

BR

b(x, T ) θR(x) dx −
∫

BR

b(x, τ ) ψ(x, τ ) dx

=
∫

BR

∫ T

τ

∂

∂t
(b(x, t) ψ(x, t)) dtdx

=
∫

BR

∫ T

τ

[ �(ϕ(u) − ϕ(v)) ψ − b α �ψ ] dtdx

=
∫

BR

∫ T

τ

b (A − α)�ψ dtdx −
∫

∂BR

∫ T

τ

∂ψ

∂n
[ ϕ(u) − ϕ(v) ] dtdσ.

(2.4.9)

Denoting by H the last term above, it follows from (2.4.8) that

|H | ≤ C(η) R1−n

∫ T

τ

∫
∂BR

[ ϕ(u) + ϕ(v) ] dσdt.

Using that there exists δ ∈ (0, 1) such that

ϕ(u) ≤ C (uδ + u1/δ)
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and the hypothesis that u, v ∈ L∞(Rn × [τ, T ]) we get

|H | ≤ Cδ,τ,T (η)

{
R1−n

∫ T

τ

∫
∂BR

(u + v) dσdt (2.4.10)

+
(

R1−n

∫ T

τ

∫
∂BR

(u + v) dσdt

)δ }
. (2.4.11)

Step 3. We would like to solve (2.4.1a), (2.4.1b) with α = A. However we cannot
do this. So we use an approximation argument. Since Ak are continuous and strictly
positive on compact sets we can find aν ∈ C∞ aν > 0, with aν → Ak uniformly
on compacts. Let ψν, hν be the solutions of the (BVP) (2.4.1a), (2.4.1b) respectively
with α = aν . Let {τj } be a sequence such that T = τ0 > τ1 > · · · τj > · · · , τj → 0
as j → ∞. We consider the sequence {−hν(x, τj ) dx}. From (2.4.5) we have that

passing to a subsequence, there exists λ
(k,R)
j , the weak limit of {−hν(x, τj )dx}∞ν=0, as

ν → ∞.
Let ψ

(k,R)
j be the Green’s potential of λ

(k,R)
j . We claim that

ψ
(k,R)
j = lim

νs→∞ ψνs (x, τj ) (2.4.12)

for all x where {ψνs } is a subsequence of {ψν}.
Since ψν( ·, τj ) = GR(−hν( ·, τj )), from (2.4.5) it suffices to show that if μν → μ

weakly then for some subsequence {μνs }, GRμνs (x) → GRμ(x) for all x ∈ BR . For
any λ > 0 we have∣∣{x : |(Gμν − Gμ)(x)| > λ}∣∣

≤ ∣∣{x : |(Gεμν − Gεμ)(x)| > λ/2}∣∣ + ∣∣{x : |(Gεμν − Gεμ)(x)| > λ/2}∣∣
= |Aν | + |Bν |

where Gε(x, y) = χ{(x,y) : |x−y|<ε} G(x,y) and Gε(x, y) = G(x, y) − Gε(x, y). By
Chebishev’s inequality

|Bν | ≤ C

λ

∫
BR

∫
|x−y|<ε

Gε(x, y) |(dμν − dμ)(y)| dx = 0(ε)

since ‖dμν − dμ‖ ≤ M for any ν. On the other hand Gε ∈ C∞ therefore Gεμν(x) →
Gεμ(x) a.e. in x as v ↑ ∞. Remember that GR the Green’s potential takes finite mea-
sures into the space L

n/(n−2)∞ (BR(0)) (i.e. Ln/(n−2)(BR(0))-weak space). Combining
this with the Egorov’s theorem we obtain that Gμν → Gμ in measure as ν ↑ ∞.
Therefore for some subsequence {μνs }, we have Gμνs → Gμ a.e. in x as νs ↑ ∞.
Hence ψ

(k,R)
j (x) = limνs→∞ ψνs (x, τj ) a.e. in x.

But since ψ
(k,R)
j , ψν( ·, τj ) are Green’s potentials, every point is a Lebesgue point,

i.e.,

ψ
(k,R)
j (x) = lim

r↓0

1

|Br(x)|
∫

Br(x)

ψ
(x,R)
j (y)dy
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yielding the claim (2.4.12).
On the other hand, from (2.4.6) it follows that

0 ≤ ψ
(k,R)
j+1 (x) ≤ ψ

(k,R)
j (x) ≤ θR(x) for all x ∈ BR . (2.4.13)

Also by (2.4.5) ∫
BR

dλ
(k,R)
j ≤

∫
η(x) dx. (2.4.14)

Setting τ = τj in (2.4.9) we obtain∣∣∣∣
∫

BR

b(x, T ) θR(x) dx −
∫

BR

b(x, τj ) ψ
(k,R)
j dx

∣∣∣∣ ≤ E
(k,R)
j

where by (2.4.9), (2.4.10) and (2.4.2)

∣∣E(k,R)
j

∣∣ ≤ C(η)

[ ∫ T

τj

∫
BR

A−1
k b2(A − Ak)

2dxdt

]1/2

+ R1−n

∫ T

τj

∫
∂BR

(u + v) dσdt

+
(

R1−n

∫ T

τj

∫
∂BR

(u + v) dσdt

)δ

.

(2.4.15)

But
A−1

k b2(A − Ak)
2 ≤ C εk on BR × [τj , T ]

and thus the first term on the right hand side in (2.4.15) tends to zero as k ↑ ∞ uniformly
in R. Since

sup
t>0

∫
Rn

(u + v) dx < ∞
for some {Rl}

R1−n
l

∫
∂BRl

∫ T

τj

(u + v) dtdσ → 0 as Rl ↑ ∞.

Since ∫
dλ

(k,R)
j ≤

∫
η(x) dx

by (2.4.14), there exists a subsequence dλ
(ks ,Rs)
j such that λ

(ks ,Rs)
j → λj weakly as

s → ∞. Let ψj = Nλj = Newton potential of λj . Since ψ
(ks,Rs)
j = Gλ

(ks,Rs)
j

arguing as above we obtain that

ψ
(ks,Rs)
j → ψj a.e. in x (passing to subsequence).

Thus we have
0 ≤ ψj+1 ≤ ψj(x) ≤ θ(x) = Nη(x) for all x (2.4.16)
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and ∫
Rn

dλj ≤
∫

Rn

η(x) dx. (2.4.17)

From the Dominated Convergence Theorem and (2.4.15) it follows that∫
Rn

b(x, T ) θ(x)dx =
∫

Rn

b(x, τj ) ψj (x) dx. (2.4.18)

Define ψ∞(x) = limj→∞ ψj(x) (the convergence follows by (2.4.16)).
We claim that

{λj } converges weakly to a measure λ∞. (2.4.19)

By (2.4.17) it suffices to show that if λ is the weak limit of a subsequence {λjs } of {λj },
then λ = λ∞, where λ∞ = −�ψ∞ in D′. Indeed, if∫

Rn

λjs φ →
∫

Rn

λ φ as js → ∞

then

−
∫

Rn

ψjs � φ →
∫

λ φ

for any φ ∈ C∞
0 . But by the Dominated Convergence Theorem∫

Rn

ψjs �φ → −
∫

Rn

ψ∞ �φ =
∫

λ∞ φ.

Hence λ = λ∞. Since − ∫
Rn ψ∞ �φ = ∫

Rn λ∞ φ we obtain that ψ∞ = Nλ∞ a.e.
in x.

We next claim that
ψ∞ ≥ Nλ∞ everywhere. (2.4.20)

(Notice that we do not know if the measures are absolutely continuous therefore sets
of measure zero play an important role). To prove the claim, for ε > 0 define Kε(x) =
min{k(x), cnε2−n}, with k(x) = cn |x|2−n and Nεf = kε ∗f . Since λj → λ∞ weakly,
Nελj → Nελ∞ everywhere as j → ∞. Then since

Nελj ≤ Nλj = ψj

we have that
Nελ∞ ≤ ψ∞.

Hence Nλ∞ ≤ ψ∞, which proves the claim.
We next observe that the solutions u and v have an initial trace, as it follows from

Lemma 1.3.2 in Chapter 1. By assumption u, v have the same trace μ.
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Our next goal is to show that Nu(x, τj ) → Nμ. To this end we shall first prove
that w(x, t) = Nu(x, t) satisfies ∂w/∂t = −ϕ(u) ≤ 0, which will allow us to take
limits at t → 0. Indeed, fix τ ∈ (0, T ) and define

e(x, τ, T ) = w(x, T ) − w(x, τ) +
∫ T

τ

ϕ(u(x, t)) dt.

Then �xe ≡ 0 in D′. Also
∫
|x|<R

w(x, t)dx ≤ C Rn−2 for t ∈ (τ, T ) since w(x, t) =
Nu(x, t) and u ∈ L∞(Rn × [τ, T ]). Using that ϕ ∈ Sa we have that for u ≤ 1,
ϕ(u) ≤ ua , with a < 1. For any p > 1, we have(∫

Rn

(∫ T

τ

ϕ(u(x, t))dt

)p

dx

)1/p

≤
∫ T

τ

(∫
Rn

(ϕ(u))p dx

)1/p

dt. (2.4.21)

But if p = 1/a∫
Rn

(ϕ(u))p dx =
∫

u≥1
(ϕ(u))p dx +

∫
u<1

(ϕ(u))p dx

≤ M(τ) |{x : u ≥ 1}| +
∫

u<1
udx < ∞

where
M(τ) := sup

t∈(τ,T )

(ϕ (u(x, t)))p < ∞

by our assumptions. Then[ ∫
Rn

(∫ T

τ

ϕ (u(x, t)) dt

)p

dx

]1/p

< ∞

i.e.
∫ T

τ
ϕ(u)( ·, t) dt ∈ Lp(Rn) for some p > 1, and thus∫

|x|<R

|e(x, τ, T )| dx ≤ C Rn−δ for some δ > 0.

By the Mean Value Theorem for harmonic functions we can conclude that e ≡ 0.
Hence

w(x, τ) = w(x, T ) +
∫ T

τ

ϕ (u(x, t)) dt

which implies that w(x, τ) is differentiable in τ and

∂w

∂t
= −ϕ(u) ≤ 0.

For the sequence τj ↓ 0, it follows from the above that w( ·, τj ) is an increasing
sequence and thus its limit F(x) is a superharmonic function. Hence, F = Nμ, for
some μ ≥ 0 everywhere (passing to a subsequence we can assume that μ is the weak
limit of u( ·, τj ) as τj → 0).
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We finally claim that
b ≡ 0. (2.4.22)

Indeed, pick j ≥ k, then∫
Rn

u(x, τj ) ψj (x) dx =
∫

Rn

u(x, τj ) Nλj (x) dx =
∫

Rn

w(x, τj ) dλj

and

lim
j→∞ inf

∫
Rn

u(x, τj ) ψj (x) dx ≥
∫

Rn

u(x, τk) ψ∞(x) dx

≥
∫

u(x, τk) Nλ∞(x) dx

=
∫

Rn

w(x, τk) dλ∞

where ∫
Rn

w(x, τk) dλ∞ →
∫

F(x)dλ∞ ≡
∫

Nμ dλ∞

as k ↑ ∞.
For s > 0 let vs(x, t) = v(x, t + s), bs = u − vs and ws = Nvs . Then

0 ≤ ws ≤ Cs on R
n × [0, ∞)

and by the Dominated Convergence Theorem

lim sup
j→∞

∫
vs(x, τj ) ψj (x) dx ≤ lim sup

j→∞

∫
ws(x, 0) dλj

= lim sup
j→∞

∫
v(x, s) ψj (x) dx

=
∫

v(x, s) ψ∞(x) dx.

Hence

lim inf
j→∞

∫
bs(x, τj ) ψj (x) dx ≥

∫
[Nμ − ws(x, 0)] dλ∞ ≥ 0

consequently from (2.4.18) (with τ instead of T )∫
bs(x, τ )θ(x)dx ≥ 0.

Thus taking the limit when s ↓ 0 we obtain∫
b(x, τ ) θ(x) dx ≥ 0.
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Interchanging u and v we have that∫
b(x, τ ) θ(x)dx ≤ 0.

Therefore ∫
b(x, τ ) θ(x)dx = 0 for all θ ∈ C∞

0

which implies that b(x, τ ) = 0 for any x and any τ .

2.5 Further results

In this section we shall give a brief summary of further known results on the behavior of
solutions of the Cauchy problem for equation (2.0.1) in the slow diffusion case, which
were not covered in detail in Sections 2.1–2.4, as they are not closely related to the main
objective of this book. Most of the results which will be discussed are concerned with
the pure power case ut = �um, m > 1. This equation has been extensively studied
in the literature. We apologize for not mentioning all the known results. We refer the
reader to the survey articles [111] and [125] for a collection of known results.

1. The variable coefficient porous medium equation. We shall give here a brief
summary on how one can extend the results of this chapter to non-negative weak
solutions of the variable coefficient generalized porous medium equations

∂u

∂t
= �ϕ(x, t, u), (x, t) ∈ R

n × (0, T ) (2.5.1)

for nonlinearities ϕ which belong to the class Sa uniformly in (x, t), x ∈ R
n, t > 0,

with ϕ(0, 0, 1) = 1. Because of the (x, t) dependence, we impose the following extra
assumptions on ϕ; namely that there exist λ ∈ (0, 1) such that

(i) for every x, x′ ∈ R
n, t, t ′ > 0

λ ≤ ϕ(x, t, u)

ϕ(x′, t ′, u)
≤ λ−1; (2.5.2)

(ii) for every x ∈ R
n and t > 0, the function ϕ(x, ·, u) is differentiable in t and

λ ≤ ϕt (x, t, u)

ϕ(x′, t ′, u)
≤ λ−1 (2.5.3)

for all u ≥ 1.
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We denote by Sα,λ the class of such nonlinearities. The complete characterization
of non-negative continuous weak solutions of the Cauchy problem for (2.5.1), with ϕ

satisfying the conditions described above, is given in [51].
The existence of solutions is obtained in a similar manner as in the constant coeffi-

cient case of ϕ = ϕ(u) studied in Section 2.3 of this chapter.
To show uniqueness and existence of initial trace, one needs to establish a Harnack

inequality, similar to Theorem 1.3.7 of Chapter 1. One uses compactness arguments,
based on the fact that a uniformly bounded sequence {uk} of solutions of ∂uk/∂t =
�ϕk(x, t, uk), with ϕk ∈ Sa,λ, is equicontinuous. The difference between the variable
coefficient caseϕ = ϕ(x, t, u) and the case ofϕ = ϕ(u) is that the class of nonlinearities
Sa,λ is not compact because of the (x, t)−dependence. A subtle argument needs to be
used in order to establish certain weak compactness of the class Sa,λ.

To establish uniqueness of solutions, one combines the Harnack inequality and tech-
niques from Potential Theory. To overcome certain technical difficulties arising from
the time dependence of the coefficients, one establishes the analogue of the Aronson–
Bénilan inequality, namely the inequality

∂u

∂t
≥ −K

t
u(x, t)

with K a constant depending only on data a, λ and the dimension n. This inequality
was shown for the pure power case in [7]. Its proof in the case of equation (2.5.1) is
substantially harder and is given in [51]. We refer the reader to this paper for all the
details.

2. Changing sign solutions. We shall comment in this section on possible extensions
of the results in this chapter to the case of changing sign solutions of the porous medium
equation

ut = div(|u|m−1 ∇u) on R
n × (0, T ) (2.5.4)

for m > 1.
The Cauchy problem for changing sign solutions of (2.5.4) was studied by Bénilan,

Crandall and Pierre in [20] where the following existence and uniqueness result was
shown.

Theorem 2.5.1 ([20]). Assume that u0 ∈ L1
loc(R

n) and satisfies the growth assumption

|u0(x)| = 0(|x|2/(m−1)) as |x| → ∞. (2.5.5)

Then, there exists a unique u ∈ C([0, T ); L1
loc(R

n)) which solves (2.5.4) in the distri-
butional sense, takes on the initial data u0 and satisfies the growth estimate

|u(x, t)| = 0(|x|2/(m−1)) as |x| → ∞. (2.5.6)

locally uniformly in 0 ≤ t < T . Moreover, the existence is global (i.e., T = ∞) if
|u0(x)| = o(|x|2/(m−1)) as |x| → ∞.
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The above theorem settles the questions of existence and uniqueness of changing
sign solutions of (2.5.4) in the class u ∈ C([0, T ); L1

loc(R
n)) and with initial data

which satisfies the growth condition (2.5.5). However, the corresponding theory for
weak solutions with initial data a measure has not been developed. In particular the
uniqueness of changing sign solutions with initial data being a measure has been a
long-standing open problem.

In [123], J. L.Vazquez constructed a non-trivial solution u of equation (2.5.4) in
dimension n = 1 with zero initial data. The solution u has the self-similar form
u(x, t) = t−α U(x t−β), with β < 0 and α = (1 − 2β)/(m − 1) > 0, and satisfies

lim
t→0

u(x, t) = 0

uniformly in x on compact subsets of R. However, u becomes oscillatory as |x| → ∞
and does not satisfy the growth condition (2.5.6) locally uniformly in 0 ≤ t < T .

One basic question remains open: Let u and v be two changing sign continuous
weak solutions of equation (2.5.4) on R

n × (0, ∞) such that u, v ∈ L∞(Rn × (τ, ∞)),
for each τ > 0 and

sup
t>0

∫
Rn

|u(x, t)| + |v(x, t)| dx < ∞.

If

lim
t↓0

∫
Rn

[u(x, t) − v(x, t)] η(x) dx = 0

for all η ∈ C∞
0 (Rn), is u = v?

3. The regularity of the free boundary. We consider in this section the Cauchy
problem for the porous medium equation

ut = �um in R
n × [0, ∞),

u(x, 0) = u0 on R
n,

}
(2.5.7)

in the range of exponents m > 1, with initial data u0 non-negative, integrable and
compactly supported.

The function u represents the density of an idea gas through a porous medium,
while p = m um−1 represents the pressure of the gas. The function p satisfies the
equation

pt = p �p + r(m) |Dp|2 (2.5.8)

with r(m) = 1/(m − 1). When u = 0, then p = 0 and both of the above equations
become degenerate. This degeneracy results into the interesting phenomenon of the
finite speed of propagation: If the initial data u0 is compactly supported in R

n, the
solution u( ·, t) will remain compactly supported for all time t . Hence the boundary
of the support of u( ·, t), namely the surface �(t) = ∂{ u( ·, t) > 0 } behaves like a
free boundary propagating with finite speed. Since the equation becomes degenerate
at the free boundary where u = p = 0, the solutions u and p are not expected to be
smooth near the boundary of its support. The optimal regularity for the density u has
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been shown to be Hölder continuous and solutions are understood in the distributional
sense. On the other hand, the physical interpretation of the equation indicates that,
under ideal conditions, the free boundary should be a smooth surface and the pressure
p a smooth function up to the interface. However, this is not always the case as
advancing free boundaries may hit each other after a short time creating singularities.

In this section we shall present a short summary of the main results concerning the
regularity of the free boundary

� = ∂ supp u

under rather general initial conditions.
Caffarelli and Friedman [29], [28] showed that the interface can be always described

by a Hölder continuous function t = S(x), x /∈ supp u0, for any initial data.
In the one dimensional case the free boundary regularity is completely understood.

It has been shown in [100] and [29], that if the support of the initial data is an interval,
the free boundary consists out of two Lipschitz continuous curves x = ζi(t), with ζ1
decreasing and ζ2 increasing. Moreover, there exist waiting times t∗i so that ζi(t) are
constant for t ≤ t∗i and each ζi is C1 for t > t∗i . However at t = t∗i , ζi(t) may have
a corner, so Lipschitz is the optimal regularity [11]. Aronson and Vazquez [15] and
independently Höllig and Kreis [83] showed that for t > t∗i the curves ζi are smooth.
Moreover, it was shown in [15] that the pressure p is smooth up to the interface for
t > max(t∗1 , t∗2 ) and that it becomes concave for t sufficiently large. Bénilan and
Vazquez [19] showed that if (p0)xx ≤ −C < 0, then the concavity of the pressure p is
preserved under the flow and consequently the interfaces x = ζi(t) are concave curves.
Angenent [1] showed that for t > t∗i the curves ζi are real analytic.

In dimensions n ≥ 2 the regularity of the free boundary poses a much harder
question. The non-degeneracy of the initial pressure, namely the condition

|Dp0| + p0 ≥ μ > 0 on { p0 > 0 } (2.5.9)

is crucial for regularity. Condition (2.5.9) ensures that the free boundary will start
to move at each point for t > 0. Caffarelli, Vazquez and Wolanski [32] established
the Lipschitz regularity of the pressure p and the free boundary �, away from the
initial support, provided that the initial pressure p0 satisfies (2.5.9) and some extra
assumptions. In particular, it was shown in [32] that the free boundary is Lipschitz
continuous for t > T0, with T0 sufficiently large. This result was later improved by
Caffarelli and Wolanski in [33], where it was shown the free boundary � is C1,α , for
some α > 0. The C∞-regularity of the pressure p up to the free boundary and the free
boundary �, for large times t > T0 was recently shown by Koch [98].

The short time C∞ regularity of the pressure p up to the free boundary and the free
boundary � under the non-degeneracy condition (2.5.9) was established independently
by Daskalopoulos and Hamilton [57], [58], Koch [98] and Meirmanov, Pukhnachov,
Shmarev [108]. The main tools in [57], [58] and [98] are local Schauder estimates
and local W 2,p estimates respectively, which are scaled according to a singular metric,
which is appropriate for the degenerate problem. The short time analyticity of the free
boundary is shown in [98]. The results in [57], [58] and [98] require that the initial
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data p0 is at least of class C1,α(Ω), for some α > 0, with Ω denoting the closure of
the initial support. The short time C∞ regularity of the free boundary with Lipschitz
continuous initial data satisfying (2.5.9) remains an open question.

In [60], Daskalopoulos, Hamilton and Lee studied the convexity properties of the
porous medium equation in connection to the all-time regularity of free boundary. They
showed that if the initial data p0 is root-concave and satisfies (2.5.9), then the root-
concavity of p is preserved for t > 0. As a consequence, it was shown in [60], that the
free boundary remains smooth for all times. It is a rather interesting observation that
in space dimensions n ≥ 2 it is the concavity of

√
p and not the concavity of p that

is preserved under the flow. However, one may ask: does p become concave for large
times? The answer is indeed affirmative as was shown by Lee and Vazquez in [104].

The free boundary regularity for solutions to the slow diffusion equation ut =
�ϕ(u), under certain conditions on the nonlinearity ϕ which generalize the porous
medium equation has been studied by Daskalopoulos and Rhee in [61]. We refer the
reader to their paper for detailed statements of the results and proofs.

In the so called focusing problem one studies weak solutions to the porous medium
equation (2.5.7) whose initial support supp{u0 > 0} lies in the exterior of some compact
set, for example a ball. At a finite time T the gas will fill all the initially empty region. In
[13], Aronson and Graveleau constructed an one-parameter family {gc} of self-similar
solutions to the radially symmetric focusing problem. These solutions are an example
of self-similar solutions of the second kind, in which the self-similarity variable cannot
be determined a priori from dimensional considerations. The Aronson–Graveleau self-
similar solutions show that in more than one space dimensions the gradient of the
pressure p is infinite at the center of the empty region R at the focusing time T . This
means that the pressure p of solutions to the porous medium equation is in general not
Lipschitz continuous. The optimal Hölder exponent of the density u is unknown.

Angenent and Aronson [2], [3] showed that the focusing behavior of radially sym-
metric solutions is determined by one member of the family {gc}. In other words the
family {gc} determines the local intermediate asymptotics of the focusing process. In
[4] Angenent and Aronson construct non-radially symmetric self-similar solutions to
the porous medium equation, by showing that the family of radial self-similar solutions
{gc} undergoes a sequence of breaking bifurcations as the exponent m decreases from
m = ∞ to m = 1.

4. Time asymptotic behaviour of solutions. In this section we shall present a brief
summary of the results on the asymptotic in time behaviour of solutions of the Cauchy
problem

ut = �um in R
n × [0, T ),

u(x, 0) = u0 on R
n,

}
(2.5.10)

for the porous medium equation m > 1. Let u be a non-negative weak solution of
(2.5.10) with non-negative and integrable initial data

u0 ∈ L1(Rn) u0 ≥ 0.
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Since u0 ∈ L1(Rn), the solution u will exists up to time T = ∞ (Theorem 2.3.3). The
large time behaviour of solutions in this class is described by the one parameter family
of source type self-similar solutions

U(x, t; C) = t−αF (xt−β; C) (2.5.11)

with parameter C > 0 [17], [136], called Barenblatt solutions. The profile F is given
by the explicit formula

F(η) = (C − k η2)
1

m−1+ , k = β(m − 1)/2m (2.5.12)

and the constants α, β are given by

α = n

n(m − 1) + 2
, β = 1

n(m − 1) + 2
. (2.5.13)

The solutions U(x, t; C) have constant mass

M =
∫

U(x, t; C) dx

which is determined by the free constant C.
The asymptotic behaviour of any solution u of the Cauchy problem is described in

terms of the Barenblatt solution UM with the same mass as u, as stated in the next two
theorems.

Theorem 2.5.2. Let u(x, t) be the unique solution of the Cauchy problem (2.5.10) with
initial data u0 ∈ L1(Rn) and let UM be the Barenblatt solution with the same mass as
u0. Then, as t → ∞, we have

lim
t→∞ ‖u(t) − UM(t)‖L1(Rn) = 0.

Theorem 2.5.3. Convergence also holds uniformly in the proper scale

lim
t→∞ tα ‖u(t) − UM(t)‖L∞(Rn) = 0

with α given by (2.5.13). Moreover, for every p ∈ (1, ∞) we have

lim
t→∞ tα(p) ‖u(t) − UM(t)‖Lp(Rn) = 0

with α(p) = α(p − 1)/p.

For a number of different proofs of the above theorems we refer the reader to
Vazquez [127]. These results extend to exponents m > 1 the well-known convergence
of the solutions of the Cauchy problem to the heat equation towards the Gaussian
kernel, which implies the asymptotic behaviour

u(x, t) ∼ M

(4πt)n/2 exp(−x2/4t)
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holding under the condition u0 ≥ 0,
∫

Rn u0(x) dx = M < ∞.
The first result on the asymptotic behaviour for the Cauchy problem (2.5.10), for

m > 1, in one space dimension n = 1 and compactly supported initial data was shown
by S. Kamin [96]. Its extension to dimensions n ≥ 2 was given by Friedman and
Kamin [71]. For a detailed analysis of further results and proofs we refer the reader to
[127].



Chapter 3

The Cauchy problem for fast diffusion

This chapter is concerned with the solvability of the Cauchy problem for equations of
the form

∂u

∂t
= �ϕ(u) (3.0.1)

where the nonlinearity ϕ(u) satisfies certain growth assumptions which correspond to
fast diffusion.

In Section 3.1 we shall establish the existence of solutions, existence of initial trace
and uniqueness of solutions of the Cauchy problem for equation (3.0.1) in the super-
critical fast diffusion case ϕ ∈ Fa (as defined in the Introduction) generalizing the pure
power case ϕ(u) = um, (n − 2)/n < m < 1.

In Section 3.2 we shall study the Cauchy problem for equation (3.0.1) in the special
case where ϕ(u) = log u. This is the limiting fast diffusion equation ut = �um/m,
when m → 0. In critical dimension n = 2 this equation represents the evolution of the
conformally equivalent metric g with ds2 = u (dx2 + dy2) under the Ricci flow and
has special interesting features.

In Section 3.3 we shall give a summary of results on the solvability of the Cauchy
problem for equation (3.0.1) in the sub-critical case ϕ(u) = um, m < (n − 2)/n as
well as in the super-fast diffusion case ϕ(u) = um/m, m < 0.

3.1 The Cauchy problem for super-critical fast diffusion

In this section we shall study the class of non-negative continuous weak solutions of
equation

∂u

∂t
= �ϕ(u) on R

n × (0, T ) (3.1.1)

with 0 < T ≤ ∞. The nonlinearity ϕ is assumed to belong to the class Fa , a ∈ (0, 1),
defined by the conditions:

(i) ϕ : [0, ∞) → R is a continuous non-negative function with ϕ(0) = 0.

(ii) for all u > 0, ϕ satisfies the growth conditions

a ≤ u ϕ′(u)

ϕ(u)
≤ a−1. (3.1.2)

(iii.1) There exist u0 > 0 such that for u ≥ u0

n − 2

n
+ a ≤ u ϕ′(u)

ϕ(u)
≤ 1 − a. (3.1.3)
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(iii.2) u0 = 1 and ϕ(1) = 1.

We shall present results which were shown in [48] and completely classify the class
of continuous weak solutions of (3.1.1). The Cauchy problem for equation (3.1.1) with
ϕ(u) = um, (n−2)/n < m < 1 and L1

loc initial data was studied by Herrero and Pierre
in [81].

We begin with some preliminary estimates. We observe first that the growth as-
sumptions (3.1.2) and (3.1.3) imply the existence of numbers μ, ν and γ such that
0 < μ < 1, 0 < ν < + ∞ and γ > (n − 2)/n which depend only on a, so that, if
ϕ ∈ Fa ,

(i) ϕ(u)≤ uμ, u ≥ 1,

(ii) ϕ(u)≤ uν, 0 < u < 1, (3.1.4)

(iii) ϕ(u)≥ uγ , u ≥ 1.

We shall also need the following elementary estimate:

∫ a

b

du

A uβ + B uμ
�
{

1
B

[a1−μ − b1−μ], Ca > 2,

1
A

[a1−β − b1−β ], Ca ≤ 2,
(3.1.5)

where 0 < β < μ < 1, A > 0, B > 0, C = (B/A)1/(μ−β), and as usual � means that
the ratio is bounded above and below. (3.1.5) remains valid if β = μ, provided A = B.
Let now μ, ν be as in (3.1.4), and define β = min{μ, ν}. Then 0 < β ≤ μ < 1, and

ϕ(u) ≤ uβ, 0 < u < 1. (3.1.6)

Following Herrero and Pierre [81], for any number θ , 0 < θ < 1, and ψ ∈ S(Rn),
ψ ≥ 0 (Schwartz class) we set

Cθ(ψ) =
[ ∫

Rn

|�ψ |1/(1−θ)ψ−θ/(1−θ)

]1−θ

. (3.1.7)

Clearly Cθ(ψ) could be infinite, but if Cθ(ψ) < ∞ the same is true for Cθ(ψx0,R),
where, for x0 ∈ R

n and R > 0

ψx0,R(x) = R−n ψ

(
x − x0

R

)
. (3.1.8)

Moreover, once β, μ are fixed as above, we can find 0 ≤ ψ ≤ 1,

supp ψ ⊂ {|x| < 2},
ψ ≡ 1 on {|x| < 1}, so that Cβ(ψ) < + ∞, Cμ(ψ) < + ∞. (See the remarks after

(3.6) in [81]). We shall fix such a ψ for the remainder of this section.
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Lemma 3.1.1. Let u be a continuous non-negative weak solution of equation (3.1.1)
with ϕ ∈ Fa . Let β, μ be as in (3.1.6) and (3.1.4) respectively, and let ψ ∈ C∞

0 (Rn)

be such that A = Cβ(ψ) < + ∞, B = Cμ(ψ) < +∞. Let

G(b) =
∫ b

0

du

Auβ + Buμ

and

f (t) =
∫

Rn

u(x, t) ψ(x) dx.

Then
|G(f (t)) − G(f (s))| ≤ |t − s| for 0 < s, t < T . (3.1.9)

Proof. By the approximation result Corollary 1.1.2 of Chapter 1, the following formal
calculation is justified.

f ′(t) =
∫

Rn

ϕ(u(x, t)) �ψ(x) dx

and hence

|f ′(t)| ≤
∫

u≤1
ϕ(u(x, t)) |�ψ | dx +

∫
u>1

ϕ(u(x, t)) |�ψ | dx

≤
∫

u≤1
uβ(x, t) |�ψ | dx +

∫
u>1

uμ(x, t) |�ψ | dx

≤ Cβ(ψ) f (t)β + Cμ(ψ) f (t)μ

(by Hölder’s inequality). The lemma now follows by integrating the differential in-
equality.

Corollary 3.1.2. Let u be as in Lemma 3.1.1, ψ as above. Then, there exists C1 > 0,
C2 > 0, which depend only on β, μ, ψ and n such that, if 0 < s, t < T , and

max

{∫
Rn

u(x, t) ψx0,R(x)dx,

∫
Rn

u(x, s) ψx0,R(x) dx

}
≤ C1 (3.1.10)

then ∣∣∣∣
[∫

Rn

u(x, t)ψx0,R(x) dx

]1−β

−
[∫

Rn

u(x, s) ψx0,R(x) dx

]1−β ∣∣∣∣
≤ C2 |t − s|/R2

(3.1.11)

while if the max in (3.1.10) is bigger than C1,∣∣∣∣
[∫

Rn

u(x, t) ψx0,R(x) dx

]1−μ

−
[∫

Rn

u(x, s) ψx0,R(x) dx

]1−μ ∣∣∣∣
≤ C2 |t − s|/R2.

(3.1.12)
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Proof. Note that Cθ(ψx0,R) = R−2C0(ψ). The corollary now follows from (3.1.5)
and (3.1.9).

We are now ready to establish the existence of a trace as t ↓ 0.

Theorem 3.1.3. Let u be a continuous non-negative weak solution of (3.1.1) with
ϕ ∈ Fa . Then there exists a unique locally finite Borel measure μ on R

n, such that

lim
t↓0

∫
Rn

u(x, t) ψ(x) dx =
∫

Rn

ψ(x) dμ(x),

for all ψ ∈ C∞
0 (Rn).

Proof. Let s = T/2 and consider 0 < t < T/2. The continuity of u in R
n × (0, T )

together with Corollary 3.1.2 shows that {u(x, t)} has locally uniformly bounded mass.
Hence, given {tj } → 0, we can find a subsequence {trj } → 0, and a locally finite Borel
measure μ such that

lim
j→∞

∫
Rn

u(x, trj )ψ(x)dx =
∫

Rn

ψ(x)dμ(x)

for all ψ ∈ C∞
0 (Rn).

Suppose that {sj } → 0, and let us consider the corresponding {sθj
} and μ̃. We want

to show that μ = μ̃. However, once again, Corollary 3.1.2 applied to t = trj , s = sθj

shows that, for all x0, R, ∫
ψx0,R dμ =

∫
ψx0,R dμ̃.

The non-triviality of ψ now implies that dμ = dμ̃, and the theorem follows.

We now turn our attention to the existence of solutions in R
n × (0, ∞).

Theorem 3.1.4. Let μ be a locally finite Borel measure on R
n. Then for any ϕ ∈ Fa ,

there exists a continuous weak solution u to ∂u/∂t = �ϕ(u) in R
n × (0, ∞), such that

lim
t↓0

∫
Rn

u(x, t) η(x) dx =
∫

Rn

η(x) dμ(x) (3.1.13)

for all η ∈ C∞
0 (Rn).

Proof. Our starting point is the following classical result (Theorem 1.6.1, Chapter 1):
for any u0 ∈ C∞

0 (Rn), there exists u ∈ C([0, ∞); L1(Rn)) ∩ L∞(Rn× [0, ∞)), which
is a weak solution of ∂u/∂t = �ϕ(u) in R

n × (0, ∞) and such that u(x, 0) = u0(x).
Moreover, u is continuous in R

n × (0, ∞).
We next claim that if R ≥ 1,

∫
B4R

u0 dx ≤ M then the corresponding u are equicon-
tinuous on compact subsets of BR × (0, ∞). To establish this, note that Theorem 1.4.3
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in Chapter 1 establishes the local uniform boundedness in BR × [R2, + ∞), and hence
the equicontinuity result, Theorem 1.5.1 in Chapter 1 gives the equicontinuity there. If
t < R2, choose r2 = t < R2, and apply the same argument to Br × [r2, +∞) and its
translates, to obtain the desired equicontinuity.

Finally, note that if η ∈ C∞
0 (Rn), supp η ⊂ BR ,

∫
B4R

u0 dx ≤ M , and u is as above,
then ∣∣∣∣

∫
η(x)[ u(x, t) − u0(x) ] dx

∣∣∣∣ ≤ t CM,η. (3.1.14)

In fact ∫
η(x)[u(x, t) − u0(x)] dx =

∫ t

0

∫
Rn

�η(x)ϕ(u(x, s)) dxds

and so, by (3.1.4) (i), the left-hand side of (3.1.14) is bounded by∫ t

0

∫
Rn

|�η(x)| dx ds +
∫ t

0

∫
Rn

|�η(x)|uμ(x, s) dx ds, 0 < μ < 1.

An application of Hölder’s inequality and Corollary 3.1.2 establishes (3.1.14).
Fix now the measure μ, and pick u0,k ∈ C∞

0 (Rn) such that

lim
k→∞

∫
Rn

u0,k(x)η(x) dx =
∫

η(x) dμ(x).

We can choose u0,k so that, in addition∫
BR

u0,k(x) dx ≤ MR

where MR is independent of k. Let uR be the corresponding solutions, constructed at
the beginning of the proof. By equicontinuity (after possibly passing to a subsequence,
which we still denote {uk}), there exists a continuous weak solution u of ∂u/∂t =
�ϕ(u) such that the uk converge to u, uniformly on compact subsets of R

n × (0, ∞).
The inequality (3.1.14) now establishes (3.1.13).

Remark. The results in [25] show that, unless the left-hand inequality of the growth
condition (3.1.3) is verified (in the pure power case ϕ(u) = um), Theorem 3.1.4 fails
when μ is the delta mass at the origin. As our proof shows, this is because of the lack
of an L∞ − L1-regularizing effect, as in Theorem 1.4.3 in Chapter 1.

Finally, we turn to the uniqueness of the solution constructed in Theorem 3.1.4.
The general strategy is the one developed in [45] for the porous medium equation and
already presented in the proofs of Lemma 2.2.1 and Theorem 2.2.2. We start out with
a version of the maximum principle. Its proof follows closely that of Lemma 2.2.1.

Lemma 3.1.5. Let u, v be continuous weak solutions of (3.1.1), with ϕ ∈ Fa . Assume
that

lim
t↓0

∫
|x|<R

[v(x, t) − u(x, t)]+ dx = 0 (3.1.15)

for all R > 0, where A+ = max{A, 0}. Then v ≤ u in ST .
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Proof. Let w = v − u and let q denote the characteristic function of the set where
u < v. If u, v and ϕ are smooth, Kato’s inequality [98] shows that

�[ϕ(v) − ϕ(u)]+ ≥ q �[ϕ(v) − ϕ(u)].
Also

∂w+

∂t
= q

∂w

∂t
.

By (3.1.3), (3.1.4) and (3.1.6) we see that

[ϕ(v) − ϕ(u)]+ ≤ C { ([v − u]+)μ + ([v − u]+)β }.
Hence, (still under the assumption that u, v, ϕ are smooth) we have, for ψ ∈ C∞

0 (Rn),
ψ ≥ 0

d

dt

∫
ψ(x)w+(x, t)dx ≤

∫
ψ(x)�[ϕ(v) − ϕ(u)]+ dx

≤
∫

|�ψ(x)| [ϕ(v) − ϕ(u)]+ dx

≤ C

∫
|�ψ(x)| {([v − u]+)μ + ([v − u]+)β}

≤ C Cμ(ψ)

(∫
ψ(x) w+(s, t) dx

)μ

+ C Cβ(ψ)

(∫
ψ(x) w+(x, t) dx

)β

.

Integrating this (one-sided) differential inequality in a manner similar to the proof of
Lemma 3.1.1, using Corollary 1.1.2 of Chapter 1 to justify the formal argument above,
and using (3.1.15) we see that, if Cμ(ψ) < ∞ and Cβ(ψ) < ∞, there are constants
C1, C2 such that, if

1

Rn

∫
|x−ξ |<R

[v(x, t) − u(x, t)]+ dx ≤ C1

then (
1

Rn

∫
|x−ξ |<R

[v(x, t) − u(x, t)]+dx

)1−β

≤ C2 t R−2

while if the above quantity exceeds C1, then(
1

Rn

∫
|x−ξ |<R

[v(x, t) − u(x, t)]+ dx

)1−μ

≤ C2 t R−2,

for any R > 0, ξ ∈ R
n.

Let now

h(x, t) =
∫ t

0
[ϕ(v) − ϕ(u)]+ dx.
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It is easy to see that, for each t > 0, h is a subharmonic function of x. Hence, for
ξ ∈ R

n,

h(ξ, t) ≤ 1

ωnRn

∫
BR(ξ)

h(x, t)dx

≤ 1

ωnRn

∫ t

0

∫
BR(ξ)

[ϕ(v) − ϕ(u)]+

≤ C

Rn

∫ t

0

∫
BR(ξ)

{([v − u]+)μ + ([v − u]+)β}

≤ C

Rn

∫ t

0

[
Rn(1−μ)

(∫
BR(ξ)

[v − u]+
)μ

+ Rn(1−β)

(∫
BR(ξ)

[v − u]+
)β ]

≤ C

∫ t

0
sμ/(1−μ)R−2μ/(1−μ) + sμ/(1−β)R−2μ/(1−β) ds

+ C

∫ t

0
sβ/(1−β) R−2β/(1−β) + sβ/(1−μ)R−2β/(1−μ) ds.

For fixed t , this tends to 0 as R → ∞, and hence h(x, t) ≡ 0, which establishes the
lemma.

Our general uniqueness result now follows from the approximation procedure in
[45], Lemma 3.1.5 and the following uniqueness result due to M. Pierre [113].

Theorem 3.1.6. Let u, v be continuous non-negative weak solutions of ∂z/∂t = �ϕ(z)

on R
n × (0, ∞) with ϕ ∈ Fa . Assume that

sup
t>0

∫
[u(x, t) + v(x, t)] dx ≤ C

for some C > 0 and that u, v ∈ L∞(Rn × [τ, ∞)) for each τ > 0. If

lim
t↓0

∫
[u(x, t) − v(x, t)] η(x) dx = 0

for any η ∈ C∞
0 (Rn), then u ≡ v.

The reader may check that the proof of Theorem 2.4.1 in Chapter 2 in the case of
slow diffusion ϕ ∈ Sa also applies in the fast diffusion case ϕ ∈ Fa with the obvious
changes.

We are now ready to prove the following uniqueness theorem.

Theorem 3.1.7. Let u, v be continuous weak solutions of (3.1.1), with ϕ ∈ Fa . Assume
that

lim
t↓0

∫
u(x, t) η(x) dx = lim

t↓0

∫
v(x, t) η(x) dx

for all η ∈ C∞
0 (Rn). Then u ≡ v in ST .
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Proof. Let μ be the locally finite Borel measure on R
n which is the initial trace of u and

exists according to Theorem 3.1.3. Pick h ∈ C∞
0 (Rn), 0 ≤ h ≤ 1, and let w(x, t, h)

be a solution in R
n × (0, ∞), with initial trace h μ. By Theorem 3.1.4 at least one

such w exists. Moreover, the L∞ a priori bound, Theorem 1.4.3 in Chapter 1, shows
that any such w belongs to L∞(Rn × [τ1, τ2]), for each 0 < τ1 < τ2 < + ∞. We now
want to show that, for any such w,

sup
t>0

∫
Rn

w(x, t, h) dx < + ∞. (3.1.16)

In fact, Corollary 3.1.2 easily implies that for each t > 0, R > 0,∫
R/2<|x|<R

w(x, t, h)
dx

|x|n−2

≤
∫

R/4<|x|<2R

h(x)
dμ(x)

|x|n−2 + C t
1

1−β R
2− 2

1−β + C t
1

1−μ R
2− 2

1−μ

(3.1.17)

and hence ∫
|x|>1

w(x, t, h)
dx

|x|n−2 < +∞. (3.1.18)

Pick now ψ(x) ∈ C∞(Rn), ψ(x) > 0, ψ(0) = 1, ψ bounded, �ψ ≤ 0, ψ(x) ≤
C/|x|n for |x| > 1, |∇ψ(x)| ≤ C/|x|n−1 for |x| > 1, and let ψR(x) = ψ(x/R).
Let θN(x) be a C∞

0 (Rn) function, 0 ≤ θN ≤ 1, θN ≡ 1 for |x| < N , supp θN ⊂
{|x| < 2N}, |∇θN | ≤ C/N , |�θN | ≤ C/N2. Then, for 0 < s < t < +∞ (with
w(x, t) = w(x, t, h)),∫

w(x, t) ψR(x) dx −
∫

w(x, s) ψR(x) dx

= lim
N→∞

∫
[w(x, t) − w(x, s)] θN(x) ψR(x) dx

= lim
N→∞

∫ t

s

∫
Rn

ϕ(w(x, r)) �[θN(x) ψR(x)] dx dr

≤ lim
N→∞

∫ t

s

∫
Rn

ϕ(w(x, r)) [�θN(x)ψR(x) + 2∇θN(x)∇ψR(x)] dx dr.

If we now use the pointwise estimates for ψR, ∇ψR, �θN, ∇θN , the support properties
of the last two functions, (3.1.4), (3.1.17) and the boundedness of w in R

n × [s, t], we
see that the above limN→∞ is non-positive. Hence∫

w(x, t)ψR(x) dx ≤
∫

w(x, s)ψR(x) dx.

Moreover, (3.1.17) and our pointwise bounds on ψ show that

lim
s→0

∫
w(x, s) ψR(x) dx =

∫
h(x)ψR(x) dμ(x).
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The last expression is bounded, independently on R, and so∫
w(x, t) ψR(x) dx ≤ C.

Hence, Fatou’s Lemma implies (3.1.16) by letting R → ∞. Pierre’s uniqueness result,
Theorem 3.1.6, now shows there is only one such w(x, t, h).

Claim. We have
w(x, t, h) ≤ u(x, t). (3.1.19)

Indeed, let Uε(x, t) be a solution with initial data h(x) u(x, ε). Theorem 3.1.4 and
the above argument show that there exists exactly one such Uε, and that

sup
t>0

∫
Rn

Uε(x, t) dx ≤ C sup
0<ε<T/2

∫
h(x) u(x, ε) dx ≤ Ch (3.1.20)

where the last inequality is a consequence of Corollary 3.1.2. Moreover, for smooth η,
we have that

lim
ε→0

∫
η(x) h(x) u(x, ε)dx =

∫
η(x) h(x) dμ(x).

Note now that limε→0 Uε(x, t) = w(x, t, h). In fact, (3.1.20), Theorem 1.4.3 in Chap-
ter 1 and the equicontinuity result, Theorem 1.5.1 in Chapter 1, show that {Uε(x, t)} is
equicontinuous on compact subsets of R

n × (0, ∞). Let {Uεj
(x, t)} be a subsequence,

which converges uniformly on compact subsets of R
n × (0, ∞) to ŵ(x, t). Clearly,

ŵ(x, t) is a continuous weak solution of ∂u/∂t = �ϕ(u) in R
n × (0, ∞). We claim

that for any η ∈ C∞
0 (Rn)

lim
t↓0

∫
ŵ(x, t) η(x) dx =

∫
h(x) η(x) dμ(x). (3.1.21)

In fact, the argument leading to (3.1.14), together with the second inequality in (3.1.20)
show that ∣∣∣∣

∫
η(x) [Uε(x, t) − h(x)u(x, ε)] dx

∣∣∣∣ ≤ t Ch

which proves (3.1.21). But the uniqueness of w(x, t, h) then shows that ŵ(x, t) =
w(x, t, h) and hence limε→0 Uε(x, t) = w(x, t, h). The function Uε(x, t) belongs to
C([0, ∞); L1(Rn)) (see [111]), so that

lim
t↓0

∫
Rn

|Uε(x, t) − h(x)u(x, ε)| dx = 0.

By the continuity of u(x, t)

lim
t↓0

∫
K

|u(x, t + ε) − u(x, ε)| dx = 0,
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for each K ⊂⊂ R
n. Hence, by Lemma 3.1.5, Uε(x, t) ≤ u(x, t + ε), and thus our

claim, inequality (3.1.19), follows.
Pick now 0 ≤ hj ≤ hj+1 ≤ 1, hj ∈ C∞

0 (Rn), limj→∞ hj (x) ≡ 1. By the
construction of w(x, t, h) we have

w(x, t, hj ) ≤ w(x, t, hj+1).

Moreover, by (3.1.19), w(x, t, hj ) ≤ u(x, t). Let w∞(x, t) be a limit of some subse-
quence of w(x, t, hj ), which exists and is a continuous weak solution, by equicontinu-
ity. The solution w∞(x, t) has a trace as t ↓ 0 by Theorem 3.1.3. The trace is between
hjdμ and dμ for each j , and hence it equals dμ. Since w∞ ≤ u,

lim
t↓0

∫
|x|<R

|u(x, t) − w∞(x, t)| = 0

for all R > 0. By Lemma 3.1.5, u(x, t) = w∞(x, t). Similarly, v(x, t) = w∞(x, t),
and hence u(x, t) = v(x, t).

We finish this section with the following existence and uniqueness result.

Theorem 3.1.8. Let u be a continuous weak solution of (3.1.7), with ϕ ∈ Fa . Then
there exists a unique û in S∞ = R

n × (0, ∞), which is a continuous weak solution of
∂u/∂t = �ϕ(u) in S∞, with u = û in ST .

Proof. Let μ be the trace of u given by Theorem 3.1.3, and let û be the corresponding
solution in S∞, constructed in Theorem 3.1.4. By Theorem 3.1.7, u = û in ST .

3.2 The Cauchy problem for logarithmic fast diffusion

We consider in this section the Cauchy problem for the logarithmic fast diffusion
equation

∂u/∂t = � log u in R
n × [0, T ),

u(x, 0) = u0 on R
n,

}
(3.2.1)

with T > 0 and initial data u0 non-negative and locally integrable.
Equation (3.2.1) arises in a number of physical applications. P. L. Lions and G. Tos-

cani [105] have shown that (3.2.1) arises as a singular limit for finite velocity Boltzmann
kinetic models and Kurtz [102] has shown that it describes the limiting density distri-
bution of two gases moving against each other and obeying the Boltzmann equation.
In dimension n = 2 equation (3.2.1) arises also as a model for long Van-der-Waals
interactions in thin films of a fluid spreading on a solid surface, if certain nonlinear
fourth order effects are neglected [64], [63], [22], [23].

Equation (3.2.1) can be understood as the formal limit, as m → 0, of the fast
diffusion equation

∂u

∂t
= �

(
um

m

)
.
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Let us note that equation (3.2.1) corresponding to fast diffusion with exponent m = 0
in dimension n = 2 is critical, since m = (n − 2)/n defines the critical exponent in
the sense of [81].

It has been observed by S. Angenent and L. Wu [133], [134] that equation (3.2.1)
in the critical dimension n = 2 represents the evolution of the conformally equivalent
metric g with ds2 = u (dx2 + dy2) under the Ricci flow, which evolves a metric
ds2 = gij dxidxj by its Ricci curvature Rij with

∂gij

∂t
= −2 Rij .

The equivalence follows easily from the observation that the conformal metric gij =
u Iij has scalar curvature R = −(� log u)/u and in two dimensions Rij = 1

2 R gij .
R. Hamilton [77] used the Ricci flow on compact surfaces to obtain new proofs of the
uniformization theorem for Riemann surfaces, the topological classification of surfaces,
and the topological type of the diffeomorphism group of surfaces. We refer the reader
to Hamilton [77], [78], [78], Wu [133], [134] and Cao and Chow [34] for related works.

Our aim in this section is to present recent results regarding the solvability and
well-posedness of the Cauchy problem (3.2.1). We shall concentrate our discussion
on dimensions n ≥ 2, giving special emphasis to the critical case n = 2, where many
interesting phenomena can be observed with important geometric applications.

The one-dimensional problem (3.2.1) is by now well understood, due to a number
of works. We refer the reader to the works [69], [115], [98] and their references for
detailed results.

Part I. The Cauchy problem (3.2.1) in critical dimension n = 2. We shall present
a characterization of the solvability of (3.2.1) in the critical dimension n = 2 in terms
of its initial condition u0, revealing some of the very interesting and complex structure
of its solution set.

The first result shown in [53] (see also [92] and [131] for the radially symmetric case)
provides a necessary and sufficient condition for solvability: it states, in particular, that
there exists a solution defined up to time T ≤ +∞, if and only if

∫
R2 u0 dx ≥ 4π T .

Theorem 3.2.1. Assume that u0 
≡ 0. Then there exists a positive classical solution u

to problem (3.2.1) on R
2 × [0, T ) with

T = 1

4π

∫
R2

u0(x) dx ≤ +∞.

In particular, if
∫

R2 u0 dx = +∞, then (3.2.1) admits a globally defined classical
solution.

Conversely, if there is a solution to problem (3.2.1) on R
2 × [0, T ), then

T ≤ 1

4π

∫
R2

u0(x) dx. (3.2.2)
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Moreover, ∫
R2

u(x, t) dx ≤
∫

R2
u0 dx − 4πt (3.2.3)

for all t < T .

Thus, in particular all solutions to problem (3.2.1) must cease to exist by vanishing
before time (1/4π)

∫
R2 u0 dx. In addition, the maximal solution of Theorem 3.2.1 is

uniquely characterized by its behavior at infinity, as shown by Rodriguez, Vazquez and
Esteban in [117], and stated next.

Theorem 3.2.2. Assume that u0 
≡ 0 with
∫

R2 u0 dx < +∞. Then the maximal
solution u of (3.2.1) is uniquely characterized by the minimal decay condition

1

u(x, t)
≤ O

( |x|2 log2 |x|
2t

)
as |x| → +∞ (3.2.4)

locally uniformly in (0, T ).

On the other hand, a strong non-uniqueness phenomenon takes place: given any
integrable initial data u0, we may find solutions which vanish at any given time less
than or equal to (1/4π)

∫
R2 u0.

Theorem 3.2.3. Assume
∫

R2 u0 dx < +∞. Then, for every μ > 0, there exists a
solution uμ to problem (3.2.1) on R

2 × [0, T ) with

T = Tμ = 1

2π(2 + μ)

∫
R2

u0 dx,

with the property that∫
R2

uμ(x, t)dx =
∫

R2
f (x) dx − 2π(2 + μ)t, (3.2.5)

for all t < Tμ.

For a solution u of (3.2.1) with integrable initial data u0, we define the function
φ(t) ∈ L1(0, T ] by the relation∫

R2
u(x, t) dx =

∫
R2

u0(x) dx − 2π

∫ t

0
φ(s) ds. (3.2.6)

The following generalization of Theorem 3.2.3 has been shown in [53] (see also
[92]).

Theorem 3.2.4. Assume that
∫

R2 u0 dx < ∞ and that u solves (3.2.1). Let φ(t) be
the function defined by (3.2.6). Then φ ∈ L1((0, T ]) and φ(t) ≥ 2. Conversely, if
φ ∈ L1((0, T ]) with φ(t) ≥ 2, then there exists a solution u to (3.2.1) such that (3.2.6)
holds.
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It is shown by Vazquez et al. [131] that in the radially symmetric case the function
φ(t) in (3.2.6) is related to the flux of the solution u = u(r, t) at infinity, namely

lim
r→+∞

r ur(r, t)

u(r, t)
= −�(t) (3.2.7)

with �(t) = ∫ t

0 φ(s) ds.

We shall next present the proofs of Theorems 3.2.1, 3.2.2 and 3.2.3. We refer the
reader to [53] for the proof of Theorem 3.2.4. We shall first prove the existence of the
intermediate solutions uμ, corresponding to μ > 0, stated in Theorem 3.2.3. We shall
then proceed with the construction and characterization of the maximal solution, stated
in Theorems 3.2.1 and 3.2.2.

Because of the flux condition (3.2.7), solutions which satisfy (3.2.5) are expected,
at least formally, to decay at infinity as the power |x|−(2+μ). Having this in mind, we
first solve the boundary value problem

∂u/∂t = � log u in BR × [0, ∞),

u(x, t) = R−(2+μ) on ∂BR × (0, ∞),

u(x, 0) = u0(x) x ∈ BR.

⎫⎪⎬
⎪⎭ (3.2.8)

on a sequence of expanding cylinders BRn × [0, ∞). We then use specific solutions as
barriers in an average sense to show that the limit of those solutions along a subsequence
of Rnk

→ ∞ is a solution which satisfies (3.2.5).
In the next proposition we state the existence of certain special, traveling wave-

like solutions to equation ut = � log u, which will play a main role in the proof of
Theorem 3.2.3. These solutions were constructed by Hamilton in [77] following a
detailed ODE analysis.

Proposition 3.2.5. Given any numbers K > 0 and μ > 0, there exists a radially
symmetric smooth positive solution v(x, t) to equation ut = � log u on R

2 × (0, T ),
with T = K/2π(2 + μ) such that∫

R2
v(x, t) dx = K − 2π(2 + μ)t for all t ∈ [0, T ). (3.2.9)

Proof. It suffices to show that for each μ > 0, there is a radially symmetric solution
w(r, t) to the equation ut = � log u, with T = 1, which satisfies∫ ∞

0
w(r, t) r dr = (1 − t) (2 + μ)

since, for such solution w, the function

v(r, t) = K

2π(2 + μ)
w

(
r,

2π(2 + μ)

K
t

)
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is a solution to (3.2.1) which satisfies (3.2.9). When μ = 2, we just set w to be the
explicit solution of the equation

w(r, t) = 8(1 − t)

(1 + r2)2 . (3.2.10)

Assume next that μ > 2. We look for a solution w of the form

w(r, t) = (1 − t)
g(log r − γ log(1 − t))

r2 (3.2.11)

where γ > 0 is to be determined in terms of μ. A direct computation shows that g

must satisfy the differential equation{
g′

g

}′
+ g − γg′ = 0, y ∈ (−∞, ∞). (3.2.12)

This equation has been analyzed in [77]. In particular, it is shown there that given any
numbers α > β > 0, there is a choice of γ > 0 such that there exists a solution g(y)

to (3.2.12) which admits expansions of the form g(y) = a1e
−αy + a2e

−2αy + · · · as
y → +∞ and g(y) = b1e

βy + b2e
2βy + · · · as y → −∞.

Let us choose β = 2 and α = μ. Note that this choice makes the associated w

in (3.2.11) non-singular and a solution of ut = � log u, up to r = 0. Moreover, we
have that (g′/g)(+∞) = −μ and (g′/g)(−∞) = +2. Hence, integrating (3.2.12) we
obtain

2 + μ =
∫ ∞

−∞
g(y) dy

from where relation (3.2.9) readily follows.
Finally, assume 0 < μ < 2. In this case we take α = 2 and β = −μ and choose

γ > 0 and g as above. Let us now set

w(r, t) = (1 − t)
g(− log r − γ log(1 − t))

r2 .

This w defines a solution of (3.2.1) with the desired properties, thus finishing the proof.

Before we proceed with the proof of Theorem 3.2.3, we introduce the operator

G∗
R(h)(x) =

∫
R2

[GR(x, y) − GR(0, y)] h(y) dy, (3.2.13)

where for R > 0, GR(x, y) denotes the Green’s function for the ball BR = {x : |x| ≤
R}, given by

GR(h)(x, y) =
{

1
2π

{log(|x − y|) − log(| |x| y
R

− R x
|x| |)} x 
= 0,

1
2π

{log(|y|) − log(R)} x = 0.
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Notice that if h is bounded, then

�G∗
R(h)(x) = h(x) for all x ∈ BR (3.2.14)

while if h is smooth and constant on ∂BR , then

G∗
R(�h)(x) = h(x) − h(0) for all x ∈ BR . (3.2.15)

Proof of Theorem 3.2.3. We shall first show the result under the assumption that the
initial data u0 is in C∞

0 (R2). The general case will follow by approximation.
To simplify the notation we shall omit the subscript μ from u and T . For R > 0

and ε ∈ (0, 1), let uR
ε denote the unique solution to problem (3.2.8) with initial data

uR
ε (x, 0) = u0(x)+ε. Existence and uniqueness of uR

ε follow from the standard theory
of non-degenerate quasilinear parabolic equations [103].

Consider G∗
R(u0), as defined in (3.2.13). It is easy to show that if the support of u0

is contained in the ball BR0 , then for all R ≥ R0 and all x ∈ BR , we have

G∗
R(u0)(x) =

(∫
R2

u0 dx

)
· log(|x| + 1), (3.2.16)

where the function θ(x) is locally bounded with

θ(x) = o(log(|x| + 1)) as |x| → ∞. (3.2.17)

For a small number δ > 0, let vT −δ , vT +δ denote the specific radially symmetric
solutions of Proposition 3.2.5, with initial mass∫

R2
vT −δ(x, 0) dx = 2π(2+μ)(T −δ) and

∫
R2

vT +δ(x, 0) dx = 2π(2+μ)(T +δ).

Since
∫

R2 u0 dx = 2π(2 + μ)T , it follows from (3.2.16) and (3.2.17) that

−lδ + G∗
R(vT −δ( ·, 0))(x) ≤ G∗

R(u0)(x) ≤ G∗
R(vT +δ( ·, 0))(x) + lδ

for some non-negative constant lδ .
We would like to show that if uR = limε→0 uR

ε , then there exists a sequence Rj ↑ ∞
and a non-negative constant Lδ , which can be chosen to be independent of Rj , such
that

−Lδ + G∗
Rj

(vT −δ( ·, t))(x) ≤ G∗
Rj

(uRj ( ·, t))(x)

≤ G∗
Rj

(vT +δ( ·, 0))(x) + Lδ.
(3.2.18)

for all |x| ≤ Rj and 0 ≤ t ≤ T − 2δ. We begin by showing the left hand side of
(3.2.18). Set

W(x, t) = G∗
R(uR

ε ( ·, t) − vT −δ( ·, t))(x).
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Using the maximum principle we shall prove that W(x, t) ≥ −Lδ , for |x| ≤ R,
0 ≤ t ≤ T − 2δ. Indeed, since both functions uR

ε and vT −δ are constant on ∂BR , we
can compute using (3.2.15) that

∂W

∂t
= G∗

R

(
�[log uR

ε − log vT −δ]) = a(x, t)�W − b(t) (3.2.19)

where

a(x, t) = log uR
ε − log vT −δ

uR
ε − vT −δ

and
b(t) = log uR

ε (0, t) − log vT −δ(0, t) ≤ B

with B depending only on ‖u0‖∞ and δ. Therefore, if we set W = W + Bt , then W

satisfies the differential inequality

∂W

∂t
≥ a(x, t) �W

on BR × (0, T − δ). At t = 0 we have

W(x, 0) = W(x, 0) ≥ −lδ.

To see what happens on the lateral boundary, we first observe that for the special
solution vT −δ there exist constants c1(δ) and c2(δ), such that for 0 ≤ t ≤ T − 2δ,

c1(δ)

R2+μ
≤ vT −δ(R, t) ≤ c2(δ)

R2+μ

if R ≥ R0, with R0 sufficiently large. It follows that for |x| = R ≥ R0, 0 ≤ t ≤ T −2δ

∂W(x, t)

∂t
= log uR

ε (x, t) − log vT −δ(x, t) − b(t) + B ≥ 0

if B is chosen sufficiently large, which implies that for |x| = R, 0 ≤ t ≤ T − 2δ we
have

W(x, t) ≥ W(x, 0) ≥ −lδ.

We can apply now the maximum principle to conclude that W(x, t) ≥ −lδ . Hence, by
letting ε → 0, we obtain for 0 ≤ t ≤ T − 2δ the inequality

G∗
R(uR( ·, t))(x) ≥ G∗

R(vT −δ( ·, t))(x) − Lδ (3.2.20)

with Lδ = lδ + BT .
Before we show the right hand side of (3.2.18) we shall first construct the solution u.

Taking spherical averages on both sides of (3.2.20) we obtain∫ r

0

ds

2πs

∫
Bs

uR(x, t) dx ≥
∫ r

0

ds

2πs

∫
Bs

vT −δ(x, t) dx − Lδ
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for 0 < r < R and 0 < t ≤ T − 2δ. Remembering that the special solutions vT −δ

have the form

vT −δ(x, t) = (T − t − δ)+
g(log |x| + log α(t))

|x|2 ,

with α(t) = ((T − δ)/(T − t − δ))γ and
∫

g(y) dy = 2 + μ, and computing that∫ r

0

ds

2πs

∫
Bs

vT −δ(x, t) dx = (T − t − δ)+
∫ rα(t)

0

ds

2πs

∫
Bs

g(log |x|) dx,

we deduce that by choosing Lδ sufficiently large we can make∫ r

0

ds

2πs

∫
Bs

vT −δ(x, t) dx ≥ (2 + μ)(T − t − 2δ) log(1 + r) − Lδ,

for all r > 0. Therefore, we have∫ r

0

ds

2πs

∫
Bs

uR(x, t) dx ≥ (2 + μ)(T − t − 2δ) log(1 + r) − Lδ. (3.2.21)

Basic Claim. Given a number δ > 0 and an increasing sequence Rj ↑ ∞, there exists
a subsequence, still denoted by {Rj }, such that the sequence of solutions uRj converges
uniformly on compact subsets of R

2 × (0, T − 3δ] to a solution uδ of (3.2.1).

To show the claim, we begin by observing that there exists a point x0 ∈ R
2 such

that
lim sup
Rj →∞

uRj (x0, T − 2δ) > 0. (3.2.22)

Indeed, if limj→∞ uRj (x, T − 2δ) = 0, for all x ∈ R
2, then from Dominated conver-

gence we conclude that

lim sup
j→∞

∫ r

0

ds

2πs

∫
Bs

uRj (x, T − 2δ) dx = 0,

for all r > 0, which contradicts (3.2.21). It follows from (3.2.22) that we can choose
a subsequence, still denoted by {Rj }, such that

uRj (x0, T − 2δ) ≥ c > 0 for all j ≥ j0. (3.2.23)

For r > 0 and s ∈ (0, T − 3δ) set K = Br(x0) × (s, T − 3δ] and let j ≥ j0 be
sufficiently large so that the cylinder BRj

× (0, T ) strictly contains K . We shall show
that (3.2.23) implies the estimate from below

uRj (y, τ ) ≥ c(K) > 0 for all j ≥ j0, (y, τ ) ∈ K . (3.2.24)

This will be a consequence of the following Harnack type estimates, satisfied by all
solutions uRj , namely the inequalities

(πρ)−2
∫

Bρ(y0)

(− log u)(x, t) dx ≤ (− log u)(y0, T −2δ)− log t +CδMρ2 (3.2.25)
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and

(− log u)(y0, t) ≤ (πρ)−2
∫

Bρ(y0)

(− log u)(x, t) dx − M ρ2

t
, (3.2.26)

holding for all ρ > 0 such that Bρ(y0) ⊂⊂ BRj
(0) and t ∈ (0, T − 3δ]. Here M

is an upper bound for the initial data u0. The estimate (3.2.25) is proven in [124]
(Lemma 6) by testing the equation by a suitable Green’s function and integrating by
parts. The estimate (3.2.26) can be easily proven in a similar manner, by multiplying
the inequality � log u ≤ u/t by the Green’s function used in [124] and integrating.
Since their proof is quite standard we omit the details, referring the reader to [124] for
a detailed proof.

From (3.2.23) and (3.2.25) and we obtain∫
Bρ(x0)

(− log uRj )(x, t) dx ≤ C(ρ, δ) − log t, 0 < t ≤ T − 3δ. (3.2.27)

Thus if (y, τ ) ∈ K and ρ = 2r , (3.2.25) and (3.2.26) imply that

(− log uRj )(y, τ ) ≤ C(K)

∫
Bρ(x0)

(− log uRj )(x, τ ) dx ≤ C(K)

which yields (3.2.24).
Since the sequence of solutions {uRj } is uniformly bounded from above by ‖u0‖∞,

it follows from (3.2.23) and the classical theory of parabolic equations that the sequence
{uRj } is equicontinuous on compact subsets of R

2 × (0, T − 3δ]. Hence, there exists
a subsequence, still denoted by {uRj }, which converges uniformly on compact subsets
of R

2 × (0, T − 3δ] to a function uδ .
It remains to show that uδ is a solution of (3.2.1) on R

2 ×(0, T −3δ]. It is clear that
uδ satisfies the equation (3.2.1) in the distributional sense, since each uRj does. Also,
because uδ ≤ ‖u0‖∞, it follows from (3.2.27) that log uδ ∈ L1

loc(R
2 × [0, T − 3δ]),

with ∫
Br(0)

| log uδ(x, t)| dx ≤ C(‖u0‖∞, r, δ)| log t |.

It remains to show that uδ( ·, τ ) → u0 in L1
loc(R

2) as τ → 0. Indeed, observe first that
for r > 0, (3.2.27) implies that∣∣∣∣

∫
Br(0)

uδ(x, τ ) dx −
∫

Br(0)

u0(x) dx

∣∣∣∣ ≤ C(δ, r)

∫ τ

0
| log t | dt. (3.2.28)

Moreover, if for ε > 0, uε denotes the unique solution to (3.2.1) with initial data
uε( ·, 0) = u0 + ε, then uδ ≤ uε (see [52], Theorem 1.2) and therefore we have∫

Br(0)

[uδ(x, τ ) − u0(x)]+ dx ≤
∫

Br(0)

[uε(x, t) − u0(x)]+

≤
∫

Br(0)

|uε(x, τ ) − uε(x, 0)| dx + |Br(0)| ε.
(3.2.29)
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We then easily conclude that∫
Br(0)

|uδ(x, τ ) − u0(x)| dx → 0 as τ → 0

which proves the desired result.
In order to construct a solution which is defined up to time T and satisfies (3.2.5)

we shall combine (3.2.21) with the following estimate from above∫ r

0

ds

2πs

∫
Bs

uδ(x, t) dx ≤ (2 + μ)(T − t + 2δ) log(r + 1) + Lδ (3.2.30)

holding for all 0 < r < R and 0 < t ≤ T − 2δ. It is easy to observe that (3.2.30)
follows from the right hand side of (3.2.18) by taking spherical averages, computing
that ∫ r

0

ds

2πs

∫
Bs

vT +δ(x, t) dx ≤ (2 + μ)(T − t + 2δ) log(r + 1) + Lδ

for all r > 0 and letting Rj → ∞. Hence, we need to show the right hand side of
(3.2.18). We shall use again the maximum principle. As before, we shall apply the
maximum principle to the function

Z(x, t) = G∗
R(uR

ε ( ·, t) − vT +δ( ·, t))(x),

which satisfies the equation ∂Z/∂t = d(x, t)�Z − e(t) with

d(x, t) = log(uR
ε ( ·, t)) − log(vT +δ( ·, t))

uR
ε ( ·, t) − vT +δ( ·, t)

and
e(t) = log u

Rj
ε (0, t) − log vT +δ(0, t).

To bound the coefficient e(t), we notice that from (3.2.24), we have u
Rj
ε (0, T −2δ) ≥ c,

for some positive constant c depending only on δ. Moreover, each of the solutions u
Rj
ε

satisfies the Aronson–Bénilan inequality ut ≤ u/t, which by integration gives

log u
Rj
ε (0, t) ≥ log u

Rj
ε (0, T − 2δ) − log(T − 2δ) + log t ≥ C(δ) + log t.

Hence, e(t) ≥ −E + log t , for some constant E = E(δ) and thus is we set E(t) =
Et + ∫ t

0 log s ds and Z = Z + E(t), then Z satisfies

∂Z

∂t
≤ d(x, t)�Z.

At t = 0 we have Z(x, 0) = Z(x, 0) ≤ lδ . Moreover, by choosing the constant E

sufficiently large we can show as we did for W that ∂Z/∂t ≤ 0 on |x| = R, and
conclude that Z ≤ lδ on the lateral boundary of BR(0)× (0, T −2δ). Therefore, by the
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maximum principle Z ≤ lδ which implies the right hand side of (3.2.18) for R = Rj ,
if Lδ is chosen sufficiently large.

We have shown that the solution uδ satisfies

− Lδ

log(r + 1)
+ (2 + μ)(T − t − 2δ)

≤ 1

log(r + 1)

∫ r

0

ds

2πs

∫
Bs

uδ(x, t) dx

≤ Lδ

log(r + 1)
+ (2 + μ)(T − t + δ)

(3.2.31)

for all r > 0 and 0 ≤ t ≤ T − 2δ. A simple computation shows that if h is a bounded
integrable function then

lim
r→∞

1

log(r + 1)

∫ r

0

ds

2πs

∫
Bs

h(x) dx → 1

2π

∫
R2

h(x) dx.

Thus setting uk = uδ χ|x|≤k and using the right hand side of (3.2.31) we can deduce
that ∫

|x|≤k

uk(x, t) dx ≤ 2π(2 + μ)(T − t − 2δ),

for 0 ≤ t ≤ T − 2δ. It follows from the Monotone Convergence Theorem that∫
R2 uδ(x, t) dx < ∞ and therefore we can use again (3.2.31) to conclude that

(2 + μ)(T − t − δ) ≤ 1

2π

∫
R2

uδ(x, t) dx ≤ (2 + μ)(T − t + 2δ). (3.2.32)

It remains to construct a solution u of the problem (3.2.1) which is defined up
to time T and satisfies (3.2.5). To this end, choose a decreasing sequence δk ↓ 0
and starting with any increasing sequence Rj ↑ ∞, let R1

j be a subsequence such

that u
R1

j → uδ1 uniformly on compacts of R
2 × (0, T − 3δ1]. We construct uδk

inductively. Suppose uδk−1 = lim
Rk−1

j →∞ u
Rk−1

j , then let Rk
j be a subsequence of

Rk−1
j such that u

Rk
j converges uniformly on compact subsets of R

2 × (0, T − 3δk] and

set uδk = limRk
j →∞ u

Rk
j . By construction we have uδk = uδk−1 on R

2 × (0, T −3δk−1)

and therefore if we define u(x, t) = uδk (x, t), if 0 < t ≤ T − 3δk , it is clear that u is
the desired solution defined on R

2 × (0, T ). Moreover, it follows from (3.2.32) that u

satisfies the important identity (3.2.5).
To remove the assumption that u0 ∈ C∞

0 , choose an increasing sequence uk
0 ∈ C∞

0 ,
such that ‖uk

0 −u0‖L1(R2) → 0 and let uk be the solution of the problem (3.2.1) defined
on R

2 × (0, Tk), with Tk = 1/(2π(2 + μ))
∫

R2 uk
0, as constructed above. Each of the

uk satisfies∫
R2

uk(x, t) dx =
∫

R2
uk

0(x) dx − 2π(2 + μ)t, 0 ≤ t ≤ Tk. (3.2.33)
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Moreover, from the previous construction it is easy to deduce that the sequence uk is
increasing. Therefore if we set

u(x, t) = lim
k→∞ uk(x, t) for (x, t) ∈ R

2 × (0, T ),

we can easily conclude from (3.2.33) and monotone convergence that u( ·, t) ∈ L1(R2),
for all t ∈ (0, T ) and satisfies (3.2.5). Moreover, since (log u)+ ≤ u and u ≥ uk , we
have that log u ∈ L1

loc(R
2 × [0, T )). It follows in a similar manner as above, that

u satisfies (3.2.1) in the sense of distributions and that u( ·, τ ) → u0 in L1
loc(R

2) as
τ → 0. The proof of the theorem is now complete.

Proof of Theorem 3.2.1. For simplicity we shall assume that u0 is uniformly bounded.
The general case follows again by an approximation argument. We refer the reader to
[52] for the details.

For ε > 0, we let uε denote the solution of problem (3.2.1) with initial data u0 + ε.
Standard arguments show that this solution is unique and globally defined in time.
Moreover, one may observe that uε ≥ u for all ε > 0 (see [52], Theorem 1.2 for a
detailed proof of this claim). We shall estimate uε. For a radial integrable function g,
denote

N(g)(r) = 1

2π

∫ r

0

1

s

∫
|x|≤s

g(x) dx

and observe that if g(r) denotes the spherical averages of g, then

N(�g)(r) = g(r) − g(0).

Thus, applying the operator N to the equation and then integrating in time on [0, T −δ],
we obtain

−
∫ T −δ

0
log uε(r, t) dt +

∫ T −δ

0
log uε(0, t)dt

= −N(uε( ·, T − δ))(r) + N(u0 + ε)(r).

(3.2.34)

Now, since uε satisfies the Aronson–Bénilan inequality, ut/u ≤ 1/t , we have that

−
∫ T −δ

0
log uε(0, t) dt

≤ −(T − δ) log uε(0, T − δ) −
∫ T −δ

0
log

(
s

(T − δ)

)
ds

(3.2.35)

Using (3.2.34), (3.2.35) and Jensen’s inequality we get

−
∫ T −δ

0
log uε(r, s) ds ≤ N(u0)(r) + C∗ + Aεr2

≤ log r

2π

∫
R2

u0 dx + o(log r) + Aεr2
(3.2.36)



3.2 The Cauchy problem for logarithmic fast diffusion 105

where the constant C∗ is given by the right hand side of (3.2.35). Since uε(0, T −δ) >

u(0, T − δ) > 0, we can choose the constant C∗ to be independent of ε. Thus, from
(3.2.36) and the Aronson–Bénilan inequality we deduce that

uε(r, δ) ≥ B r1/(2π(T −2δ))
∫

R2 u0 exp(−Aεr2 − C) (3.2.37)

with constants B and C independent of δ and ε. On the other hand applying again the
operator N to the equation and integrating in time on [0, δ], we obtain∫ δ

0
log uε(r, t)dt ≥

∫ δ

0
log uε(0, t) dt + N(uε( ·, δ))(r) − N(u0 + ε)(r)

and therefore with the use of (3.2.37) we deduce the inequality∫ δ

0
log uε(r, t) dt ≥ B N(r1/(2π(T −2δ))

∫
u0 dx exp(−Aεr2 − C)) − C∗ − Aεr2

where C and C∗ can be taken independent of ε. Since the initial data u0 is uniformly
bounded, the left hand side of the above inequality is uniformly bounded independently
of ε. Therefore we must have

1

2π(T − 2δ)

∫
R2

u0 dx ≥ 2.

Since δ is arbitrary the result follows in case that u0 is bounded. In the general case,
one proceeds using approximations for u0 which are bounded as in [52].

We shall show next (3.2.3). Assume that there is a t ∈ (0, T ) such that the opposite
inequality holds, i.e., ∫

R2
u(x, t) dx >

∫
R2

u0 dx − 4πt. (3.2.38)

From Theorem 3.2.3 we know that for every μ > 0 there exists a solution v to (3.2.1)
defined on [ t, t + Tμ], whose initial data is u( ·, t ), and where

Tμ = 1

2π(2 + μ)

∫
R2

u(x, t ) dx.

Thus, the function w defined on [0, t + Tμ] by matching together u and v is a solution
to (3.2.1) in this interval, with initial data u0. But because of (3.2.37), by choosing μ

sufficiently small we can make

t + Tμ >
1

4π

∫
R2

u0(x) dx,

which contradicts (3.2.2). Therefore (3.2.3) must hold true.

We shall now construct a solution with the given initial data, which exists up to
time T = 1/4π

∫
R2 u0(x) dx. This is going to be the maximal solution with the given
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initial data, as actually (3.2.2) indicates. Its construction is fairly straightforward. As
in the proof of Theorem 3.2.3 we make first the extra assumption that u0 ∈ C∞

0 (R2).
For ε > 0, let uε denote the solution of the initial value problem (3.2.1) with initial
data uε(x, 0) = u0 + ε, defined on R

2 × (0, ∞). Then, if for μ > 0, uμ denotes the
solution constructed above and satisfying (3.2.5), we have

uμ ≤ uε on R
2 × (0, Tμ).

It follows by the maximum principle that the sequence {uε} is monotonic and hence
the limit u = limε→0 uε exists and for all μ > 0 satisfies

uμ ≤ u on R
2 × (0, Tμ) (3.2.39)

Since Tμ ↑ T as μ → 0 it is easy to conclude from (3.2.39) that u is a solution of
(3.2.1) on R

2 × (0, T ), with T = 1/4π
∫

R2 u0(x) dx. Moreover since (3.2.5) holds for
all uμ, μ > 0 implying that

∫
R2

u(x, t) dx ≥
∫

R2
u0(x) dx − 4πt, 0 ≤ t < T . (3.2.40)

However, (3.2.3) shows that we must have equality in (3.2.40). Therefore u is the
desired solution. We can now use approximation as in the proof of Theorem 3.2.3 to
prove the result for any initial data u0 ∈ L1(R2).

To finish the proof of the theorem, in the case that
∫

R2 u0(x) dx = ∞, choose a
sequence uk

0 ↑ f , such that
∫

R2 uk
0 < ∞ and let uk be the maximal solution to the

problem (3.2.1) with initial data uk
0 as constructed above. The solution uk exists up to

time Tk = 1/4π
∫

R2 uk
0. Since, the sequence uk is increasing, the limit u = limk→∞ uk

exists, and it is not hard to check that it is indeed a solution of (3.2.1) with initial data
u0, which exists up to time T = ∞. The proof of the Theorem 3.2.1 is now complete.

We now proceed to the proof of Theorem 3.2.2. Its uniqueness assertion is based
on the next comparison principle proven in [117].

Proposition 3.2.6. Let u and v satisfy (3.2.1) on R
2×(0, T ) and assume that u satisfies

the decay condition (3.2.4) uniformly in t in compact subintervals of (0, T ). Then, for
any 0 < τ1 < τ2 < T and 0 < m < 1, there exist positive constants K = K(τ1, τ2, m)

and R0 = R0(τ1, τ2) such that for all 0 < τ1 < s < t < τ2 and R ≥ R0, we have

(∫
|x|<R

[v(x, t) − u(x, t)]+ dx

)1−q

≤
(∫

|x|<R2
[v(x, s) − u(x, s)]+ dx

)1−m

+ K

( |t − s|
log R

)1−m

.

(3.2.41)
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Proof of Proposition 3.2.6. We consider a non-standard cut-off function

ζR(x) = Z(σ)k, σ = log r

log R
, r = |x|

with Z = Z(σ) non-negative, smooth such that Z(σ) = 1 for σ ≤ 1, Z(σ) = 0 for
σ ≥ 2, and k > 2 to be chosen. A simple computation shows

�ζR(x) = k Zk−2

r2 log2 R

[
Z Z′′ + (k − 1) (Z′)2].

We now proceed in the standard way by subtracting equation (3.2.1) for u and v and
multiplying by sign+(v − u) ζR(x) = sign+(log v − log u) ζR(x). Integrating also by
parts we obtain

d

dt

∫
[v(x, t) − u(x, t)]+ ζR(x) dx ≤

∫
[ log v − log u]+ �ζR(x) dx.

We now use the inequality

[ log v − log u]+ ≤ 1

m

[v

u
− 1

]m

+
, 0 < m < 1

and Hölder’s inequality to get∣∣∣∣ d

dt

∫
[v − u]+ ζR dx

∣∣∣∣ ≤ 1

m
I (t)1−m

(∫
[v − u]+ ζR dx

)m

(3.2.42)

where

I (t)1−m =
(∫

u
−m

1−m ζ
−m

1−m

R |�ζR| 1
1−m dx

)1−m

≤ k

(log R)2

(∫
R<|x|<R2

u
−m

1−m r
−2

1−m |Z̃m(σ )| 1
1−m dx

)1−m
(3.2.43)

and we have chosen k = 2/(1 − m) and set Z̃m = Z Z′′ + (k − 1) (Z′)2.
We next use the growth condition (3.2.4) to estimate

I (t)1−m ≤ 2(2π)1−mC(τ1, τ2)
−m

1 − m

t−m

(log R)2

(∫ R2

R

(log r)
2m

1−m |Z̃m(σ )| 1
1−m

dr

r

)1−m

= K(τ1, τ2, m)
t−m

(log R)1−m

(∫
σ

2m
1−m |Z̃m(σ )| 1

1−m dσ

)1−m

for τ1 ≤ t ≤ τ2. Integrating (3.2.42) with respect to time we finally obtain∣∣∣∣∣
(∫

[v(t) − u(t)]+ ζR dx

)1−m

−
(∫

[v(s) − u(s)]+ ζR dx

)1−m
∣∣∣∣∣

≤ K(τ1, τ2, m)

( |t − s|
log R

)1−m (∫ 2

1
σ

2m
1−m |Z̃m(σ )| 1

1−m dσ

)1−m

showing the desired result.
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Proof of Theorem 3.2.2. We begin by showing that (3.2.4) implies uniqueness. Indeed
assuming that u, v are two solutions of (3.2.1) on R

2 × (0, T ) satisfying (3.2.4), then
by letting R → ∞ and s → 0 in (3.2.41), we obtain the estimate

(∫
R2

|v(x, t) − u(x, t)| dx

)1−m

≤
(∫

R2
|v(x, 0) − u(x, 0)| dx

)1−m

holding for any 0 < t < T and 0 < m < 1. Hence, uniqueness readily follows.
It remains to show that the maximal solution which was constructed in Theo-

rem 3.2.1 satisfies the growth condition (3.2.4). This easily follows by comparing
u with explicit solutions to equation ut = � log u as the proof of the following propo-
sition shows.

Proposition 3.2.7. Assume that u is as in Theorem 3.2.1. Then, for any 0 < t0 < T

and R > 1, there exists a constant C > 0 such that

u(x, t) ≥ C t

|x|2 log2 |x| for all |x| ≥ R, 0 ≤ t ≤ t0. (3.2.44)

Proof of Proposition 3.2.7. As in the proof of Theorem 3.2.1, for ε > 0, we let uε

denote the solution of problem (3.2.1) with initial data u0 + ε. We first remark that by
the Aronson–Bénilan inequality uεt ≤ uε/t , we have

uε(x, t) ≥ t

t0
uε(x, t0) ≥ t

t0
ε for all |x| ≥ R, 0 < t ≤ t0

so that uε satisfies (3.2.4) in the region QR,t0 = {(x, t) : |x| > R, 0 < t ≤ t0 }, with
a constant depending only on ε, R and t0. We shall next compare uε with the explicit
solution

ψ(x, t) = 2t

|x|2 log2
( |x|

R′
)

in QR,t0 with R′ suitably chosen. Again from the Aronson–Bénilan inequality we have

uε(x, t) ≥ u(x, t) ≥ t

t0
u(x, t0) ≥ t

t0
δ

with δ := u(x, t0) > 0, because t0 < T (see the proof of Theorem 3.2.1). Hence, the
boundary comparison ψ(x, t) ≤ uε(x, t) for |x| = R holds provided we choose R′ =
R′(R, t0, δ) so that ψ(x, t) ≤ t δ/t0, for |x| = R and 0 < t ≤ t0. By a comparison
argument similar to that of Proposition 3.2.6 we conclude that uε(x, t) ≥ ψ(x, t) on
QR,t0 , so letting ε → 0 we finally obtain (3.2.44).

Some comments. It is shown by Esteban et al. [117] that the maximal solution is also
characterized by the flux condition

lim
r→∞

1

2π

∫ 2π

0

r ur(r, θ, t)

u(r, θ, t)
dθ = −2.
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In addition it is shown in [117] that the maximal solution is bounded, due to an L1−L∞
regularizing effect. An Lp − L∞ regularizing effect, with p > 1, has been previously
shown by Davis et al. [62].

It is shown by Vazquez et al. [131] that in the radially symmetric case the function
φ(t) in (3.2.6) is related to the flux of the solution u = u(r, t) at infinity, namely

lim
r→+∞

r ur(r, t)

u(r, t)
= −�(t) (3.2.45)

with �(t) = ∫ t

0 φ(s) ds. In addition, when �(t) ∈ L∞(0, T ) the solution is charac-
terized uniquely by (3.3.6). In the non-radial case the uniqueness of the intermediate
solutions under (3.2.5) or a suitable flux condition is an open question.

Existence of solutions of (3.2.1) under the additional assumption that u0 ∈ Lp(R2)

has been also shown by Hui in [93], where an Lp−L∞ regularity result is also obtained.
Existence of global in time solutions of (3.2.1) with

∫
R2 u0 dx = ∞ and satisfying

certain additional geometric assumptions was first shown by Wu [133], [134] where
it was also established the convergence of the solution as t → ∞. A more general
convergence at t → ∞, when

∫
R2 u0 dx = ∞, was recently established by Hsu [87],

[84].

It has been shown by Hui [91] that the Cauchy problem (3.2.1) in dimension n = 2
and initial data the Dirac mass admits no solution. One may ask: what is the largest
class of admissible initial data of (3.2.1)? This question is related to the results of
Chasseigne and Vazquez in [36].

Part II. The Cauchy problem (3.2.1) in dimensions n ≥ 3. We shall now discuss
the solvability of the Cauchy problem (3.2.1) in the sub-critical case of dimension
n ≥ 3. The initial data u0 will be assumed to be non-negative and locally integrable.
The solvability of (3.2.1) is well understood in the radially symmetric case. However
there are striking differences between the radial and the non-radial situation. These
differences do not appear in dimensions n = 1, 2 corresponding to the supercritical
and critical cases, respectively.

Define for r > 0, the operator N(f )(r) by

N(f )(r) =
∫ r

0

1

ωNsn−1

∫
Bs(0)

f (x) dx (3.2.46)

where ωN denotes the surface area of the unit sphere in R
n. The following results have

been obtained by Daskalopoulos and del Pino in [54].

Theorem 3.2.8. Let u0 ≥ 0 and locally integrable on R
n, with n ≥ 3. If there exists a

number τ < T such that∫ ∞

0
exp

(
− N(u0)(r)

τ

)
rdr = +∞ (3.2.47)

then there is no solution of problem (3.2.1) defined on R
n × (0, T ).
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The converse assertion is valid under the additional assumption of radial symmetry
for the initial data, as stated next.

Theorem 3.2.9. Assume that u0 ≥ 0 is radially symmetric and locally integrable on
R

n, with n ≥ 3. Then there exists a solution of problem (3.2.1) on R
n × (0, T ) if and

only if ∫ ∞

0
exp

(
− N(u0)(r)

τ

)
rdr < +∞ (3.2.48)

for all 0 < τ < T .

Let us define the maximal time of existence for u0 to be the number

Tmax(u0) = sup { T > 0 : there exists a solution of (3.2.1)},
where this number is understood to be zero if the supremum is taken over the empty
set. Then Theorem 3.2.8 may be expressed as

Tmax(u0) ≤ sup
{

T > 0 : ∫∞
0 exp

( − N(u0)(r)
T

)
rdr < +∞}

.

On the other hand if u0 is radially symmetric, Theorem 3.2.9 states that the above
inequality holds with equality. It is worth mentioning that in this case the characteri-
zation is as satisfactory as the classical result for the heat equation ut = �u in R

n with
u(0, x) = u0(x), which reads

Tmax(u0) = sup
{

T > 0 : ∫ exp
( − |x|2

4T

)
u0(x) dx < +∞}

.

Let us compare this situation with that of the two-dimensional case. If n = 2 then
there exists a solution to (3.2.1) in R

2 × (0, T ) if and only if (3.2.2) holds. It is easy
to check that for u0 in L1(R2) one has

N(u0)(r) = 1

4π

(∫
R2

u0(x) dx

)
log r + o(log r)

and hence condition (3.2.48) holds for all 0 < τ < T if and only if (3.2.2) holds. Since
the latter condition guarantees solvability no matter whether or not u0 is radial, one
may expect the same to be true in higher dimensions without this extra assumption.
However, surprisingly, this is not the case in higher dimensions as we shall exhibit by
an explicit counterexample in the following theorem.

Theorem 3.2.10. Assume n ≥ 3. Then, given any numbers T0 > 0 and ε, 0 < ε < T0,
there exists an u0 ∈ L1

loc(R
n) such that

∫ ∞

0
exp

(
− N(u0)(r)

τ

)
rdr < +∞.

for all 0 < τ < T0, but for which there is no solution of (3.2.1) for T = ε.
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We should mention that this type of striking differences between the radial and
non-radial situations had already been observed in [54] for a problem of the form
ut + �u−m = 0 with m > 0.

We shall proceed with the proofs of the above results. The basic idea is to establish
a workable link between the solvability of problem (3.2.1) and that of certain elliptic
equations of the form

− �v + K(|x|)ev = 0 (3.2.49)

for a decaying potential K . It is known for instance, under some additional conditions,
that solvability of this problem implies that

∫∞
0 K(r) rdr is finite. The relationship

between this condition and solvability of the elliptic problem (3.2.49) in dimensions
greater than two has been studied in the literature, we refer the reader to [39], [40],
[41], [42] and references therein. This link is the underlying mechanism in the proofs
of Theorems 3.2.8 and 3.2.9. The parabolic counterexample in the proof of Theo-
rem 3.2.10 relies on finding counterexample to solvability to a problem of the form

−�v + ev = u0

when u0 = u0(x) is a function large in average in large balls, yet leaving a big empty
space. Non-radiality is essential in this construction, as is the fact that the dimension
is greater than two.

Proof of Theorem 3.2.8. We recall that if N(f ) is the operator defined by (3.2.46), then
for any number r > 0 and any function f ∈ C2(Rn) we have

N(�f )(r) = f (r) − f (0)

where f (r) denotes the spherical average of f on the sphere of radius r centered at the
origin, namely

f (r) = 1

ωNrN−1

∫
∂Br (0)

f (σ )dσ.

The proof of Theorem 3.2.8 will be based on the following elliptic non-existence
result.

Lemma 3.2.11. Assume that n ≥ 3 and consider the elliptic problem

− �v + K(r) ev = 0 on R
n (3.2.50)

with K(r) > 0 locally bounded, radially symmetric and strictly decreasing. Then, if
problem (3.2.50) admits a solution one must have∫ ∞

0
K(r) rdr < ∞.

Proof of Lemma 3.2.11. In the case where the function K(r) satisfies the bound

K(r) ≤ C

r2 for all r ≥ R0
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for some constants C > 0 and R0 > 0, the proof of this result is well known in the
literature and we shall omit it here, referring the reader to [39]. Hence, we shall assume
that this bound is not satisfied, namely there exists an increasing sequence Rn → +∞
such that

K(Rn) R2
n → +∞ as n → ∞.

We shall then show that the maximal solution v to (3.2.50) must have v(0) = −∞,
which is impossible. Indeed, for R > 0, let vR be the unique solution to the problem

−�vR + K(R) evR = 0 in BR(0),

vR = +∞ on ∂BR(0).

}
(3.2.51)

Since
K(r) ≥ K(R) for all r ≤ R

the maximal solution v to the equation (3.2.50) satisfies

−�v + K(R) ev ≤ 0

and hence by the maximum principle one must have

v ≤ vR in BR(0).

We shall now show that for the given sequence Rn → ∞ we have

lim
n→∞ vRn(0) = −∞

which would imply that v(0) = −∞ as desired. To this end, we observe that if w is
the solution to the problem

−�w + ew = 0 in B1(0),

w = +∞ on ∂B1(0),

then by uniqueness,

vR(r) = w
( r

R

)
− log(K(R) R2).

In particular
vR(0) = w(0) − log(K(R) R2)

and hence vRn(0) tends to −∞ since by assumption K(Rn) R2
n tends to +∞.

An immediate consequence of the previous result is:

Corollary 3.2.12. Assume that there exists a non-negative, radial, smooth subsolution
w of the problem

−�w + K(r) ew ≤ 0 on R
n

where K(r) > 0, locally bounded, radially symmetric and strictly decreasing. Then∫ ∞

0
K(r) rdr < +∞.
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We are now ready to finish the proof of Theorem 3.2.8. We shall proceed by
contradiction. Assume that there exists a solution u of problem (3.2.1) defined on
R

n × (0, T ). Without loss of generality we may assume that u is the maximal solution.
Then the Harnack estimate established in [124] shows that u is bounded away from
zero for t > 0 and therefore smooth by the classical parabolic regularity theory.

We shall show that for any number τ in 0 < τ < T we must have∫ ∞

0
exp

(
− N(u0)(r)

τ

)
rdr < +∞

contradicting our assumption.
Indeed, fix a number τ in 0 < τ < T and a number T0 in τ < T0 < T . Then the

solution u is defined on R
n × [0, T0]. Applying the operator N to the equation

∂u

∂t
= � log u

we obtain that for all r > 0 and 0 < t ≤ T0 we have

∂N(u)(r, t)

∂t
= log u(r, t) − log u(0, t).

However by Jensen’s inequality one has

log u(r, t) ≤ log u(r, t)

and therefore, since
N(u)(r, t) = N(u)(r, t)

we obtain
∂N(u)(r, t)

∂t
≤ log u(r, t) − log u(0, t).

Integrating in time on the interval [0, t], with 0 < t ≤ T0 we get

N(u)(r, t) − N(f )(r) ≤
∫ t

0
log u(r, s) ds −

∫ t

0
log u(0, s) ds

and since ∣∣∣∣
∫ t

0
log u(0, s) ds

∣∣∣∣ ≤ C

for all 0 < t ≤ T0 we write

N(u)(r, t) − N(f )(r) ≤
∫ t

0
log u(r, s) ds + C.

Hence, for any positive integer m ≥ 1 we have

N(u)(r, t) − N(f )(r) ≤
∫ t

0
log(sm u(r, s)) ds − m

∫ t

0
log s ds + C.
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Using Jensen’s inequality we conclude that

N(u)(r, t) − N(f )(r) ≤ t log

(
1

t

∫ t

0
sm u(r, s) ds

)
+ C,

which leads to the estimate

N(u)(r, t) − N(f )(r) ≤ t log

(∫ T0

0
sm u(r, s) ds

)
+ C

for some positive constant C. Multiplying by tm and integrating in time on the interval
0 ≤ t ≤ T0, we obtain

N

(∫ T0

0
tmu dt

)
(r) − T m+1

0

m + 1
N(u0)(r)

≤ T m+2
0

m + 2
log

(∫ T0

0
tmu(r, t) dt

)
+ C T m+1

0 .

Therefore, setting

w(r) = N

(∫ T0

0
tm u dt

)
(r)

we find that w satisfies the inequality

m + 2

T m+2
0

w(r) − m + 2

m + 1

N(u0)(r)

T0
≤ log(�w) + C.

Applying the exponential function on both sides of the above equation we obtain that
w satisfies

−�w + K ec w ≤ 0 on R
n

with

K(r) = C exp

(
−m + 2

m + 1

N(u0)(r)

T0

)
.

and

c = m + 2

T m+2
0

.

Hence, the function w = c w satisfies

−�w + c K ew ≤ 0 on R
n,

It follows from Corollary 3.2.12 that one must have∫ ∞

0
c K(r) rdr < ∞
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which implies that ∫ ∞

0
exp

(
− m + 2

m + 1

N(u0)(r)

T0

)
r dr < ∞.

However, if m is chosen large enough so that

m + 1

m + 2
T0 > τ

the above condition would imply that∫ ∞

0
exp

(
− N(u0)(r)

τ

)
r dr < ∞

contradicting the assumption (3.2.47). Therefore there is no solution of problem (3.2.1)
on R

n × (0, T ).

Before we present the proof of Theorem 3.2.9 we give the following proposition
that allows us to connect the parabolic problem to the corresponding elliptic problem

− �v + ev = f on R
n. (3.2.52)

Proposition 3.2.13. Let u be a solution of equation

∂u

∂t
= � log u

in the cylinder � × [0, T ], where � ⊂ R
n, with initial data u(x, 0) = f . Assume in

addition that u is strictly positive and smooth on �× (0, T ] and satisfies the Aronson–
Bénilan inequality

∂u

∂t
≤ 1

t
u for 0 < t ≤ T . (3.2.53)

Then the function

�(x, t) = 1

t

∫ t

0
log u(x, s) ds

defined on � × (0, T ] satisfies the differential inequality

− �� + 1

t
e�+1 ≥ 1

t
f. (3.2.54)

Proof. First notice that theAronson–Bénilan inequality implies that for 0 < s ≤ t < T ,
one has

log u(x, s) ≥ log u(x, t) + log s − log t

and therefore

�(x, t) = 1

t

∫ t

0
log u(x, s) ds ≥ log u(x, t) − 1
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which implies that
u(x, t) ≤ e�+1.

On the other hand

��(x, t) = 1

t

∫ t

0
� log u(x, s) ds = 1

t

∫ t

0

∂u(x, s)

∂s
ds = u(x, t)

t
− f (x)

t
.

Combining the above relations, we obtain

�� ≤ 1

t
e�+1 − 1

t
f

from which (3.2.54) immediately follows.

The proof of Theorem 3.2.9 will follow from the Proposition 3.2.13 and the fol-
lowing elliptic result.

Proposition 3.2.14. Assume that K(r) is non-negative, locally bounded, radially sym-
metric and satisfies ∫ ∞

0
K(r) r dr < ∞.

Then, for every number α, there exists a radially symmetric solution of the elliptic
equation

− �v + K(r) ev = 0 on R
n (3.2.55)

such that
lim

r→∞ v(r) = α. (3.2.56)

Proof. We shall only sketch the proof of this elliptic result, referring the reader to [39]
and the references therein for the details. It is enough to construct a subsolution and a
supersolution of the problem (3.2.55) that satisfy (3.2.56).

Since K(r) > 0 the constant function v(r) = α is certainly a supersolution of
(3.2.52). To construct a subsolution we look for a radial function v(r) of the form

v(r) = N(eαK)(r) + C

for an appropriate constant C to be determined, where

N(K)(r) =
∫ r

0

ds

sN−1

∫ s

0
K(ρ) ρN−1 dρ =

∫ r

0
K(ρ)ρN−1

(∫ r

ρ

ds

sN−1

)
dρ.

It is clear that the function v(r) is increasing since K(r) ≥ 0. Moreover v(r) is bounded
above, since

N(K)(r) =
∫ r

0

K(ρ)

N − 2
ρN−1

(∫ r

ρ

(
1 −

(ρ

s

)N−1
)

ds

)
dρ ≤

∫ ∞

0

K(ρ)

N − 2
ρ dρ.
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Therefore the limit
L := lim

r→∞ N(eαK)(r)

exists and it is finite. Hence, choosing the constant C so that

lim
r→∞ v(r) = L + C = α

we see that v is the desired subsolution.

Proof of Theorem 3.2.9. The only-if assertion is already contained in Theorem 3.2.8.
Hence, we restrict our attention to constructing a solution u of the initial value problem
(3.2.1) under the assumption of Theorem 3.2.9. The solution we are seeking will be
constructed as the limit as R → ∞ of the radial solutions uR of the boundary value
problems

∂u/∂t = � log u in BR × [0, ∞),

u(R, t) = +∞ t ∈ (0, ∞),

u(r, 0) = f (r) x ∈ BR .

⎫⎪⎬
⎪⎭ (3.2.57)

Here BR denotes the ball of radius R centered at the origin. Be begin by showing that
problem (3.2.57) admits a solution uR . Indeed, let wR denote the unique solution of
the elliptic problem

−� log w + w = 0, in BR ,

w(R) = +∞.

}
(3.2.58)

It is well known that wR > 0 and smooth for r < R. A direct computation shows that
for any constant C the function

WR(r, t) = (t + C) wR(r)

solves the initial boundary value problem (3.2.57) with initial dataWR(r, 0) = C wR(r).
Hence, the solution uR to the problem (3.2.57) can be easily constructed via a standard
approximation argument, since it will satisfy the bounds

t wR(r) ≤ uR(r, t) ≤ (t + CR) wR(r) on r ≤ R

with
CR = ‖f ‖L∞(BR).

Moreover, uR will be strictly positive and smooth when r < R and t > 0 and therefore
it will satisfy the Aronson–Bénilan inequality (3.2.53), see [7]. By the maximum
principle we see that the sequence uR is decreasing as R → ∞ and therefore the limit

u(r, t) = lim
R→∞ uR(r, t)

exists and is finite for all r ≥ 0, 0 < t ≤ ∞.
Our goal is to show that u is actually a solution of the problem (3.2.1) on R

n ×
(0, T ). It is clear the u is non-negative and locally bounded on R

n × (0, T ). Using
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Propositions 3.2.13 and 3.2.14 we shall show that for all R > 0 and 0 ≤ τ < T we
have

log u(r, τ ) ≥ −C(ρ, T )

T − τ
+ log τ for r < ρ (3.2.59)

where C(ρ, τ, T ) is a constant independent of r and t . We shall actually show that
(3.2.59) is satisfied by each of the approximate solutions uR , when ρ < R. To this
end, set

�R(r) = 1

T

∫ T

0
log uR(r, s) ds.

Then, by Proposition 3.2.13, �R satisfies

−��R + 1

T
e�R+1 ≥ u0

T
on r < R,

and hence the function

�R(r) = �R(r) + N(u0)(r)

T

satisfies
−��R + K(r) e�R ≥ 0 on r < R

with

K(r) = e

T
exp

(
− N(u0)(r)

T

)
(3.2.60)

and boundary condition
�R = +∞ on r = R.

Let v = v(r) be the solution of the (3.2.50) with K(r) given by (3.2.60) and such that

lim
r→∞ v(r) = 0.

Such a solution exists because of the assumption∫ ∞

0
exp

(
− N(u0)(r)

T

)
r dr < ∞.

Then, by the maximum principle we must have

ψR ≥ v on r < R

which implies that

φR(r) = 1

T

∫ T

0
log uR(r, t) dt ≥ v(r) − N(u0)(r)

T

for r < R. Now fix a number τ in 0 < τ < T . Then, by the previous estimate

1

T

∫ T

τ

log uR(r, t) dt ≥ − 1

T

∫ τ

0
log uR(r, t) dt + v(r) − N(u0)(r)

T
.
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The function uR satisfies the bound

uR(r, t) ≤ C(ρ, T )

for all r in r ≤ ρ < R and t on 0 ≤ t ≤ T . This is because the initial data u0 is
assumed to be locally bounded. Therefore, since the function v is locally bounded, we
conclude that ∫ T

τ

log uR(r, t) dt ≥ −C(ρ, T ) for r < R

with the constant C depending only on ρ and T . On the other hand theAronson–Bénilan
inequality implies that

log uR(r, τ ) ≥ log uR(r, t) + log τ − log t

for all t in τ ≤ t ≤ T . Integrating in time, we obtain that

(T − τ) log uR(r, τ ) ≥
∫ T

τ

log uR(r, t) dt + (T − τ) log τ − C(T )

where C(T ) denotes a constant depending only on T . Combining the above we get

log uR(r, τ ) ≥ C(ρ, T )

T − τ
+ log τ (3.2.61)

for all r ≤ ρ < R and 0 < τ < T , where C(ρ, T ) is independent of R and τ . Letting
R → ∞ in (3.2.61) we obtain (3.2.59). Having shown (3.2.59) it is now easy to
see using known arguments that u is actually a solution of the initial value problem
(3.2.1) on R

n × (0, T ) which is smooth on R
n × (0, T ). This finishes the proof of

Theorem 3.2.9.

The proof of Theorem 3.2.10 will be based on the following construction. Let us
consider the equation

− �u + eu = u0(x) on R
n. (3.2.62)

Proposition 3.2.15. Assume n ≥ 3. Then, given M > 0, there exists u0, locally
bounded in R

n such that

lim inf
R→+∞

1

RN−2

∫
BR

u0(x)dx > M (3.2.63)

but for which problem (3.2.62) does not have any subsolution, that is no u(x) locally
integrable exists for which

− �u + eu ≤ u0(x) (3.2.64)

in the distributional sense.
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Proof. We shall actually provide an explicit u0 for which this proposition holds. To
start the construction, we consider a continuous, non-negative function δ(x) whose
support lies in the ball B(0, 1). Let also a > 1 be fixed. We consider the following
function

f0(x) =
∞∑

i=−∞
a−2iδ(a−ix − e), (3.2.65)

where e = (1, 0, . . . , 0). We observe that this series is convergent at every point except
at x = 0 and it defines a locally integrable function. Moreover, it is straightforward to
check that ∫

BR(0)

f0(x)dx ≥
(∫

δ(y)dy

)
a

a − 1
RN−2 + O(1),

hence

lim inf
R→+∞

1

RN−2

∫
BR

f0(x)dx ≥
(∫

δ(y)dy

)
a

a − 1
. (3.2.66)

An important step in the proof will be the construction of a special family of super-
solutions to equation (3.2.62). To this end we set

wn(x) =
n∑

i=−∞
ψ(a−ix − e) (3.2.67)

where ψ denotes the Newtonian potential of δ, namely

ψ(z) = cN

∫
δ(y)

|z − y|N−2 dy.

Next we shall evaluate the function wn(x) for an n to be fixed later, along the following
sequence: fix a vector v with v · e > 0 and define xk = −a−kv with k = 0, 1, 2, . . . .
Then

wn(xk) =
n∑

i=−∞
ψ(a−i−kv + e)

=
k∑

j=1

ψ(a−jv + e) +
∞∑

j=0

ψ(ajv + e) +
n∑

i=1

ψ(a−i−kv + e).

It follows that

wn(xk) ≤ C(n) + k

∫
δ(y)dy

|y + e|N−2 .

We make the following requirement

wn(xk) − 2 log |xk| → −∞ as k → ∞. (3.2.68)

For (3.2.68) to hold, it is thus sufficient that∫
δ(y)dy

|y + e|N−2 < log a. (3.2.69)
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On the other hand, we shall also require that(∫
δ(y)dy

)
a

a − 1
> M (3.2.70)

so that, using (3.2.66), we also have the validity of the inequality (3.2.63) for f0. It is
clear that assuming that δ0 is supported in the unit ball and satisfies∫

δ0(y)dy = 1,

∫
δ0(y)dy

|y + e|N−2 = 2,

then, setting δ = 2Mδ0 and choosing a = e3M , one gets that properties (3.2.69) and
(3.2.70) are simultaneously satisfied.

Next we claim that if n in the definition of wn is taken sufficiently large then wn

satisfies
− �wn + ewn ≥ f0. (3.2.71)

In fact, we have that in the distributional sense

−�wn(x) =
n∑

i=−∞
a−2iδ(a−ix − e).

Thus,

−�wn(x) + ewn(x) ≥ f0(x) +
(

1 −
∞∑

i=n

a−2iδ(a−ix − e)
)
.

But since δ is a uniformly bounded function and a > 1, we can choose a sufficiently
large n so that the second term in the right hand side of the above inequality is positive
and then (3.2.71) holds. Let us now define

u0(x) = min{f0(x), A} (3.2.72)

where A is chosen so large that (3.2.63) still holds. It follows that for this choice of n,
wn(x) is indeed a super-solution of problem (3.2.62) for this u0.

Let us choose a, δ(x) and n so that wn given by (3.2.67) is a supersolution of
(3.2.62) for u0 given by (3.2.65).

Now, for each positive integer k, we consider the function

vk(x) = wn(a−kx) − 2k log a.

Then, observing that a−2kf0(a
−kx) = f0(x), we obtain

−�vk + evk ≥ f0(x),

in the distributional sense, so that vk is still a supersolution of (3.2.62). Let us now
consider the following function

uk(x) = vk(x) + 1

ak − |x| + C.
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Then

− �uk + euk

≥ f0(x) + 1

(ak − |x|)2

[
N − 1

|x| − 1

(ak − |x|)
]

+ evk

[
exp(

1

ak − |x| + C) − 1

]

≥ u0(x) + exp

(
1

ak − |x| + C

)
+ 1

(ak − |x|)3 − 1

where u0 is defined as in (3.2.72). From this expression, we see that there is a choice
of C > 0, uniform in k, such that uk is still a supersolution of equation (3.2.62), now
in the ball B(0, ak). Let us fix such a C.

To finish the proof of Proposition 3.2.15, assume that (3.2.62) has a subsolution u

defined in entire R
n. Then since uk is a supersolution of (3.2.62) which is equal to

infinity on ∂B(0, ak), it follows that u(x) ≤ uk(x) for all x ∈ B(0, ak). However, let
x be any point with x · e < 0. Then by the definition of uk we have

uk(x) ≤ C + wn(a−kx) − 2k log a

for some constant C independent of k. But then, since a was chosen such that relation
(3.2.68) holds, then we have that uk(x) → −∞ as k → ∞. But this implies that
u(x) = −∞ for all such an x. Hence u ≡ −∞ on an open set, which is a contradiction.
This finishes the proof of the proposition.

After this elliptic proposition, we are ready for the proof of Theorem 3.2.10.

Proof of Theorem 3.2.10. Let us assume that u solves (3.2.1), and fix 0 < τ < T . Let
us set

v(x) = 2

τ 2

∫ τ

0

∫ s

0
log u(x, t) dtds.

Then

�v(x) = 2

τ 2

∫ τ

0

∫ s

0
ut (x, t) dtds = 2

τ 2

∫ τ

0
u(x, t)dt − 2

τ
u0(x).

Now observe the following

v(x) = 2

τ 2

∫ τ

0
(τ − t) log u(x, t) dtds ≤ log

(
2

τ 2

∫ τ

0
(τ − t)u(x, t) dt

)
.

Hence

ev(x) ≤ 2

τ

∫ τ

0
u(x, t) dt

and therefore
−τ �v(x) + ev(x) ≤ 2u0(x).

After a scaling, Theorem 3.2.10 reduces to the following assertion: Given M > 0,
there exists a u0 for which lim inf R2−N

∫
BR

f > M but such that no solution of
(3.2.1) exists for this u0 and T = 3.
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Then let us consider M > 0 and let us choose a u0 such that Proposition 3.2.15
holds with f in the place of u0 in (3.2.64). Assume that (3.2.1) has a solution for this
u0 and T = 3. Then defining v(x) as above, for τ = 1, we obtain that v satisfies
distributionally

−�v(x) + ev(x) ≤ 2 u0(x).

But Proposition 3.2.15 shows that such a v cannot exist, a contradiction that concludes
the proof of the theorem.

Comments. The uniqueness question for the Cauchy problem (3.2.1) in dimensions
n ≥ 3 is open. The non-uniqueness in dimension n = 2 implies also non-uniqueness
in dimensions n ≥ 3. However, many questions remain open. Are radial solutions
unique? What conditions determine the solution to (3.2.1) uniquely?

The existence in the Neumann problem for equation ut = log u on BR × (0, T )

in dimensions n ≥ 2, has been shown by Hui [93] where an a-priori L∞ estimate for
solutions to (3.2.1) with initial data u0 ∈ Lp(Rn) ∪ L1(Rn) is also obtained.

3.3 Further results and open problems

In the section we shall give a brief summary of known results regarding the quantitative
and qualitative behavior of solutions to the Cauchy problem for equation ut = �ϕ(u),
with ϕ ∈ Fa which were not covered in detail in Sections 3.1 and 3.2 of this chapter,
as they are not closely related to the main objective of this book. Most of the results
which will be discussed concern the pure power case ut = �um. This equation has been
extensively studied in the literature. We apologize for not mentioning all the known
results. We refer the reader to the survey articles [111] and [125] for a collection of
known results.

1. Time asymptotic behaviour of solutions. In this section we shall present a brief
summary of the results on the asymptotic behaviour in time of solutions to the Cauchy
problem

∂u/∂t = �um in R
n × [0, T ),

u(x, 0) = u0 on R
n,

}
(3.3.1)

in the different ranges of exponents (n − 2)/n < m < 1, 0 < m < (n − 2)/n and the
critical case m = (n − 2)/n.

1a. The fast diffusion case 0 < m < 1. The asymptotic analysis for the porous
medium case m > 1 described above can be extended to the super-critical fast diffusion
case n−2

n
< m < 1. The source type self-similar solutions given by (2.5.11), (2.5.12)

in Chapter 2 still exist, the total mass of solutions of equation (3.3.1) is still conserved
in time and finite-mass non-negative solutions converge, as t → ∞, to the Barenblatt
solution UM with the same mass M as the solution u.



124 3 The Cauchy problem for fast diffusion

In the sub-critical case 0 < m < n−2
n

the mass is not conserved and solutions to
(3.3.1) undergo extinction in finite time [18], so that for some T = T (u0) < ∞ the
solution u satisfies u(x, T ) ≡ 0. This can be readily seen by the explicit solutions

uT (x, t) = (2c(T − t)+|x|−2)1/(1−m), c =
(

n − 2

1 − m

)
> 0.

In the sub-critical case, equation (3.3.1) admits a unique self-similar solution of the
second kind of the form [99], [112]

U∗(r, t) = (T − t)γ f (η), η = r

(T − t)β
, γ = 1 − 2β

1 − m

which is proved to be asymptotically stable as t → T [74]. It is shown by Galaktionov
and Peletier in [74] and formally analyzed first by King in [99] that for a class of non-
negative radially symmetric finite-mass solutions of (3.3.1), which vanish at a given
time T > 0, their asymptotic behaviour as t ↑ T is described by U∗. This implies the
decay rate of the form

‖u‖∞ = C(m, n) (T − t)γ (1 + o(1)) as t → T

where γ = γ (m, n) > 0 is the anomalous exponent.
The elliptic critical exponent m = n−2

n+2 is special and geometrically significant, as
it corresponds to the Yamabe flow, i.e. the evolution of a conformally flat metric by its
scalar curvature. For detailed convergence results in this case we refer the reader to
Rugang Ye [135], del Pino and Sáez [65] and Galaktionov and Peletier [74].

The long time behaviour of non-negative, finite-mass solutions of the Cauchy prob-
lem (3.3.1) in the parabolic critical case m = n−2

n
has been studied by Galaktionov,

Peletier and Vazquez in [75]. It marks the transition between two completely different
asymptotic behaviour types. In this case solutions exist globally in time and conserve
the mass. The decay rate of solutions has been established in [75] as

log ‖u( ·, t)‖∞ = −κ(n) ‖u0‖−2/(n−2)
1 tn/(n−2) (1 + o(1)) as t → ∞ (3.3.2)

where κ(n) is an explicit constant depending on the dimension n. Moreover, (3.3.2)
gives in the first approximation the asymptotic behaviour of log u in the inner region,
which is the ball of radius

R(t) = exp
{
κ0 ‖u0‖−2/(n−2)

1 tn/(n−2)
}
, κ0 = κ/n.

In other words, the profile of log u in the inner region becomes flat in first approximation.
On the other hand, the analysis of the outer region |x| > R(t) performed in [75] gives
a behaviour of the form

log u(r, t) = n

2
{log(n − 2) + log t − 2 log r − log log r}.

Thus, in the logarithmic scale, the profile u(x, t) has a broken shape. This behaviour
was predicted and formally analyzed first by King in [99].
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1b. The case m = 0 in dimension n = 2. We shall discuss in this section the
asymptotic in time behavior of solutions of the Cauchy problem

∂u/∂t = � log u in R
2 × [0, T ),

u(x, 0) = u0 on R
2,

}
(3.3.3)

with 0 < T ≤ ∞ and initial data u0 ≥ 0 and locally integrable. This case is geometri-
cally significant, as it corresponds to the Ricci flow, i.e. the evolution of a conformally
flat metric by its Ricci curvature.

Case 1. u0 ∈ L1(R2). Then, according to the results of Section 3.2, for any γ > 2
there exists a unique solution u of (3.3.3) with T = ∫

R2 u0(x) dx/2πγ , satisfying∫
R2

u(x, t) dx =
∫

R2
u0(x) dx − 2πγ t, 0 < t < T . (3.3.4)

In addition, if

u0 ∈ L1(R2) ∩ Lp(R2) for some p > 1, u0 
≡ 0 (3.3.5)

and it is radially symmetric, then by the results in [69]

lim
r→+∞

r ur(r, t)

u(r, t)
= −γ uniformly on [a, b] as r → ∞ (3.3.6)

for any 0 < a < b < T .
S. Y. Hsu [89], [88] studied the extinction behavior of radially symmetric solutions

of (3.3.3). Assume that γ > 2 and for u0 ≥ 0 a radially symmetric function which
satisfies (3.3.5), let u be the unique solution of (3.3.3) in R

2 × (0, T ), with

T = 1

2πγ

∫
R2

u0 dx

which satisfies (3.3.4) and (3.3.6). S.Y. Hsu showed that there exist unique constants
α > 0, β > −1/2, α = 2β + 1, depending on γ , such that the rescaled function

v(y, τ ) = u(y/(T − t)β, t)

(T − t)α

where
τ = − log(T − t)

converges uniformly on compact subsets of R
2 to φλ,β(y), for some constant λ > 0,

where φλ,β(y) = φλ,β(r), r = |y| is radially symmetric and satisfies the O.D.E

1

r

(
rφ′

φ

)′
+ α φ + βrφ′ = 0 in (0, ∞)

with
φ(0) = 1/λ, φ′(0) = 0.
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In the case where γ = 4 the above result simply gives the asymptotics

u(x, t) ≈ 8λ(T − t)

(λ + |x|2)2 as t → T

corresponding to the geometric result of R. Hamilton [77] and B. Chow [43] that under
the Ricci flow, a two-dimensional compact surface shrinks to a sphere. The extinction
behavior of non-radial solutions to (3.3.3) satisfying (3.3.4) with γ > 0 is still an open
question.

The above results do not cover the extinction behavior of maximal solutions of
(3.3.3) which poses a delicate question. Geometrically, maximal solutions correspond
to the evolution of a complete conformally flat metric on a non-compact surface under
the Ricci-flow. King [99] has formally analyzed the extinction behavior of maximal
solutions u of (3.3.3) satisfying∫

R2
u(x, t) dx =

∫
R2

u0(x) dx − 4 π t

as t → T , with T = 1/4π
∫

R2 u0(x) dx. His formal asymptotics show that if u0 is
radially symmetric and compactly supported then, as t → T , the maximal solution u

enjoys the asymptotics

u(x, t) ≈ 2 (T − t)2

T (r2 + λ e2T/(T −t))
for r = O(eT/(T −t))

for some constant λ > 0, while

u(x, t) ≈ 2T

r2 log2 r
for (T − t) ln r > T .

The above asymptotics have not been shown rigorously. However in [59] sharp
geometric estimates have been established on the “geometric width” and the “maximal
curvature” of maximal solutions of (3.3.3) near their extinction time. We refer the
reader to this paper for the details.

Case 2. u0 /∈ L1(R2). If the initial data u0 is locally integrable but with
∫

R2 u0(x) dx =
∞, then according to Theorem 3.2.1 of Section 3.2, there exists a solution u of the
Cauchy problem (3.3.3) on R

2 × [0, ∞). S.Y. Hsu studied the asymptotic profile of u

under the assumption that the initial data u0 satisfies the growth condition

1

β(|x|2 + k1)
≤ u0 ≤ 1

β(|x|2 + k2)
(3.3.7)

for some constants β > 0, k1 > 0, k2 > 0. Under (3.3.7) the Cauchy problem (3.3.3)
admits a unique solution u on R

2 × [0, ∞) which satisfies the bounds

1

β(|x|2 + k1 e2βt )
≤ u(x, t) ≤ 1

β(|x|2 + k2 e2βt )
. (3.3.8)
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The uniqueness under (3.3.8) is shown in [88] (see also [133]).
Assume that the initial data u0 satisfies (3.3.7). It is shown in [87] (see also [133],

[134]) that the rescaled function

w(x, t) = e2βt u(eβt x, t)

will converge, as t → ∞, uniformly on R
2 and also in L1(Rn), to the function

φk0,β(x) = 2

β(|x|2 + k0)

for some unique constant k0 satisfying∫
R2

(u0 − φβ,k0) dx = 0.

2. Ultra-fast diffusion. We shall give in this section a brief summary of results
concerning the solvability and well posedness of the Cauchy problem

∂u/∂t = �um in R
n × (0, T ),

u(x, 0) = u0 on R
n,

}
(3.3.9)

in the range of exponents m < 0. Here T > 0 is a given constant and u0 a non-
negative, locally integrable function. We shall refer to equation (3.3.9) when m < 0 as
super-diffusion or ultra-fast diffusion.

By a solution of (3.3.9) we mean a non-negative function u in C([0, T ); L1
loc(R

n))

such that um belongs to L1
loc(R

n × [0, T )) and which satisfies the equation in the
distributional sense. Note that since m < 0 the assumption that um is locally integrable
implies that u is non-zero almost everywhere in QT := R

n × (0, T ).
Equation (3.3.9) with m < 0 arises in a number of different contexts. A known

example is that of diffusion in plasma; see Lonngren and Hirose [106], Berrymann and
Holland [21]. Also superdiffusivities of this type have been proposed by de Gennes
[64], [63] as a model for long-range Van der Waals interactions in thin films spreading
on solid surfaces. See also Stratov [118]. Ultra-fast diffusion also appears in the study
of cellular automata and interacting particle systems with self-organized criticality; see
[38] and the references therein. Other physical applications are mentioned in [21] and
[24].

It is natural to ask under which conditions on u0 the initial value problem is solvable,
and our purpose here is to present some recent results in this direction. It is illustrative to
establish comparisons with the essentially settled existence theory for the cases m > 1
and 0 < m < 1 which was discussed in detail in Chapter 2.

The first result on the solvability of (3.3.9) when m < 0 was established by Vázquez
[124]. It was shown in [124] that there is no solution of (3.3.9) with m < 0 and n ≥ 2
and initial data u0 ∈ L1(Rn). This is because the high diffusion takes all the mass to
infinity in no time, therefore yielding non-existence of a local solution for the Cauchy
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problem. On the other hand, there exist solutions to (3.3.9) which decay at infinity (at
a non-integrable rate), for instance

vT (x, t) = (2α(T − t)+|x|−2)1/(1−m) (3.3.10)

with
α = (n − 2/(1 − m)) > 0.

It is natural to ask: what is the fastest possible decay allowed on the initial data
u0 if there is a local solution (i.e. not instant vanishing)? It turns out that a notable
symmetry between the cases m < 0 and m > 1 appears. More precisely the following
result was shown in [52].

Theorem 3.3.1. Assume that there is a solution to (3.3.9) with m < 0. Then the initial
data u0 must satisfy the growth condition

lim sup
R→∞

1

Rn−2/(1−m)

∫
BR

u0 dx ≥ C∗T 1/(1−m) (3.3.11)

with C∗ the precise constant

C∗ =
[
2
(
n − 2

1 − m

)]1/(1−m)

ωn. (3.3.12)

Here ωn denotes the surface area of the unit sphere.

In other words, if the limit above is strictly less than C∗T 1/(1−m), then any local
solution must cease to exist by vanishing before time T . Note that this result is the
analogue of condition (2.3.2) in Chapter 2 for the slow diffusion case m > 1. It is
actually optimal, since for the explicit solution vT in (3.3.10) which vanishes exactly
at time T one has

C∗T 1/(1−m) = lim
R→∞

1

Rn−2/(1−m)

∫
BR

vT (x, 0) dx.

It is tempting to guess that a condition of the form (3.3.11), possibly replacing the
lim sup by lim inf, is sufficient for existence when m < 0. The answer is affirmative
in the radially symmetric case. In fact the following result was shown in [53]

Theorem 3.3.2. Assume that u0(x) ≥ g(|x|), where g is radially symmetric and

lim inf
R→∞

1

RN−2/(1−m)

∫
BR

g(|x|)dx ≥ C∗T 1/(1−m) (3.3.13)

where C∗ is given by (3.3.12). Then the Cauchy problem (3.3.9) is solvable.

This result basically settles the issue of existence–non-existence in the radially
symmetric case, except for the possible gap between the liminf and the limsup in
conditions (3.3.11) and (3.3.13). The analogy with conditions (2.3.2) and (2.3.3) of
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Chapter 2, which hold in the slow diffusion case m > 1, is obvious. The latter ones
are better in the sense that both of them carry lim sup, but they are not as precise, since
the constants C and c may differ and they are not optimal as C∗ is.

Since the results of existence and non-existence for m > 1 do not require radial
symmetry, one may think that the condition in Theorem 3.3.2 is just technical. However,
this is not the case, as shown via an example in [53]. It is shown that if u0 vanishes
on a “sufficiently wide” logarithmic spiral region, then no local solution exists. In
such case the value of the limit in (3.3.11) can be made arbitrarily large. Actually
this example can be simplified when m ≤ −1/3, to yield that if u0 vanishes on the
sector 0 < θ < l∗ where l∗ = (m − 1)π/2m > 0, then no local solution exists,
see Theorem 3.3.4 below. These facts show that the super-diffusive case may hide a
rich and possibly very complex non-radial structure behind the existence question, not
present in the slow or fast diffusion cases.

Of course a natural direction to investigate is that of finding sufficient conditions
for existence in cases where radial symmetry is violated. The following condition for
existence has been found in [53].

For a number ρ > 0 we denote by Gρ the Green’s function of the ball Bρ . For a
locally bounded function h, we set

G∗
ρ(h)(x) =

∫
Bρ

[ Gρ(0, y) − Gρ(x, y) ]h(y) dy, x ∈ Bρ .

Theorem 3.3.3. Let E∗ = −2mC∗/(1 − m). Assume that there exists a non-negative,
locally bounded function f for which u0 ≥ f and a sequence ρn ↑ +∞ such that

|x|2m/(1−m)G∗
ρn

f (x) ≥ E∗T 1/(1−m) + θ(x), (3.3.14)

for all |x| < ρn. Here θ(x) is a function such that θ(x)|x|−2m/(1−m) is locally bounded
and θ(x) → 0 as |x| → ∞. Then problem (3.3.9) is solvable.

This result roughly asserts that if∫
(�|x − y| − �|y|) u0(y) dy ≥ E∗T 1/1−m|x|−2m/1−m

where � denotes the fundamental solution of the Laplacian, and the integral is under-
stood in a certain principal value sense, then (3.3.9) is solvable. It is not hard to check
that this result implies Theorem 3.3.2 in case that u0 is radially symmetric. However, it
does not answer a basic question: If u0 is, say, the characteristic function of the sector
of angle wider than 2π − l∗, is problem (3.3.9) solvable? It was shown in [55] that the
answer to this question is indeed affirmative.

Assume that n = 2 and m < 0. We consider, for 0 < l ≤ 2π , the sector

Cl = {(r cos θ, r sin θ) : r > 0, 0 < θ < l} (3.3.15)

and denote by χl its characteristic function. We define the critical lenght (or aperture)
l∗ as

l∗ = min

{
(m − 1)

2m
π, 2π

}
> 0.
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Note that l∗ = 2π iff m ≥ −1/3. The following result holds.

Theorem 3.3.4. (i) If f ≡ 0 a.e. on Cl∗ , then (3.3.9) has no local solution.
(ii) Let l < l∗ and f = χ2π−l . Then (3.3.9) admits a solution for T = +∞.

Assertion (ii) of the previous theorem actually follows from the following more
general statement, proved in [55].

Let L∞
2π denote the space of 2π -periodic bounded functions on the real line. Let

us define, for 0 < l ≤ 2π , and g ∈ L∞
2π the number Kl(g) as

Kl(g) = inf

{∫
I

g(θ)dθ : I interval, |I | = l

}
. (3.3.16)

Theorem 3.3.5. Assume that n = 2, m < 0, and that f ∈ L1
loc(R

2) satisfies, for some
R > 0, that

u0(x) ≥ r−2/(1−m) g(θ) (3.3.17)

for |x| > R, where g ∈ L2π is non-negative. Assume also that for some l < l∗ one has
Kl(g) > 0. Then (3.3.9) has a local solution defined at least up to time T given by

T =
(

Kl(g) (l∗ − l)4

C∗

)1−m

where C∗ is a positive constant dependent only on m.

Note that combining the above theorems we conclude that if u0(x) = r
−2

1−m g(θ),
then (3.3.9) admits a local solution if and only if Kl∗(g) > 0.

The basic approach in proving this result is based on the connection between the
local solvability of the parabolic problem (3.3.9) and the existence of solutions for the
elliptic problem

�v + v−ν = u0(x) in R
2, (3.3.18)

where ν = −1/m > 0. The relationship between the two problems comes at the
formal level from discretization in time of problem (3.3.9) which amounts to solving
elliptic problems of the form (3.3.18), see [124]. This was first observed by Vázquez in
[124], who proved non-existence for integrable u0. Existence and non-existence results
for (3.3.18), which are indeed analogous to Theorems 3.3.1 and 3.3.2, are contained
in [52].

A key fact which allows us to connect the elliptic and parabolic problems is that
if u is a positive solution of (3.3.9) then the function �(x) = |m|−1

∫ T

0 um(x, s) ds

satisfies
�� + (γ T )−1/m �1/m ≥ u0 (3.3.19)

with γ = (1 −m)/|m|. Therefore the solvability of (3.3.18) provides through (3.3.19)
a control from below of the positive approximations of the maximal solution of (3.3.9).
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For the purpose of proving existence of solutions for the elliptic problem (3.3.18)
we study first the special case of an u0 of the form

u0(x) = r−2ν/(1+ν) g(θ),

with g ∈ L∞
2π(R) non-negative. In this case we can try a solution of the form

v(x) = r2/(1+ν) w(θ),

with w a function in L∞
2π . A direct computation shows that w must solve the one

dimensional equation
wθθ + β2w + w−ν = g(θ) (3.3.20)

where β = π/l∗ = 2/(ν + 1), since ν = −1/m. This reduces the problem to solving
(3.3.20). The main result for existence of (3.3.20) asserts essentially that if Kl(g)

is sufficiently large, for some l < l∗, then (3.3.20) is solvable. Its proof relies on a
somewhat technical construction of a supersolution for this equation. Having shown the
solvability of (3.3.20) one extends it to general elliptic problem and show the analogue
of Theorem 3.3.5 for it. This is done through a comparison argument. Finally for
the proof of the parabolic result one first solves the problem (3.3.9) with initial data
uε

0 = u0 + ε and then combines the elliptic existence result together with (3.3.19)
to show that actually the sequence of solutions {uε} converges as ε → 0 to a strictly
positive function which is the desired solution. We refer the reader to the papers [124],
[52], [53] and [55] for detailed proofs of all the results mentioned above.

3. Solutions to fast diffusion with “very hot spots”. In [36] Chasseigne and Vazquez
construct solutions of the Cauchy problem for the fast diffusion equation ut = �um in
the super-critical range of exponents m > mc = max{(n − 2)/n, 0} with initial data
an arbitrary non-negative Borel measure ν, which is not necessarily a Radon measure.
The solutions they construct are continuous as functions into the extended reals and
their strongly singular set S, called also “very hot spots”, defined as S = {x ∈ R

n :
ν(Br(x)) = +∞ } is constant in time. These solutions are constructed as limits of
classical solutions.

The existence of non-trivial solutions with “very hot spots” can be extended to the
sub-critical case 0 < m ≤ mc, but well-posedness fails [36]. Brezis and Friedman [25]
have shown that the limit solution, obtained by approximation by classical solutions,
corresponding to a Dirac mass as initial data is constant in time, thus the limit solution
vanishes identically for |x| 
= 0. More generally, it was shown by Pierre [114] that the
limits of classical solutions are not continuous, not even locally integrable functions,
when the initial data ν is singular with respect to the C2,γ −capacity, γ = 1/(1 − m).
Moreover, Pierre constructed, for Radon measures which verify the necessary condition
a locally integrable weak solution whose trace is that measure.

4. Extinction infinite time. In [18] Bénilan and Crandall showed that for 0 < m < mc,
all solutions with data in Lp(Rn), p = n (1 − m)/2, become zero in finite time. The
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explicit example

u(x, t) =
(

C (T − t)

|x|2
) 1

1−m

, C = 2 m [n (1 − m) − 2]
1 − m

has initial data in the Lorentz (Marcinkiewicz) space Lp,∞(Rn). The extinction prop-
erty can be extended to data in this space. It does not hold for m = mc.



Chapter 4

The initial Dirichlet problem in an infinite cylinder

This chapter is devoted to the study of the initial Dirichlet problem

ut = �ϕ(u) in � = D × (0, ∞),

u = 0 on ∂D × (0, ∞),

}
(4.0.1)

where D ⊆ R
n is an open bounded set with smooth boundary and ϕ ∈ �a . We shall

study the class of strong solutions of (4.0.1) with ϕ ∈ �a .

Definition. We say that u is a strong solution of the IDP (4.0.1) if

(i) u ∈ C(D × (0, ∞));

(ii) u ≥ 0;

(iii) u|∂D×(0,∞) = 0;

(iv) u satisfies the equation in (4.0.1) in the following sense: for any ψ ∈ C∞(�)

which vanishes on ∂D × [τ1, τ2]∫
D

∫ τ2

τ1

(
ϕ(u)�ψ + u

∂ψ

∂t

)
dxdt

=
∫

D

u(x, τ2) ψ(x, τ2)dx −
∫

D

u(x, τ1) ψ(x, τ1)dx

(4.0.2)

for all 0 < τ1 < τ2 < ∞.

It is clear that strong solutions are weak solutions as they were introduced in Sec-
tion 1.1 of Chapter 1, in any cylinder of the form D × (τ, ∞) with τ > 0.

4.1 Preliminary results

We begin this section of preliminary results with a compactness lemma which will be
used throughout this chapter.

Lemma 4.1.1. Suppose {uj } is a sequence of strong solutions of the IDP (4.0.1) in
� = D × (0, ∞). Suppose that given t > 0 there exists Mt > 0 such that

sup
x∈D

uj (x, t) ≤ Mt.

Then there exists a subsequence {jk} and a strong solution u of the IDP (4.0.1) in �

such that {ujk
} converges uniformly to u in D × [s, τ ], for all 0 < s < τ < +∞.
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Proof. From Theorem 1.1.1 of Chapter 1 it follows that

sup
D×[ s

2 ,2τ ]
uj (x, t) ≤ M s

2
.

Using the equicontinuity result, Theorem 1.5.1 of Chapter 1, we have that there exists
{ujk

} such that ujk
converges to u uniformly on K×[s, τ ] for every K ⊂⊂ D. To extend

the equicontinuity result to D × [s, τ ] one needs to observe that a slight modification
of the proof of Theorem 1.5.1 gives a modulus of continuity up to the lateral part of
the boundary when the lateral values are zero.

The following result follows from the proof of the uniqueness theorem in [113].

Lemma4.1.2 ([113]). Letu1, u2 be strong solutions of the IDPof (4.0.1) inD×(0, ∞).
Let η be a C∞

0 (�) positive function, and {τj } be a sequence with τ0 = T < ∞ such
that τj → 0 as j → ∞. Then there is a sequence of measures {λj } in D such that∫

D

dλj ≤
∫

D

η dx

and ∫
D

[w1(x, T ) − w2(x, T )] η(x) dx =
∫

D

[w1(x, τj ) − w1(x, τj )] dλj (4.1.1)

where wi = Gui denotes the Green’s potential of uj on D.

Proof. Similarly to the proof of Theorem 1.1.1 in Chapter 1, we define

A =
{

ϕ(u1)−ϕ(u2)
u1−u2

u1 
= u2,

ϕ′(u1) u1 = u2.

Thus A ≥ 0. Let {εk} be a sequence of real numbers such that εk > 0 and εk → 0. Set

αk = |ϕ(u1) − ϕ(u2)|
|u1 − u2| + εk

and
Ak = αk + εk

so that Ak is continuous and strictly positive in D × (0, ∞).
Let θ be the Green’s potential of η, i.e.

�θ = −η in D,

θ = 0 at ∂D.

For a smooth positive function α in R
n × [0, ∞), define S(α) = ψ as the solution of

the linear (backward parabolic problem)

ψt + α �ψ = 0 in D × (0, T ),

ψ(x, T ) = θ(x)x ∈ D,

ψ = 0 on ∂D × (0, T ).

⎫⎪⎬
⎪⎭ (4.1.2)
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Then h = �ψ is a solution of the problem

ht + �(α h) = 0 in D × (0, T ),

h(x, T ) = −η(x) x ∈ D,

h = 0 on ∂D × (0, T ).

⎫⎪⎬
⎪⎭ (4.1.3)

Moreover∫
D

∫ T

0
αh2 =

∫∫
α(�ψ)2

= −
∫∫

∂ψ

∂t
�ψ

= −
∫

D

θ�θ dx +
∫

D

ψ(x, 0)�ψ(x, 0) dx +
∫∫

ψ
∂(�ψ)

∂t
.

Since

−
∫

θ �θ dx =
∫

|∇θ |2 dx

and ∫
ψ(x, 0) �ψ(x, 0) dx ≤ 0

and
∂(�ψ)

∂t
= ∂h

∂t
= −�(α h)

we conclude that ∫
D

∫ T

0
αh2 ≤

∫
D

|∇θ |2 −
∫

D

∫ T

0
αh2.

Hence ∫
D

∫ T

0
α h2 dtdx ≤ 1

2

∫
D

|∇θ |2 dx. (4.1.4)

Now we want to solve the parabolic backward problem (4.1.3) with α = A.
Define b = u1 − u2, so that∫

D

b(x, T )θ(x) dx −
∫

D

b(x, τ ) ψ(x, τ ) dx

=
∫

D

[w1(x, T ) − w2(x, T )] η(x) dx

−
∫

D

[w1(x, τ ) − w2(x, τ )] h(x, τ ) dx

=
∫

D

∫ T

0

(
[ϕ(u1) − ϕ(u2)] h + b

∂ψ

∂t

)
dtdx

=
∫

D

∫ T

0
b (A − α) �ψ dtdx.

(4.1.5)
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Notice that

d

dt

∫
D

|h(x, t)| dx = −
∫

D

ht dx

=
∫

D

�(αh)dx

=
∫

∂D

∂

∂n
(αh) dσ ≥ 0

since h(x, t) ≤ 0 in D and vanishes on ∂D × (0, T ). Therefore∫
D

|h(x, t)| dx ≤
∫

D

η(x)dx. (4.1.6)

Let {αν} ⊂ C∞(Rn ×[0, ∞)), with αν > 0 such that αν → Ak uniformly on compact
subsets of D × (0, ∞). From (4.1.6), for each k, j there exists a measure λ

(k)
j defined

as the weak limit of {−hν′(x, τj )dx}∞
ν′=0 for some subsequence {ν′}. Moreover,∫

D

dλ
(k)
j ≤

∫
D

η(x) dx.

Using (4.1.5) as in the proof of Theorem 1.1.1 in Section 1.1 of Chapter 1 we obtain
that ∣∣∣∣

∫
D

(w1(x, T ) − w2(x, T )) η(x) dx −
∫

D

(w1(x, τ ) − w2(x, τ )) dλk
j

∣∣∣∣
≤C(η)

(∫
�

∫ T

τj

(A − Ak)
2

Ak

b2 dxdt

)1/2

.

Since (A − Ak)
2b2/Ak ≤ C εk , letting k → ∞ we obtain the desired result.

Remark. If u is a strong solution of the IDP in � and w is the Green’s potential of u

then
∂w

∂t
= −ϕ(u) ≤ 0

in the distribution sense, and

e(x, τ, T ) ≡ w(x, T ) − w(x, τ) +
∫ T

τ

ϕ (u(x, t)) dt

is a well defined continuous function with

e(x, τ, T ) = 0 for x ∈ ∂D.

Moreover
�xe(x, τ, T ) = 0
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in the distribution and hence
e(x, τ, T ) ≡ 0

which shows that

w(x, T ) = w(x, τ) −
∫ T

τ

ϕ (u(x, t)) dt.

Thus limt↓0 w(x, t) exists (it may be infinite) for each x ∈ D.

Lemma 4.1.3 (Maximum principle [113]). Let u1, u2 be strong solutions of the IDP
(4.0.1) in � = D × (0, ∞). Suppose that u2 ∈ C

(
D × [0, ∞)

)
and that the Green’s

function wi = Gui verify that

lim
t↓0

w2(x, t) ≤ lim
t↓0

w1(x, t).

Then w2(x, t) ≤ w1(x, t) for (x, t) ∈ �.

Remark. Notice that by hypothesis limt↓0 w2(x, t) is finite for any x ∈ D.

Proof. Fix T > 0, and let {τj } be a decreasing sequence such that τ0 = T and
τj → 0. Set η ∈ C∞

0 (D), η ≥ 0. Let {λj } be the sequence of measures provided by
Lemma 4.1.2. Passing to a subsequence we find that there exists λ∞ such that∫

D

dλ∞ ≤
∫

D

η dx

and

lim
j→∞

∫
D

θ dλj =
∫

D

θ dλ∞

for any θ ∈ C(D) with θ |∂D = 0. Our goal is to show that

E =
∫

D

[
w1(x, T ) − w2(x, T )

]
η(x) dx ≥ 0.

From (4.1.1)

E =
∫

D

[
w1(x, τj ) − w2(x, τj )

]
dλj .

Taking k ≤ j and using that ∂w1/∂t ≤ 0 it follows that

E ≥
∫

D

w1(x, τk) dλj −
∫

D

w2(x, τj ) dλj .

Notice that from our hypothesis

lim
j→∞

∫
D

w2(x, τj ) dλj =
∫

D

h2(x) dλ∞
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where h2(x) = limt↓0 w2(x, t). Hence

E ≥
∫

D

w1(x, τk) dλ∞ −
∫

D

h2(x) dλ∞.

Combining the Monotone Convergence Theorem and our hypothesis we obtain that

E ≥
∫

D

[h1(x) − h2(x)] dλ∞ ≥ 0

where h1(x) = limt↓0 w1(x, t), which completes the proof.

4.2 The friendly giant (slow diffusion)

In this section we shall prove the existence of a strong solution α(x, t) in the slow
diffusion case ϕ ∈ Sa (as defined in the Introduction) without an initial trace at t = 0
[50]. For a function f ∈ C(D) with f |∂D = 0 and f ≥ 0, let us denote by uf the
unique solution of the IVP

ut = �ϕ(u) in D × (0, ∞),

u = 0 on ∂D × (0, ∞),

u(x, 0) = f (x) x ∈ D,

⎫⎪⎬
⎪⎭ (4.2.1)

in C(D × [0, ∞)). The existence of uf follows by an argument similar to that given
in Section 1.6 of Chapter 1 and the uniqueness is a consequence of Theorem 1.1.1 of
Chapter 1.

Theorem 4.2.1. Let ϕ ∈ Sa . Suppose f ∈ C(D) with f |∂D = 0, and f ≥ 0. Let uf

be the unique solution of the IVP (4.2.1) in C(D × [0, ∞)). Define

α(x, t) ≡ sup
f

uf (x, t).

Then α(x, t) is a strong solution of the IDP (4.0.1) in D × (0, ∞). Moreover, if u is a
strong solution of the IDP (4.0.1) in D × (0, ∞) then

u(x, t) ≤ α(x, t).

Proof. Denote by β the inverse of ϕ (ϕ ∈ Sa) and by ψ its primitive, i.e.

ψ(z) =
∫ z

0
β(s) ds.

Notice that ϕ(s) ≥ s1+a for s ≥ 1, since

log ϕ(s) =
∫ s

1
(log ϕ(r))′ dr =

∫ s

1

ϕ′(r)
ϕ(r)

dr

=
∫ s

1

r ϕ′(r)
ϕ(r)

dr

r
≥ (1 + a) log s.
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We claim that
ψ(z) ≤ C z1+γ for z ≥ 1, with γ ∈ (0, 1). (4.2.2)

Since ϕ(s) ≥ s1+a , it follows that

s ≥ β
(
s1+a

)
. (4.2.3)

Defining r = s1+a we have that

r1/(1+a) ≥ β(r) for r ≥ 1

and

ψ(z) =
∫ 1

0
β(s) ds +

∫ z

1
β(s) ds

≤
∫ 1

0
β(s)ds +

∫ z

1
s1/(1+a)ds

≤ C z1+γ

for z ≥ 1, which proves the claim (4.2.2).
Let A be a bounded domain such that D ⊂⊂ A. Denote by v = vA the solution of

the variational problem (nonlinear eigenvalue problem)

sup
{ ∫

A
ψ(w) dx : w ∈ H 1

0 (A) with
∫
A

|∇w|2 dx = 1
}
.

Since ψ(z) = ∫ z

0 β(s)ds ≤ C z2+C′ and H 1
0 (A) ↪→ L2(A) is compact, the supremum

is attained in v, and v solves the variational Euler equation

�v = −μ β(v)

where μ is the Lagrange multiplier. Thus the following hold.

(i) v = vA > 0 in A. Otherwise |v| would increase
∫
A

ψ(v) dx.

(ii) μ > 0. This follows by integrating the equation �v = −μ β(v) multiplied by v.

(iii) v ∈ C∞(A) by classical regularity theorems.

Define u(x, t) by the formula

ϕ (u(x, t)) = v(x)

tγ
(4.2.4)

for a constant γ > 0 to be chosen in the sequel and also let

m = inf
D

v(x) > 0.

Claim. There exists T0 > 0 and γ0 > 0 such that u in (4.2.4) is a supersolution of
∂z/∂t = �ϕ(z) in D × (0, T0) (i.e., �ϕ(u) − ∂u/∂t ≤ 0) when γ ≥ γ0.



140 4 The initial Dirichlet problem in an infinite cylinder

To prove this claim, first we choose T1 so small that if t ∈ (0, T1) then

v(x)

tγ
≥ 1 for (x, t) ∈ D × (0, T1) and γ ≥ γ0.

Next we compute that

�ϕ(u) − ∂u

∂t
= −μ

β(v)

tγ
+ γ β ′ ( v

tγ

) v

tγ+1 .

Since ϕ ∈ Sa it follows that

β ′(s) ≤ C
β(s)

s
for s > 0

for some C > 0. Hence

�ϕ(u) − ∂u

∂t
≤ −μ

β(v)

tγ
+ C

γ v

t1+γ

β (v/tγ )

v/tγ

since v/tγ ≥ 1. Thus (4.2.3) yields

�ϕ(u) − ∂u

∂t
≤ −μ

β(v)

tγ
+ C

γ v

t1+γ

v
−a
1+a

t
−aγ
1+a

≤ −μC′

tγ
+ C′′

t1+ γ
1−a

.

Choosing γ sufficiently large we complete the proof of the claim.
Now by Theorem 1.1.1 of Chapter 1 (which also works for supersolutions) and

(4.2.3) we get

uf (x, t) ≤ u(x, t) ≤ C

tγ
for all t ∈ (0, T0)

where C depends only on ϕ. Also for t ≥ T0 from the maximum principle we have

uf (x, t) ≤ C1.

Pick Kn ⊂⊂ Kn+1 ⊂⊂ D such that
⋃∞

1 Kn = D. Choose {fn}∞1 an increasing
sequence in C∞

0 (D) such that fn ≡ n on Kn and support fn ⊆ Kn+1. From Theo-
rem 1.1.1 it follows that there exists a subsequence {ufnj

} which converges uniformly

to α(x, t) on compact sets of D × (0, ∞) and where α(x, t) is a strong solution of the
IDP (4.0.1).

We shall show that

α(x, t) := sup
f ∈C0(D)

uf = α(x, t). (4.2.5)

Indeed, by definition α ≥ α. On the other hand, given f ∈ C0(D), there exists nj such
that fnj

≥ f . Thus by Theorem 1.1.1 of Chapter 1, uf ≤ α, and (4.2.5) is proved.
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Finally, given f ∈ C(D) with f |∂D = 0 there exists {fj } ⊆ C0(D) such that {fj }
is a non-decreasing sequence of functions which converges uniformly on D. Thus,

α(x, t) = α(x, t) = sup
f

uf (x, t).

Now let u be a strong solution of the IDP (4.0.1). Then

un(x, t) := u(x, t + 1/n) ≤ α(x, t).

Letting n tend to infinity it follows that

u(x, t) ≤ α(x, t)

and the proof of the theorem is finished.

The next results characterize the exceptional solution α(x, t).

Lemma 4.2.2. Let u(x, t) be a strong solution of the IDP (4.0.1) in D × (0, ∞) such
that w(x, t) = Gu(x, t) (Green’s potential of u) satisfies

lim
t↓0

w(x, t) = +∞ for all x ∈ D.

Then u ≡ α.

Proof. By the previous lemma u ≤ α. Let {un} be a sequence of strong solutions such
that

(i) un ∈ C([0, ∞) × D),

(ii) 0 ≤ un ≤ un+1,

(iii) limn→∞ un(x, t) = α(x, t) for (x, t) ∈ D × (0, ∞).

This sequence was constructed in the proof of Theorem 4.2.1. We apply the maximum
principle (Lemma 4.1.3) to w and wn (which is continuous up to t = 0). Since

lim
t↓0

w(x, t) ≥ lim
t↓0

wn(x, t)

it follows that w(x, t) ≥ wn(x, t). Therefore w(x, t) ≥ Gα(x, t).

Lemma 4.2.3. Let u(x, t) be a strong solution of the IDP (4.0.1) in D × (0, ∞). Then
u 
≡ α if and only if

sup
t>0

∫
D

u(x, t)δ(x) dx < ∞ (4.2.6)

where δ(x) = dist(x, ∂D).
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Proof. Assume u 
≡ α. From the previous lemma there exists x0 ∈ D such that

lim
t↓0

w(x0, t) < ∞ (where w(x, t) = Gu(x, t)).

Since w(x, · ) is a non-increasing function we have that

sup
t>0

w(x0, t) = sup
t>0

∫
D

G(x0, y)u(y, t)dy < ∞.

On the other hand as a consequence of the Hopf’s maximum principle (see [76])

G(x0, y) ≥ C δ(y).

Therefore

sup
t>0

∫
D

u(y, t) δ(y) dy < ∞.

Now we assume that the inequality (4.2.6) holds. Define

a(x) =
∫

D

G(x, y) dy

so that
�a = −1 in D,

a = 0 on ∂D,

and a(x) � δ(x). In fact: for y ∈ D such that |x − y| ≥ δ(x)/2

G(x, y) ∼= δ(x)δ(y)

|x − y| ,

and for y ∈ D such that |x − y| < δ(x)/2

G(x, y) ∼= 1

|x − y|n−2 .

The proof of these results follow by comparison with the Green’s functions in an exterior
ball.

Fubini’s theorem and the symmetry of the Green’s function lead to∫
D

w(x, t)dx ≡
∫

D

u(x, t) a(x) dx.

Now taking the supremum and using (4.2.6) we obtain that

sup
t>0

∫
D

w(x, t) < ∞ (4.2.7)

which implies that u 
≡ α.

Remark. We have also proven that if u 
≡ α then (4.2.7) holds.
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4.3 The trace (slow diffusion)

By removing the exceptional solution α(x, t) constructed in the previous section from
the class of strong solutions in D × (0, ∞) we shall now prove the existence of the
initial trace for strong solutions of IDP (4.0.1) with ϕ ∈ Sa .

Theorem 4.3.1. Let u(x, t) be a strong solution of the IDP (4.0.1), with ϕ ∈ Sa . If
u 
≡ α (with α as in Theorem 4.2.1) then there exist non-negative Borel measures μ

and λ on D and ∂D respectively with∫
D

δ(x) dμ(x) < ∞ and
∫

∂D

dλ < ∞

such that for any η ∈ C∞
0 (Rn) with η|∂D = 0

lim
t↓0

∫
D

u(x, t)η(x)dx =
∫

D

η(x) dμ(x) −
∫

∂D

∂η

∂n
(Q) dλ(Q)

where ∂/∂n denotes the exterior normal derivative to ∂D.

Proof. By the monotonicity of w(x, · ) = Gu(x, · ) for any x ∈ D and the above
remark it follows that

lim
t↓0

w(x, t) ≡ h(x)

exists for all x ∈ D with h ≥ 0, superharmonic, and by the Monotone Convergence
Theorem

‖w(x, t) − h(x)‖L1(D) → 0 as t ↓ 0.

In particular, h ∈ L1(D). Also∫
D

u(x, t) η(x) dx = −
∫

D

w(x, t)� η dx → −
∫

D

h(x)�η(x)dx

when t ↓ 0. From Classical Potential Theory we have the Riesz decomposition of h

(see [82])
h(x) = Gμ(x) + α(x)

where α is harmonic and non-negative and μ is a measure such that∫
D

δ(x) dμ(x) < ∞. (4.3.1)

To obtain λ we use the Martin’s representation theorem of harmonic positive functions
(see [82]). In fact, in our case due to the regularity of D the Martin boundary agrees
with the Euclidean boundary. Thus

α(x) =
∫

∂D

K(x, Q) dλ(Q).
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where K( ·, · ) is the Martin’s kernel for D Now∫
D

(∫
D

G(x, y) dμ(y)

)
�η(x)dx = −

∫
η(y) dμ(y) (4.3.2)

and ∫
D

(∫
∂D

K(x, Q)dλ(Q)

)
�η(x)dx =

∫
∂D

∂η(Q)

∂n
dλ(Q). (4.3.3)

To justify these two inequalities we proceed as follows: For the first one, note that
(4.3.1) implies that ∫

D

∣∣∣∣
∫

D

G(x, y)dμ(y)

∣∣∣∣ dx < ∞.

Hence it suffices to verify (4.3.2) in the case when dμ(y) = f (y) dy, with f ∈ C∞
0 (D).

But in this case the result follows from the Green’s formula. For the second one (4.3.3)
using a well-known estimate for the kernel K(x, Q) (see for example [137]) it follows
that ∫

D

∫
∂D

K(x, Q)dλ(Q)dx < ∞.

Hence it suffices to verify (4.3.3) for dλ(Q) = f (Q) dw(Q), where f ∈ C∞(∂D)

and dw(Q) is the harmonic measure for D. In this case the identity follows again by
Green’s formula.

The following result shows that strong solutions are uniquely determined by their
initial trace.

Theorem 4.3.2. Suppose u1, u2 are two strong solutions of the IDP (4.0.1) such that

lim
t↓0

∫
D

u1(x, t) η(x) dx = lim
t↓0

∫
D

u2(x, t) η(x) dx

for any η ∈ C∞
0 (Rn), η ≡ 0 on ∂D. Then u1 ≡ u2.

Proof. Assume first that there exists η ∈ C∞
0 (Rn), η ≡ 0 on ∂D such that

lim
t↓0

∫
D

ui(x, t) η(x) dx = ∞.

Then by Theorem 4.3.1 we have u1 ≡ u2 ≡ α the exceptional solution constructed in
the previous section. Thus we can assume that

lim
t↓0

∫
D

ui(x, t) η(x) dx < ∞

for i = 1, 2 and any η.
Let θ ∈ C∞

0 (D), θ ≥ 0, and define

hi(x) = lim
t↓0

wi(x, t).
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By the Monotone Convergence Theorem∫
D

hi(x) θ(x) dx = lim
t↓0

∫
D

wi(x, t) θ(x) dx

= lim
t↓0

∫
D

ui(x, t) η(x) dx

where η(x) = Gθ(x). Thus h1 = h2 a.e. But they are potentials, therefore every point
is a Lebesgue point and h1 ≡ h2.

Now for s > 0 define
w(x, t) = w2(x, t + s)

continuous up to t = 0 with

lim
t↓0

w1(x, t) = lim
t↓0

w2(x, t) ≥ w2(x, s) ≡ lim
t↓0

w(x, t).

Consequently by the maximum principle (Lemma 4.1.3)

w1(x, t) ≥ w(x, t) = w2(x, t + s) for all s > 0.

Hence w1(x, t) ≥ w2(x, t). By symmetry of the argument, w1 ≡ w2.

4.4 Existence of solutions (slow diffusion)

This section is devoted to establishing the existence of solutions to IDP (4.0.1) with
ϕ ∈ Sa as stated next.

Theorem 4.4.1. Let ϕ ∈ Sa . Given a pair of measures μ on D and λ on ∂D with
μ ≥ 0, λ ≥ 0,

∫
D

δ(x) dμ(x) < ∞ and
∫
∂D

dλ < ∞, there exists a unique strong
solution u of the IDP (4.0.1) in D × (0, ∞) such that for any η ∈ C∞(Rn), η ≡ 0 on
∂D

lim
t↓0

∫
D

u(x, t) η(x)dx =
∫

D

ηdμ −
∫

∂D

∂η

∂n
dλ

where ∂/∂n denotes the exterior normal derivative to ∂D.

Proof. The proof will be carried out in two steps:

Step 1. Assume λ ≡ 0 and supp μ ⊂ K ⊂⊂ D. Denote by uf the solution of the BVP
(see Section 1.6 of Chapter 1)

ut = �ϕ(u) in D × (0, ∞),

u = 0 on ∂D × (0, ∞),

u(x, 0) = f (x) x ∈ D,

where f ∈ C∞
0 (D), f ≥ 0. Thus uf ∈ C(D × [0, ∞)).
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Claims.

(i) M = supt>0

∫
D

uf (x, t)dx ≤ ∫
D

f (x).

(ii) If η ∈ C∞(Rn), η ≡ 0 on ∂D, then there exists α > 0 such that for t ∈ (0, 1)∣∣∣∣
∫

D

[uf (x, t) − f (x)] η(x)dx

∣∣∣∣ ≤ CM,η tα.

Proof of (i). Formally

d

dt

∫
D

uf (x, t) dx =
∫

D

�ϕ(uf (x, t)) dx

=
∫

∂D

∂

∂n
ϕ(uf (x, t)) dσ (x) ≤ 0.

The above formal computation can be justified by approximating ϕ by ϕj with ϕj > 0
at zero, such that ϕj → ϕ uniformly on compacts, passing to the limit and using Fatou’s
Lemma. Thus we obtain Claim (i).

Proof of (ii). Define

v(x, t) =
{

uf (x, t) x ∈ D,

0 x /∈ D.

Thus v is a subsolution of ∂u/∂t = �ϕ(u) in R
n × (0, ∞). From Claim (i) and

Lemma 1.3.1 in Section 1.3 of Chapter 1, we have

ϕ(v) ≤ 1 + C v t−σ for t ∈ (0, 1) (4.4.1)

where C = C(M, a) and σ = σ(M, a) ∈ (0, 1). Using the identity∫
D

[uf (x, t) − f (x)] η(x)d x =
∫ t

0

∫
D

ϕ(uf )�η dxdt

and (i) we obtain (ii).
To justify the above proof we observe that in the proof of (4.4.1) (Lemma 1.3.1 of

Chapter 1) only the fact that v is a subsolution of ∂z/∂t = �ϕ(z) was used.
Now pick {fj } ⊆ C∞

0 (D), fj ≥ 0 such that
∫
D

fjdx ≤ ∫
D

dμ, supp fj ⊂ K ⊂ D,
and fj dx → dμ weakly. Let uj = ufj

. Since uj ≤ α, by Lemma 4.1.1 there exists
a subsequence (which we still denote {uj }) and a strong solution u of the IDP (4.0.1)

such that {uj } converges uniformly to u in D × [s, τ ] for any 0 < s < τ < ∞. Thus∫
D

u(x, t)η(x) dx −
∫

D

η(x) dμ

=
∫

D

[u(x, t) − uj (x, t)] η(x) dx +
∫

D

[uj (x, t) − fj (x)] η(x) dx

+
∫

D

η(x)[fj (x) dx − dμ(x)]
= I + II + III.
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By the above estimates I + II + III → 0 as t ↓ 0, completing the proof of Step 1.

Step 2. General case. We introduce the superharmonic function

h(x) =
∫

D

G(x, y) dμ(y) +
∫

∂D

K(x, Q) dλ(Q)

(see the notation in the proof of Theorem 4.3.1). As in the proof of Theorem 4.3.1 it
follows that h ≥ 0 with

∫
D

h(x)dx < ∞.
Now we choose a sequence of domains {Dj }∞1 such that Dj ⊂⊂ Dj+1 and D =⋃∞

j=1 Dj . Define

hj =

⎧⎪⎨
⎪⎩

h in Dj,

harmonic in D − Dj,

0 on ∂D and hj on ∂Dj .

By construction hj is superharmonic (satisfies the submean value property), hj ↑ h as
j ↑ ∞, and

hj =
∫

D

G(x, y)dμj (y) with supp μj ⊆ Dj

(since the Laplacian of hj is a measure that takes the value zero continuously on ∂D).
Let uj be the solution corresponding to μj , constructed in Step 1. Denote by

wj(x, t) the Green’s potential of uj (i.e. wj(x, t) = Guj (x, t)). Hence

lim
t↓0

wj(x, t) = hj (x).

Moreover, uj (x, t) ≤ α(x, t) (exceptional solution), and hence by Lemma 4.1.1, there
exists a subsequence (which we still denote by {uj }) which converges uniformly on

D × [s, τ ] to a strong solution u of the IDP (4.0.1).
Thus u is our candidate for solution. It remains to check that it has the right trace,

in other words
lim
t↓0

w(x, t) = h(x) (4.4.2)

Observe first that since w(x, t) = limj→∞ wj(x, t) (uniform limit) and wj(x, t) ≤
hj (x) ≤ h(x), then for u 
≡ α, w(x, t) = Gu(x, t) ≤ h(x) for all t > 0. We claim
that

w(x, t) ≥ wj(x, t). (4.4.3)

Indeed, we know that w(x, t) = limk→∞ wk(x, t). Choose k > j , s > 0 and apply
Lemma 4.1.3 to wk(x, t) and wj(x, t + s). Since

lim
t↓0

wk(x, t) = hk(x) ≥ hj (x) ≥ wj(x, s)

it follows that
wk(x, t) ≥ wj(x, t + s) for all s > 0
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which proves (4.4.3). Thus

h(x) ≥ lim
t↓0

w(x, t) ≥ lim
t↓0

wj(x, t) = hj (x)

and therefore
h(x) = lim

t↓0
w(x, t).

which completes the proof of Theorem 4.3.1.

Corollary 4.4.2. Let u be a strong solution of the IDP in D× (t1, t2). Then there exists
a strong solution ũ of the IDP in D × (t1, ∞) such that u ≡ ũ in D × (t1, t2).

Proof. Without loss of generality we can assume t1 = 0. Let w(x, t) = Gu(x, t). If
limt↓0 w(x, t) ≡ ∞ then u ≡ α and we complete the proof.

Otherwise by the previous result there exists a trace for u, and a unique solution ũ

for this trace. By uniqueness (Theorem 4.3.2) we obtain the result.

4.5 Asymptotic behavior (slow diffusion)

In this section we shall show that the exceptional solution α(x, t) of (4.0.1) with ϕ ∈ Sa

is a universal attractor.

Theorem 4.5.1. Let ϕ ∈ Sa . Assume that

lim
h↓0

ϕ(hu)

ϕ(h)
= ψ(u)

uniformly on compact subsets of [0, ∞). Then if u 
≡ 0 is a strong solution of the IDP
(4.0.1) in D × (0, ∞) then

lim
t↑∞

u(x, t)

αϕ(x, t)
= 1

uniformly for x ∈ D.

Proof. Define 	ϕ(u) the inverse function of ϕ(u)
u

on (0, ∞). For s > 0 let

ψs(u) ≡ ϕ(	ϕ(1/s)u)

ϕ(	ϕ(1/s))
.

It is not hard to check that ψs ∈ Sa and 	ϕ(r) → 0 as r → 0.
Define vs(x, t) = u(x,st)

	ϕ(1/s)
. Thus vs is a strong solution of the IDP for the equation

∂v
∂t

= �ψs(v). We claim that

lim
s→0

vs(x, t) = αψ(x, t), (4.5.1)
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where αψ( ·, · ) is the corresponding exceptional function for ψ ∈ Sa .
From the existence proof of α (Theorem 4.2.1) we have that for any θ ∈ Sa ,

αθ (x, t) ≤ C/tα where C and α depend only on a.
Note also that ψs → ψ as s → ∞ uniformly on compact sets by assumption.
Thus if {sj } is a sequence going to +∞, there exists a subsequence {sjk

} such that

vsjk
→ v uniformly on compact subsets of D × (0, ∞) (Note that strong solutions of

the IDP for θ ∈ Sa are equicontinuous). Moreover v is a strong solution of the IDP for
∂v
∂t

= �ψ(v). It remains to show that v = αψ .
Let w(x, t) = Gu(x, t) and h(x) = limt↓0 w(x, t) where

h(x) =
∫

D

G(x, y)dμ(y) +
∫

∂D

K(x, Q)dλ(Q)

where either μ or λ is not 0. Hence h(x) ≥ cδ(x) (if μ 
= 0 it is easy to prove it; when
μ = 0 we use the Hopf maximum principle).

Let now f ∈ C0(D) and denote by ujk,f the strong solution of the IDP correspond-
ing to ψsjk

and f .
We claim that for jk large Gvsjk

≥ wjk,f = Gujk,f . By Lemma 4.1.3 it suffices to
check it at t = 0. But wjk,f (x, 0) = Gf (x) since ujk,f is continuous up to t = 0, and

lim
t↓0

Gvsjk
(x, t) = lim

t↓0

w(x, sjk
t)

	ϕ(1/sjk
)

= h(x)

	ϕ(1/sjk
)
.

Since Gf (x) ≤ C δ(x) we establish the claim.
As jk → ∞, ψsjk

→ ψ , and hence ujk,f → uf uniformly on compact subsets

of D × [0, ∞), where uf denotes the strong solution of the IDP for ψ with initial
f . Hence, if wf = Guf then Gv ≥ wf . Therefore Gv ≥ Gαψ , which implies that
v = αψ and the claim (4.5.1) is proven.

From Theorem 4.2.1 it follows that

αψs (x, t) = αψ(x, st)

	ϕ(1/s)
. (4.5.2)

Hence

lim
s→∞

u(x, st)

	ϕ(1/s)αψ(x, t)
= 1 = lim

s→∞
u(x, st)αψs (x, st)

	ϕ(1/s)αψs (x, st)αψ(x, t)

= lim
s→∞

u(x, st)αψs (x, t)

αϕ(x, st)αψ(x, t)
.

However, we claim that

lim
s→∞

αψs (x, t)

αψ(x, t)
= 1

which would complete the proof of the theorem. But (4.5.2) and the proof that
lims→∞ vs(x, t) = αψ(x, t) can be combined to establish the claim.
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Remark. In the case of the porous medium equation ϕ(u) = um, m > 1, the asymptotic
behavior of solutions to IDP can be described in a more precise way. The exceptional
solution takes the special form

U(x, t) = t−α f (x), α = 1

m − 1

where f (x) is a solution of the stationary elliptic problem

�f m + α f = 0.

In this case it can be shown, see [128], that each non-negative weak solution u of the
IDP (see [128] for the exact definition of weak solution) satisfies

lim
t→∞ tα |u(x, t) − U(x, t)| = lim

t→∞ |tα u(x, t) − f (x)| = 0.

This result is optimal in the sense that the exponent α cannot be improved and the
profile function f is uniquely determined. However, one can improve the above result
by estimating the error tα u(x, t)−f (x). We refer the reader to [128] and the references
therein for all the details.

4.6 A priori estimates (fast diffusion)

In this section we shall prove two a priori estimates for strong solutions to the IDP
(4.0.1) in the fast diffusion, pure power case ϕ(u) = um, 0 < m < 1. The first
lemma, which provides a local L1 bound on u, holds for all 0 < m < 1. However, the
second lemma, which provides an L∞ bound on u, holds only in the range of exponents
m1 < m < 1, with m1 = (n− 1)+/n. The new critical exponent m1 which enters here
will be discussed later.

Lemma 4.6.1. Let u be a strong solution of the IDP (4.0.1) with ϕ(u) = um,
0 < m < 1. Then

sup
t>0

∫
D

u(x, t) δ(x) dx < ∞

with δ(x) = dist(x, ∂D).

Proof. Let e(x) be a ground state for −� on D, i.e. �e = −λ e in D, for some λ > 0,
e = 0 on ∂D, e > 0 in D, e ∈ C∞(D). Consider M(t) = ∫

D
u(x, t) e(x) dx. Clearly

dM(t)/dt ≤ 0, so that for any t0 we have

sup
t>t0

M(t) ≤ M(t0).

Because of this, if there exists tn → 0 such that M(tn) → 0, M ≡ 0 and so is u. Thus,
it remains to show that if for some δ > 0 there exists an ε > 0 such that M(t) ≥ ε, for
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0 < t ≤ δ, then sup0<t<δ M(t) < ∞. But

dM(t)

dt
= −λ

∫
D

um(x, t) e(x) dx

and ∫
D

um(x, t) e(x) dx ≤ A

(∫
D

u(x, t) e(x) dx

)m

by Hölder’s inequality, since m < 1. Thus, we have

0 ≥ dM(t)

dt
≥ −(A λ) M(t)m for 0 < t ≤ δ,

and also M(t) ≥ ε, for 0 < t ≤ δ. An easy ODE comparison argument now gives the
result.

Lemma 4.6.2. Let u be a strong solution of the IDP (4.0.1), with ϕ(u) = um, m1 <

m < 1, m1 = (n − 1)+/n. Then, for all 0 < t0 < t < t1 < ∞ we have

‖u‖
L∞(D×[t0,t1]) ≤ C(M, m, n, t0, t1)

with M = supt>0

∫
D

u(x, t) δ(x) dx.

Proof. We first observe that Theorem 1.4.3 in Chapter 1 gives, for R2 < t , 0 < s < t ,
the bound

sup
|x−x0|<R

u(x, t) ≤ C

{
1

tθ

[∫
|x−x0|<4R

u(x, s) dx

] 2θ
n +

(
t

R2

) 1
1−m

}

where θ−1 = 2/n − (1 − m). If we choose R ≈ δ(x0), we obtain the bound

sup
|x−x0|<δ(x0)

u(x, t) ≤ Ct

{
M

2θ
n δ− 2θ

n + δ(x0)
− 2

1−m
}
.

If m > m1, we see that 2θ
n

≤ 2
1−m

, and hence

u(x0, t) ≤ C(M, m, n, t0, t1) δ(x0)
− 2

1−m , t ∈ [t0, t1]. (4.6.1)

Next, observe that the proof of Theorem 1.4.1 in Chapter 1 still applies to subsolutions
and thus, to u extended by 0 outside of D × (0, ∞). Hence, by the remark after the
proof of Theorem 1.4.1 in Chapter 1 we see that if q > (1 − m) n/2 we have

‖u‖
L∞(D×[t0,t1]) ≤ C

[∫∫
D×[t0,t1]

uq + 1

]σ

.

We next set q = ε + m, and note that if m > m1, we can choose 0 < ε < (1 − m)/2
so that q > (1 − m) n/2. We shall now establish, for this choice of ε, that∫∫

D×[t0,t1]
uq ≤ C(M, m, n, t0, t1)
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concluding the proof of the lemma. Observe that by (4.6.1),

uε(x, t) ≤ C(M, m, n, t0, t1) δ(x)−
2 ε

1−m .

Let α = 2ε/(1 − m), so that 0 < α < 1. Note that standard estimates on the Green’s
function yield that G(δ−α) ≤ Cα δ. Hence

C M ≥
∫

D

[ u(x, t0/2) − u(x, 2t1) ] G(δ−α) dx

=
∫ 2t1

t0/2

∫
D

um δ−α

≥ C

∫ 2t1

t0/2

∫
D

um+ε

as required.

4.7 The trace and uniqueness (fast diffusion)

In this section we shall establish the existence of initial trace and the uniqueness for
strong solutions to the IDP (4.0.1) in the fast diffusion, pure power case ϕ(u) = um,
0 < m < 1. Indeed, the proof of Theorem 4.3.1 combined with Lemma 4.6.1 gives:

Theorem 4.7.1. Let u(x, t) be a strong solution of the IDP (4.0.1), with ϕ(u) = um,
0 < m < 1. Then there exist non-negative Borel measures μ and λ on D and ∂D

respectively with ∫
D

δ(x) dμ(x) < ∞ and
∫

∂D

dλ < ∞
such that for any η ∈ C∞

0 (Rn) with η|∂D = 0,

lim
t↓0

∫
D

u(x, t)η(x)dx =
∫

D

η(x) dμ(x) −
∫

∂D

∂η

∂n
(Q) dλ(Q)

where ∂/∂n denotes the exterior normal derivative to ∂D.

Also, in analogy with Theorem 4.3.2, with the obvious modification of the proof,
we have:

Theorem 4.7.2. Suppose u1, u2 are two strong solutions of the IDP (4.0.1), with
ϕ(u) = um, 0 < m < 1. Assume that

lim
t↓0

∫
D

u1(x, t) η(x) dx = lim
t↓0

∫
D

u2(x, t) η(x) dx

for any η ∈ C∞
0 (Rn), η ≡ 0 on ∂D. Then u1 ≡ u2.
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4.8 Existence of solutions (fast diffusion m1 < m < 1)

This section is devoted in establishing the existence of strong solutions of the IDP
(4.0.1) in the fast diffusion case ϕ(u) = um, m1 < m < 1. This result is due to
Chasseigne and Vazquez [37] but will present here a different proof, based on the a
priori estimate Lemma 4.6.2.

Theorem 4.8.1. Let ϕ = um, m1 < m < 1, m1 = (n − 1)+/n. Given a pair
of measures μ on D and λ on ∂D with μ ≥ 0, λ ≥ 0,

∫
D

δ(x) dμ(x) < ∞ and∫
∂D

dλ < ∞, there exists a unique strong solution u of the IDP (4.0.1) in D × (0, ∞)

such that for any η ∈ C∞(Rn), η ≡ 0 on ∂D

lim
t↓0

∫
D

u(x, t) η(x)dx =
∫

D

ηdμ −
∫

∂D

∂η

∂n
dλ

where ∂/∂n denotes the exterior normal derivative to ∂D.

Proof. The proof is analogous to the one of Theorem 4.4.1 and proceeds in steps. We
shall only give a sketch of the proof emphasizing only the parts of the proof which are
different from those in the proof of Theorem 4.4.1.

Step 1. Assume λ ≡ 0 and supp μ ⊂ K ⊂⊂ D. Denote by uf the solution of the BVP
(see Section 1.6 of Chapter 1)

ut = �ϕ(u) in D × (0, ∞),

u = 0 on ∂D × (0, ∞),

u(x, 0) = f (x) x ∈ D,

where f ∈ C∞
0 (D), f ≥ 0. Thus uf ∈ C(D × [0, ∞)).

Claims.

(i) M = supt>0

∫
D

uf (x, t)dx ≤ ∫
D

f (x) dx.

(ii) supt>0

∫
D

uf (x, t) e(x)dx ≤ ∫
D

f (x) e(x) dx, where e is as in Lemma 4.6.1.

(iii) If η ∈ C∞(Rn), η ≡ 0 on ∂D, then for t ∈ (0, 1)∣∣∣∣
∫

D

[uf (x, t) − f (x)] η(x) dx

∣∣∣∣ ≤ CM,η t.

Proof of Claims. (i) follows as in the proof of Theorem 4.4.1. (ii) follows from the
proof of Lemma 4.6.1. For (iii) we observe that∫

D

[uf (x, t) − f (x)] η(x) dx =
∫

D

um
f �η dx ds ≤

∫ t

0
sup |�η| Mm ds

and the claim follows.
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Now pick {fj } ⊆ C∞
0 (D), fj ≥ 0 such that

∫
D

fjdx ≤ ∫
D

dμ, supp fj ⊂ K ⊂
D, and fj dx → dμ weakly. Let uj = ufj

. Because of Lemma 4.6.2 and the
equiconinuity result in Theorem 1.5.1 in Chapter 1, passing to a subsequence {uj }
converges uniformly in D × [s, τ ] to a strong solution u of the IDP (4.0.1), for any
0 < s < τ < ∞. As in the proof of Theorem 4.4.1 we see that u has trace μ,
completing the proof of Step 1.

Step 2. General case. We again introduce the superharmonic function

h(x) =
∫

D

G(x, y)dμ(y) +
∫

∂D

K(x, Q)dλ(Q)

with h ≥ 0,
∫
D

h(x)dx < ∞ and the sequence {hj } as in the proof of Step 2 in
Theorem 4.4.1. Let uj be the solution corresponding to μj , constructed in Step 1.
Denote by wj(x, t) the Green’s potential of uj , so that limt↓0 wj(x, t) = hj (x).

We need to observe now that since hj ↑ h and h ∈ L1(D), there exists x0 so that
hj (x0) ≤ h(x0) < ∞. Thus, supj

∫
D

e(x) dμj < +∞, and hence

sup
t>0

sup
j

∫
D

e(x) uj (x, t) dx < ∞.

By Lemmas 4.6.1 and 4.6.2 and the equicontinuity result in Theorem 1.5.1, a subse-
quence of {uj } converges in D × [s, τ ] to a strong solution u of the IDP (4.0.1). To
check that u has the right trace we only need to check that for w(x, t) = Gu(x, t) the
limit limt↓0 w(x, t) = h(x). As in Theorem 4.4.1, w(x, t) ≤ h(x), for all t > 0. The
proof of Theorem 4.4.1 also gives that w(x, t) ≥ wj(x, t), which concludes the proof.

Remark. The existence theorem for strong solutions fails when 0 < m ≤ m1, as

pointed out in [37]. The unique solution in B1 × (0, T ), with initial data (T /|x|2) 1
1−m

(obtained as a limit of classical solutions) is not bounded near x = 0, for 0 < m ≤
mc. Moreover, for the case m = m1, if f solves the elliptic eigenvalue problem
−�Sn−1f m = Cn f m in Sn−1 and we impose the boundary condition f (θ) = 0

on ∂Sn−1, where θ = x/|x|, then u(x, t) = |x| −2
1−m f (θ) is a stationary solution with

D = R
n+, which is a limit of classical solutions. If we take f (θ)m = x1/|x|, Cn = n−1,

one obtains the solution

u(x, t) = k

(
x1

|x|n
) n+1

n−1

, k > 0

which is zero at ∂R
n+ \ {0} but it is not bounded near x = 0 (see [37]). Corresponding

solutions for 0 < m < m1 are also found in [37].
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4.9 Further results and open problems

We shall present in this last section a collection of further results concerning strong
solutions of equation ut = �ϕ(u) in an infinite cylinder D × (0, ∞).

1. Extinction in finite time. In [37] it is shown that if 0 < m < 1 and u is a classical
solution to the IDP (4.0.1), with bounded initial data, it must vanish identically in finite
time. Moreover, it is shown that for m1 < m < 1, all strong solutions of the IDP vanish
identically in finite time T and are smooth in D × (0, T ).

2. The ranges mc < m ≤ m1, 0 < m ≤ mc. In [37] the class E0 consisting of non-
negative weak solutions of the IDP (4.0.1) (i.e. for which (4.0.2) holds), such that u ∈
L1

loc((0, T ); L1(D, δ(x) dx)), δ(x) = dist(x, ∂D), and um ∈ L1
loc((0, T ); L1(D)), for

all 0 < T < ∞, is introduced. It is shown that for 0 < m < 1, u ∈ E0, the initial traces
μ, λ exist, that supt>0

∫
D

u(x, t) δ(x) dx < ∞ and
∫ T

0

∫
D

um(x, t) dx dt < ∞. It is
also shown that μ does not charge sets of zero C2, 1

1−m
capacity in D (a vacuous condition

for m > mc) and that λ does not charge sets of zero C2m, 1
1−m

capacity on ∂D (a vacuous

condition for m > m1). It is also shown that given μ with
∫
D

δ(x) dμ(x) < ∞, which
does not charge sets of zero C2, 1

1−m
capacity in D and λ with

∫
∂D

dλ < ∞, which

does not charge sets of zero C1, 1
1−m

capacity on ∂D, there exists u ∈ E0 with that

trace. Moreover, in the range mc < m ≤ m1, when λ does not charge sets of zero
C1, 1

1−m
capacity on ∂D the solution is unique in E0. In addition, if m ∈ (mc, m1),

λ does not charge sets of zero C2m, 1
1−m

capacity on ∂D and
∫
D

δ(x)α dμ(x) < ∞,

α < α0 = −n + 2/(1 − m), then u is a strong solution of the IDP.

3. Extinction for solutions in E0. If m1 < m < 1, u ∈ E0, then there exists a time
0 < T ≤ ∞ such that u > 0 is smooth in D × (0, T ), and u ≡ 0, for t ≥ T . If
mc < m < m1, extinction in finite time happens for u ∈ E0 with trace μ, λ, with λ

satisfying the capacity condition and
∫
D

δ(x)α dμ(x) < ∞, α < α0 = −n+2/(1−m).
Also, examples are constructed in [37] which show that for 0 < m ≤ mc not all u in
E0 with data in L1(D) vanish in finite time.

4. Very hot spots. In [37] solutions to the IDP in a class more general than E0 are
constructed. These are continuous as functions into the extended reals.

5. The initial Neumann problem in an infinite cylinder. Sze [121] studied the initial
Neumann problem

ut = �ϕ(u) in � = D × (0, ∞),

∂u/∂ν = 0 on ∂D × (0, ∞),

}
(4.9.1)

where D ⊆ R
n is an open bounded domain with smooth boundary. The nonlinearity

ϕ belongs to the class of Sa , as it was defined at the beginning of this chapter, however
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it is assumed in [121] that the growth condition

1 + a ≤ u ϕ′(u)

ϕ(u)
≤ a−1.

holds for all 0 < u < ∞ (not only for 1 < u < ∞). Let us denote by S̃a the class of
such nonlinearities. The best known example of such ϕ is the porous medium equation
ϕ(u) = um, m > 1.

We say that u is a strong solution of the initial Neumann problem (INP) (4.9.1) if u

is a non-negative continuous function in D × (0, ∞) and for all η ∈ C∞(D × [0, ∞))

with ∂η/∂ν = 0 on ∂D × [t1, t2], 0 < t1 < t2, we have∫
D

∫ t2

t1

(
ϕ(u)�η + u

∂η

∂t

)
dxdt

=
∫

D

u(x, τ2) η(x, τ2)dx −
∫

D

u(x, τ1) η(x, τ1)dx.

(4.9.2)

The main result in [121] is that all solutions of the INP (4.9.1) are in one-to-one
correspondence with non-negative finite Borel measures on D. More precisely, if u is
a solution of the INP (4.9.1), then it has a trace as t ↓ 0, i.e., there is a non-negative
finite Borel measure μ on D such that

lim
t↓0

∫
D

u(x, t) η(x) dx =
∫

D

η(x) dμ(x)

whenever

η ∈ C∞(D) and
∂η

∂ν
|∂D ≡ 0.

Moreover, the trace determines the solution uniquely and vice versa. Also, this is the
correct class of traces, i.e., if μ is a non-negative finite Borel measure on D, then there
exists a unique solution u with initial trace μ. Finally, it was shown in [121] that
solutions can be uniquely extended to be solutions in D × (t1, ∞).

We note that the theory for the INP is quite similar to the theory for the IDP which
was described in detail in this chapter. The only difference is the absence of the
“exceptional solution” or “friendly giant” in the case of the INP. Since the proofs of
the above stated results are similar to the ones for the IDP which were given in detail
in Sections 4.1–4.5 of this chapter, we shall not present them here, referring the reader
to [121].



Chapter 5

Weak solutions

This chapter is devoted to the study of the regularity properties of weak solutions to
the porous medium equation

∂u

∂t
= �um, m > 1

showing that weak solutions are continuous almost everywhere. In the previous chap-
ters it was crucial to deal with weak solutions that were a priori known to be continuous.
Our main results in this chapter remove this assumption, showing that weak solutions
are indeed continuous. In the first section we shall restrict ourselves to weak solutions
which are zero in a weak sense on the lateral part of the boundary, establishing the
continuity of such solutions. In the second section we shall consider the purely local
version of this result.

5.1 Weak solutions of the porous medium equation in a cylinder

Let D be an open bounded set of R
n with smooth boundary. Let M denote the class

M = {
η ∈ C∞(Rn × (0, ∞)) : η( ·, t) ∈ C∞

0 (Rn), η ≡ 0 on ∂D × (0, ∞)
}
.

Definition. We say that u(x, t) is a weak solution of the initial Dirichlet problem (IDP)

∂u

∂t
= �um, m > 1, in D × (0, ∞) (5.1.1)

if

(i) u ≥ 0,

(ii) u satisfies ∫∫
D×(a,b)

um dxdt < ∞

for any 0 < a < b < ∞,

(iii) for any η ∈ M , u satisfies the integral identity∫∫
D×(0,∞)

[
u

∂η

∂t
+ um�η

]
dxdt = 0.
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Observe that iii) tells us that u ≡ 0 on ∂D × (0, ∞) in the weak sense.
Our main result in this section is the following result from [50].

Theorem 5.1.1. Ifu is aweak solution of the IDP (5.1.1) then there existsu∗ continuous
on D×(0, ∞) such that u = u∗ a.e. in D×(0, ∞). Moreover, u∗ = 0 on ∂D×(0, ∞).

Proof. For the proof of Theorem 5.1.1 we shall follow three steps:

Step 1. Existence of trace. Define w = Gu, i.e. the Green’s potential of u in � =
D × (0, ∞). Thus w ≥ 0 and∫ b

a

∫
D

w(x, t) dxdt < ∞.

The above estimate follows from the relation between the Green’s potential G( ·, · )
and the distance δ( · ) to the boundary.

We claim that ∫∫
�

[
w

∂η

∂t
+ η um

]
dxdt = 0 for all η ∈ M . (5.1.2)

Indeed, if η ∈ M then G�η = −η. Thus for θ ∈ C∞
0 (�), η = ηθ ≡ Gθ ∈ M and∫∫

�

w
∂θ

∂t
=
∫∫

w (−�)

(
∂η

∂t

)

=
∫∫

u
∂η

∂t

= −
∫∫

um �η

=
∫∫

�

um θ.

Therefore, ∂w/∂t = −um in D′(�) and the claim (5.1.2) is proved.
Consequently if τ > 0, θ̃ ∈ C∞

0 (D), and γ ∈ C∞
0 (R) with γ (τ) = 0 an approxi-

mation argument shows that∫∫
D×(τ,∞)

θ̃ (x) [ γ (t) (u(x, t))m − γ ′(t) w(x, t) ] dxdt = 0. (5.1.3)

Next we want to define the trace for w(x, t) at any time τ . Pick γ̃ ∈ C∞
0 (R) such

that γ̃ (τ ) = 1 and define∫
D

θ̃dvτ =
∫∫

D×(τ,∞)

θ̃ (x) [ γ (t) (u(x, t))m − γ ′(t) w(x, t) ] dxdt (5.1.4)

for any θ̃ ∈ C∞
0 (D). From (5.1.3) we have that vτ is well defined, i.e., it does not

depend on the choice of γ .
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Lemma 5.1.2. {vτ }τ>0 defined in (5.1.4) is a non-negative weakly continuous family
of measures with finite positiveness, i.e.,∫

D

dvτ < ∞.

Moreover �vτ ≤ 0 in D′(D).

Proof. It is clear from (5.1.4) that vτ is a measure. In fact, it is a positive measure: for
ε > 0 choose γε ∈ C∞

0 (R) dying off at infinity such that γ ′
ε(t) ≥ 0 for t ∈ (τ − ε, τ ),

γε(t) = 0 for t ≤ τ − ε, and γε(t) = 1 for t ≥ τ . Then from (5.1.3) - (5.1.4) we obtain
that

−
∫

θ̃ (x) dvτ =
∫∫

D×(τ−ε,τ )

θ̃ (x) [ γε(t) (u(x, t))m − γ ′
ε(t) w(x, t) ] dxdt

≤
∫∫

D×(τ−ε,τ )

θ̃ (x) γε(t) (u(x, t))m dxdt → 0 as ε ↓ 0.

Therefore
∫
D

θ̃ dvτ ≥ 0, showing that dvτ ≥ 0.
We also have that ∫

D

dvτ < ∞ (5.1.5)

which can be readily seen by taking {θ̃j }∞1 an increasing sequence inC∞
0 (D) converging

to χD .
Also, a direct computation shows that

τ → vτ is weakly continuous. (5.1.6)

Finally, to see that �vτ ≤ 0, let γ ∈ C∞
0 (R) with γ (τ) = 1 and lj ∈ C∞

0 (R) such
that l′j ≥ 0 and

lj (t) =
{

0 for t < τ,

1 for t > τ + 1/j.

Then, for θ̃ ∈ C∞
0 (D) such that θ̃ ≥ 0 we have that∫

D

�θ̃ dvτ =
∫∫

D×(τ,∞)

�θ̃(x) [ γ (t) (u(x, t))m − γ ′(t) w(x, t) ] dxdt

= lim
j→∞

∫∫
D×(τ,∞)

�θ̃(x) lj (t) [ γ (t) (u(x, t))m − γ ′(t) w(x, t) ] dxdt

= lim
j→∞

∫∫
D×(τ,∞)

[ − uθ̃ lj γ
′ − uθ̃ l′j γ + uθ̃ lj γ

′ ] dxdt ≤ 0

since l′j ≥ 0, finishing the proof of the lemma.



160 5 Weak solutions

We recall that by Potential Theory it follows: if
∫
D

dμ < ∞, μ > 0 and �μ ≤ 0,
then μ is absolutely continuous.

Step 2. Principle procedure. We begin by defining a convenient approximation of
the Green’s function. For f ∈ C∞

0 (D), let uf be the solution of the initial Dirichlet
problem for the heat equation, i.e. uf solves the equation

ut − �u = 0 in D × (0, ∞),

u(x, 0) = f (x) for x ∈ D,

u(x, t) = 0 for x ∈ ∂D, t > 0.

⎫⎪⎬
⎪⎭ (5.1.7)

The solution uf can be written as

Ht f (x) = uf (x, t) =
∫

D

Ht(x, y) f (y) dy

where the kernel Ht( ·, · ) satisfies

(i) Ht(x, y) ≥ 0 for all (x, y) ∈ D × D;

(ii) Ht(x, y) = Ht(y, x);

(iii) ∂tHt (x, y) − �xHt(x, y) = 0;

(iv) Gf (x) = Green’s function of f = ∫∞
0 uf (x, t)dt .

More precisely, if fj is the j -eigenfunction of the Laplacian, i.e.,

−�fj = λjfj in D,

fj = 0 in ∂D,

then
Ht(x, y) =

∑
e−λj tfj (x) fj (y).

We denote by Gkf the operator defined by

Gkf (x) =
∫ ∞

2−k

uf (x, t) dt (5.1.8)

and let Gk(x, y) denote the corresponding kernel, i.e.

Gk(x, y) =
∫ ∞

2−k

Ht (x, y) dt =
∫ ∞

2−k

∑
e−λj t fj (x) fj (y) dt.

Thus

(i) Gk(x, y) = Gk(y, x), Gk ∈ C∞
0 (D × D) and Gk ≥ 0;

(ii) Gk(x, y) ↑ G(x, y);
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(iii) �xGk(x, y) ≤ 0 (superharmonic).

Defining pk(x, t) = Gk u, we have

(1) pk+1 ≥ pk;

(2) ∂t pk ≤ 0 in the distribution sense.

The first inequality follows since Gk is monotonically increasing in k. To prove 2) we
pick η ∈ C∞

0 (D) with η ≥ 0 so that∫∫
∂η

∂t
pk dxdt =

∫∫
∂(Gkη)

∂t
u = −

∫∫
�(Gkη) um ≥ 0.

Next we take λ ∈ C∞
0 ([1/2, 1]) such that λ ≥ 0 and

∫
λ(t)dt = 1 and define

wk(x, t) =
∫

pk(x, t + s2−k) λ(s) ds (5.1.9)

i.e., the regularization in time with width 2−k .

Lemma 5.1.3. The functions wk are smooth and converge to w in the distribution
sense. Moreover, for k = 1, 2, . . . ,

(i) wk ≤ wk+1,

(ii) ∂twk ≤ 0,

(iii) �wk ≤ 0,

(iv) ∂twk ≤ ψ(�wk) where ψ(s) = sgn(s) |s|m.

In addition, for every τ > 0 there exists fτ ∈ L1(D), fτ ≥ 0 such that wk(x, t) ≤ Gfτ

for t > τ and for all 0 < a < b < ∞∫∫
D×(a,b)

∣∣∣∣∂wk

∂t
− ∂w

∂t

∣∣∣∣ dxdt → 0

as k → ∞.

Proof. By definition

wk(x, t) =
∫

pk(x, t + s2−k) λ(s) ds ≤
∫

pk+1(x, t + s2−k) λ(s) ds

≤
∫

pk+1(x, t + s2−(k+1)) λ(s) ds = wk+1(x, t)

because ∂t pk(x, t) ≤ 0. The proof of ∂t wk(x, t) ≤ 0 and �wk ≤ 0 are similar, and
will be omitted. With the above notation define the operator Pk for a function q defined
on � = D × (0, ∞) by

Pk q(x, t) =
∫∫

H2−k (x, y) λ(s) q(y, t + s2−k) dyds (5.1.10)
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with the notation wk = Pkw, and

ψ(�wk) − ∂wk

∂t
= Pku

m − (Pku)m ≥ 0

by the fact that Pk is given by a non-negative kernel with total integral less or equal
than 1 and Jensen’s inequality. Notice that

∂(Pkq)

∂t
= Pk

∂q

∂t

and if q|∂D×(0,∞) ≡ 0 then
�(Pkq) = Pk �q.

Since ∂twk − ∂tw = um − Pku
m and H2−k is an approximation of the unity it follows

that ∫∫
D×(a,b)

∣∣∣∣∂wk

∂t
− ∂w

∂t

∣∣∣∣ dxdt → 0 as k ↑ ∞.

Since Pk(x, t) = ∫
Gk(x, y)u(y, t)dy is a decreasing function of t , and the support of

λ is contained in [1/2, 1] it follows that if t > τ > 0 then

wk(x, t) =
∫

Pk(x, t + 2−ks)λ(s) ds ≤ Gkfτ ≤ Gfτ

where fτ (x) = 2
τ

∫ τ

τ/2 u(x, s) ds ( since p(x, t + s2−k) ≤ Pk(x, r) for r ∈ (τ/2, τ ) ).

From the above lemma it follows that the limit limk→∞ wk(x, t) exists for all
(x, t) ∈ � (it may be ≡ +∞). Hence, from now on we redefine w to be equal to this
limit.

Lemma 5.1.4. For every τ > 0 the trace vτ satisfies dvτ = w(x, τ)dx, and w(x, τ) =
Gμτ (x), where μτ is a non-negative measure with finite mass (i.e

∫
D

dμτ < ∞).
Moreover

lim
t↓τ

w(x, t) = w(x, τ).

Proof. Pick τ > 0, θ ∈ C∞
0 (D) and γ ∈ C∞

0 (R) with γ (τ) = 1. Then by definition

∫
D

θ(x) wk(x, τ ) dx = −
∫∫

D×(τ,∞)

θ(x)

[
γ (t)

∂wk

∂t
+ γ ′(t)wk

]
dxdt.

By Lemma 5.1.3, ∂twk → ∂tw in L1(D × supp(γ )) and wk ↑ w as k → ∞ which
shows that dvτ = w(x, τ) dx. Therefore w(x, t) is the increasing limit of superhar-
monic functions 
≡ +∞ (because w(x, τ) ≤ Gfτ with 0 ≤ fτ ∈ L1(D)).

We recall the following well-known result: A super-harmonic function is a Green’s
potential in D if and only if the largest minorant is identically zero.
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Since w(x, τ) is bounded by a potential it follows that

w(x, t) = Gμτ

for some non-negative measure μτ . To see that μτ has finite mass we notice that if
hj = Gσj , σj ≥ 0, is an increasing sequence of Green’s potentials with σj ( · ) having
compact support in D and limj→∞ hj (x) = 1 for any x ∈ D, then∫

hjdμτ ≡
∫

w(x, τ)dσj ≤
∫

Gfτdσj =
∫

hjfτ dx ≤
∫

fτdx.

Letting j → ∞ we obtain that
∫

dμτ < ∞.

We remark that if {Dj } is a sequence of domains such that Dj ⊂⊂ Dj+1 and⋃
Dj = D, then hj can be defined such that hj = 1 in Dj , hj = 0 on ∂D, and

�hj ≥ 0 in D. Also notice that since wk are decreasing in t so is w. Therefore
hτ (x) = limt↓τ w(x, t) exists for all x ∈ D and is superharmonic.

Now pick η ∈ C∞
0 (Rn) such that η ≥ 0 and

∫
η(x) dx = 1. For ξ ∈ R

n and ε > 0
define ηξ,ε(x) = ε−nη ((ξ − x)/ε). Thus, for any ξ ∈ D and any ε ≤ dist(ξ, ∂D)/2,
we have ∫

D

ηξ,ε(x)w(x, τ ) dx =
∫

D

ηξ,ε(x)hτ (x) dx

for all ξ ∈ D, by the weak continuity in t of w(x, t). Taking limit when ε tends to
zero we obtain that w(x, τ) = hτ (x) a.e. But both are superharmonic and hence every
point is a Lebesgue point. Therefore w(x, τ) ≡ hτ (x), which completes the proof of
Lemma 5.1.4

Step 3. Proof of Theorem 5.1.1. Let H0(D) = clos
{
θ ∈ C∞

0 (D) : ∫
D

|∇θ |2 dx < ∞}
.

If μ is a measure on D we have that

Gμ ∈ H0(D) if and only if E(μ) =
∫

D

G(μ)dμ < ∞.

Moreover
‖Gμ‖2

H 0(D)
= E(μ).

Roughly speaking, if θ = Gμ∫
D

|∇θ |2 dx = −
∫

θ�θdx =
∫

G(μ)dμ.

Lemma 5.1.5. Let μ, μ1, μ2, . . . be a sequence of non-negative measures in D such
that

(i) G(μj ) ≤ G(μj+1) ≤ G(μ),

(ii) E(μ) < ∞.
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Assume that limj→∞ G(μj ) = G(μ) for any x ∈ D. Then E(μj ) ↑ E(μ) and

‖Gμj − Gμ‖L2 → 0

as j → ∞.

Proof. By hypothesis

E(μj ) =
∫

Gμj dμj ≤
∫

Gμj+1 dμj

=
∫

Gμj dμj+1 ≤
∫

Gμj+1 dμj+1 = E(μj+1).

Thus E(μj ) ≤ E(μj+1). If j > k then

E(μj ) ≥
∫

Gμk dμj =
∫

Gμj dμk.

Thus by the Monotone Convergence Theorem

lim
j→∞ E(μj ) ≥

∫
Gμ dμk =

∫
Gμk dμ.

Using again the Monotone Convergence Theorem we obtain that

lim
j→∞ E(μj ) = E(μ).

To complete the proof of the lemma observe that

‖Gμj − Gμ‖2
L2 = E(μj ) + E(μ) − 2

∫
Gμjdμ → 0

as j → ∞.

Now, let us get back to the proof of Theorem 5.1.1. For τ > 0 we define u∗
k,τ as the

strong solution of the IDP (5.1.1) in D× (τ, ∞) that satisfies u∗
k,τ = 0 on ∂D× (τ, ∞)

and u∗
k,τ = uk,τ for x ∈ D where uk(x, τ ) = −�wk(x, τ ) ≥ 0.

Set w∗
k,τ = Gu∗

k,τ . Since by previous result w∗
k is decreasing in t it follows that for

(x, t) ∈ D × (τ, ∞)

w∗
k,τ (x, t) ≤ w∗

k,τ (x, τ ) = wk,τ (x, τ ) = wk(x, τ ).

We recall that wk is smooth and solves the inequality ∂twk ≤ ψ(�wk) and ∂tw
∗
k,τ =

ψ(�w∗
k,τ ) (by definition) where ψ(s) = sgn(s) |s|m. Thus by the maximum principle

we have that
wk ≤ w∗

k,τ in D × (τ, ∞). (5.1.11)

Letting α(x, t) be the extremal (exceptional) solution of the porous medium equation
described in Section 4.2 of Chapter 3 it follows that

u∗
k,τ (x, t) ≤ α(x, t − τ) for (x, t) ∈ D × (τ, ∞).
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Thus the family {u∗
k,τ } is uniformly bounded and hence equicontinuous on D ×[0, ∞)

for every a > τ . Then a subsequence will converge uniformly to a strong solution u∗
τ

of the porous medium equation in D × [0, ∞) for each a > τ > 0.
Again by the maximum principle, {w∗

k,τ } is a monotonically increasing sequence
of functions. Therefore the following limit exists

lim
k→∞ w∗

k,τ = Gμ∗
τ = w∗

τ .

In particular, by (5.1.11) we obtain that

w(x, t) ≤ w∗
τ (x, t) for (x, t) ∈ D × (τ, ∞).

Letting M(t) = sup{w(x, t) : x ∈ D} and observing that the τ above was arbitrary
we see that M(t) < ∞ for all t > 0 and w∗

τ (x, t) ≤ M(t) for t > τ . We claim that

lim
t↓τ

‖w( ·, t) − w( ·, τ )‖H0(D) = 0 for all τ > 0, (5.1.12)

in other words that w( ·, t) is continuous in the H0-norm. Indeed, for all τ > 0 we
have

lim
t↓τ

‖w( ·, t) − w( ·, τ )‖ = lim
t↓τ

‖w∗
τ ( ·, t) − w( ·, τ )‖

= lim
k→∞ ‖wk( ·, τ ) − w( ·, τ )‖ = 0

which proves the claim.
Now let ek(t) = ‖wk( ·, t)‖2

H0
. Since wk is smooth we have

dek(t)

dt
= − d

dt

∫
D

wk(x, t) �wk(x, t) dx = −2
∫

D

∂wk

∂t
�wk dx.

But �wk = −Pku and ∂twk = −Pku
m, where Pk is the approximation of the identity

defined in (5.1.10). Thus for 0 < τ < T , we have

2
∫∫

D×(τ,T )

Pku Pku
m dx ≡ ek(τ ) − ek(T ) ≤ C(τ, T ).

Since Pku and Pku
m converge pointwise a.e. to u and um respectively, by Fatou’s

Lemma we obtain that ∫∫
D×(τ,T )

um+1 dxdt < ∞

and hence ∫∫
D×(τ,T )

(
|Pku − u|m+1 + ∣∣Pku

m − um
∣∣m+1

m

)
dxdt → 0
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as k → ∞. Differentiating the energy of wk( ·, t)−w∗
τ ( ·, t) we see that for 0 < τ < T

that

‖wk( ·, τ ) − w∗
τ ( ·, τ )‖2

= ‖wk( ·, T ) − w∗
τ ( ·, T )‖2 +

∫∫
D×(τ,T )

(
Pku − u∗

τ

) (
Pku

m − (u∗
τ )m

)
dxdt.

Letting k → ∞ we obtain that

‖w( ·, T ) − w∗
τ ( ·, T )‖2 +

∫∫
D×(τ,T )

(u − u∗
τ )
(
um − (u∗

τ )m
)
dxdt = 0.

Hence u = u∗
τ a.e. in D × (τ, ∞) which yields Theorem 5.1.1.

5.2 Weak solutions of the porous medium equation

In this section we shall study the local regularity of weak solutions of the porous medium
equation. More precisely, let � ⊆ R

n × R be an open set and let u ∈ Lm
loc(�) with

m > 1 and n ≥ 0, be a weak solution of the porous medium equation ∂u/∂t = �um,
m > 1, in �, i.e.

∂u

∂t
= �um in D′(�) (i.e. in the distribution sense). (5.2.1)

Our main goal in this section is to show the following regularity result [47].

Theorem 5.2.1. Suppose u ≥ 0 is a weak solution of the porous medium equation in
the domain �. Then there exists a continuous weak solution of u∗ of (5.2.1) such that
u = u∗ a.e. in �.

Remark. As it was pointed out in the introduction, u need not be more smooth than
Hölder continuous. Furthermore by the result of E. DiBenedetto and A. Friedman [67]
each continuous solution is Hölder continuous.

We divide the proof in three steps. First we prove that if �0 = D × (a, b) ⊂⊂ �

with ∂D smooth then u has a trace on ∂p�0 (parabolic boundary of �0). Next we find
u∗ which is a continuous weak solution of the porous medium equation in �0 with
the same trace as u. Finally we show that u = u∗ a.e. in �0. For the convenience of
the reader we shall first outline the proofs of the three steps and in the sequel we shall
provide the details.

Step 1. Existence of trace on the parabolic boundary of �0. First we consider the
bottom of �0. We shall prove that for each τ ∈ I there exists a unique finite non-
negative measure vτ on D with

sup
τ∈I

∫
D

dvτ < ∞
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such that vτ is the trace of u at t = τ in the sense that∫∫
�0∩{t>τ }

(
um �η + u

∂η

∂t

)
dxdt = −

∫
D

η(x, τ ) dvτ

for any η ∈ A ≡ C∞
0 (�0).

To establish this result we first show that the expression∫∫
�0∩{t>τ }

(
um�η + u

∂η

∂t

)
dxdt

depends only of the values of η at t = τ and is non-positive. Also we shall prove that
vτ is weakly continuous in τ .

Next we find the trace on the lateral side of �0. Thus we shall have that there exists
a unique non-negative measure μ on S = ∂D × (a, b) such that∫∫

�0

(
um�η + u

∂η

∂t

)
dxdt = −

∫∫
S

∂η

∂t
dμ

for all η ∈ B = C∞
0

(
� ∩ {(x, t) : a < t < b} ) such that η(x, t) = 0 whenever

x ∈ ∂D. Moreover μ is weakly continuous with respect to ∂D.

Step 2. A priori estimate for continuous weak solutions. Let u∗ ≥ 0 be a solution in
C(D × [0, T ]) of

∂tu = �um in D × (0, T ),

u(x, 0) = f (x) x ∈ D,

um = g on ∂D × [0, T ].
We shall prove the following a priori estimate for u∗. If∫

δ(x) f (x) dx < L (δ(x) = dist(x, ∂D))

and ∫
∂D

∫ T

0
g dtdσx < L

then ∫∫
�

(u∗)m dxdt ≤ C(L)

and

sup
t∈I

∫
D

δ(x) u∗(x, t) dx ≤ C(L).

Step 3. Equality u = u∗ a.e. in �0. Here we shall use Potential Theory. Define

w(x, t) =
∫

D

G(x, y) dvt
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i.e., the Green’s potential of vt , and introduce the harmonic function

h(x, t) =
∫

∂D

∫ t

a

∂G

∂ηξ

(ξ, X) dμ(ξ)

with
∂G

∂ηξ

(ξ, X)|ξ∈∂D ≡ Poisson’s kernel.

Notice that

(i) �h = 0

(ii)
∫
D

h(x, t) dx ≤ C by Fubini’s theorem

(iii) h ≥ 0.

Thus we can use Harnack’s principle to show that

sup
K×[a,b]

h < ∞ for K ⊂⊂ D.

Now define q = w − h so that
∂q

∂t
+ um = 0 (5.2.2)

and
�q = −u

in the distribution sense. Also by adding a constant we can assume that in a compact
set q > 0, i.e., there exists M = M(K) such that Q = q + M > 0 in K × [a, b].

Now using Moser iteration it follows that Q is bounded in K × [a, b]. Therefore
w is bounded, since w − h ≡ q.

Also by integrating (5.2.2) it follows that
∫ t

a
um(x, s) ds is bounded in �0. Hence

w(x, t) = Gva(x) −
∫ t

a

um(x, s) ds + h(x, t).

Using the above identity we shall show that

u ∈ Lm+1
loc (�) (5.2.3)

using the following lemma.

Lemma 5.2.2. Let w be a smooth function defined in a neighborhood of �0 such that

(i) ∂w/∂t ≤ 0,

(ii) �w ≤ 0,

(iii)
∫
D

|�w(x, t)| dx < M for each t ∈ [a, b],
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(iv) |w| ≤ M .

Then for any K ⊂⊂ D there exists C = C(K, �0) such that∫∫
K×(a,b)

∂w

∂t
�w dxdt < C M2.

Applying this lemma to Gva(x)−∫ t

a
um(x, s)ds we obtain (5.2.3). Once the (5.2.3)

has been established we use energy methods (as in the previous section) to complete
the proof of the theorem. We proceed now to the detailed proof of the theorem.

Proof of Theorem 5.2.1. Step 1. We have u ∈ Lm
loc(�), u ≥ 0 such that ∂tu = �um in

D′(�). Let �0 = D × [a, b] ⊂⊂ � with ∂D smooth.

Lemma 5.2.3. For any τ ∈ I = (a, b) there exists a unique non-negative measure vτ

on D such that∫∫
�0∩{t>τ }

(
um�η + u

∂η

∂t

)
dxdt +

∫
D

η(x, τ ) dvτ = 0

for any η ∈ A = C∞
0 (�0) with

sup
τ∈I

∫
D

dvτ < ∞.

Proof. For each τ ∈ I and each η ∈ A we define the functional

	τ(η) =
∫∫

�0×{t>τ }

(
um �η + ∂η

∂t

)
dxdt.

Claim. If η1, η2 ∈ A with η1 ≡ η2 at t ≡ τ then 	t(η1) = 	t(η2).
Indeed, let

η(x, t) =
{

η1 − η2 for t > τ,

0 otherwise.

Pick ψ ∈ C∞
0 (R) with

∫
ψ = 1 and supp ψ ⊆ R

+. Define ηε(x, t) = ∫
η(x, t −

εs) ψ(s) ds. Notice that ηε(x, t) = 0 for t ≤ τ , ηε ∈ A, and 	t(ηε) ≡ 0. Since
∂η/∂t ∈ L∞ and ∂ηε/∂t → ∂η/∂t a.e. we obtain that 	t(η) = 0 which proves the
claim.

Now for γ ∈ C∞
0 (D) we define the distribution λτ ( · ) as λτ (γ ) = 	τ(η) for η ∈ A

such that η(x, τ ) = γ (x).

Claim. The distribution λτ is given by a non-positive measure.
Indeed, pick ψ ∈ C∞

0 (R) with ψ(0) = 1 and ψ ′(s) ≥ 0 for s ≤ 0. For ε > 0
define ψε(s) = ψ(s/ε) and ηε(x, t) = ψε(x − τ)γ (x). Thus by definition of 	τ( · )
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and the weak solution

λτ (γ ) =
∫∫

�0×{t≤τ }

(
um �γ (x) ψε(t − τ) + u γ (x)

∂ψε

∂t
(t − τ)

)
dxdt

≤ −
∫∫

�0×{t≤τ }
um �γ (x) ψε(t − τ) dxdt → 0 as ε ↓ 0

which proves the claim and finishes the proof of the lemma.

Next we are concerned with the lateral side, as our next lemma shows.

Lemma 5.2.4. Let I and D be defined as above. Then there exists a unique bounded
and non-negative measure μ on S = ∂D × I such that∫∫

�0

(
um�η + u

∂η

∂t

)
dxdt +

∫∫
S

∂η

∂n
dμ = 0

for any η ∈ B := C∞
0

(
� ∩ {(x, t) : a < t < b}) such that η(x, t) ≡ 0 whenever

x ∈ ∂D.

Proof. For η ∈ β we define the functional

	(η) =
∫∫

�0

(
um�η + u

∂η

∂t

)
dxdt.

Claim. If η ∈ B and ∂η
∂n

|S = 0 then 	(η) ≡ 0.

Indeed, pick ψ ∈ C∞
0 (Rn), with ψ ≥ 0 and

∫
ψ = 1. For each η ∈ B define

ηε(x, t) = ε−n

∫
D

η(ξ, t)ψ

(
x − ξ

ε

)
dξ.

Notice that ηε ∈ C∞
0 (�) for ε sufficiently small. Thus,

�ηε(x, t) = ε−n

∫
D

�η(ξ, t) ψ

(
x − ξ

ε

)
dξ

and since u is a weak solution

	(η) = lim
ε→0

∫∫
�0

(
um�ηε + u

∂ηε

∂t

)
dxdt = 0

which proves the claim.
Now for γ ∈ C∞

0 (S) (S = ∂D × (a, b) = ∂D × I ) we define

λ(γ ) = 	(η)

by picking an η ∈ B such that ∂η
∂n

= γ . By the above claim λ( · ) is well defined.
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Claim. λ(γ ) ≤ 0 whenever γ ≥ 0.

Indeed, for η ∈ B define

η̃ =
{

η in �0,

0 otherwise,

so that if γ = ∂η
∂n

≥ 0 then for any θ ∈ C∞
0 (D), with θ ≥ 0∫

D

�η̃ θ =
∫

D

η̃�θ =
∫

D

η �θ

= −
∫

∂D

η
∂θ

∂n
+
∫

∂D

∂η

∂n
θ +

∫
D

�η θ ≥
∫

D

�η θ.

Therefore
�η̃ ≥ χ�0�η.

Consequently

λ(γ ) =
∫∫

�0

(
um�ηε + u

∂ηε

∂t

)
dxdt ≤

∫∫
�0

(
um�η̃ + u

∂η̃

∂t

)
dxdt

= lim
ε→0

∫∫
�0

(
um�η̃ε + u

∂η̃ε

∂t

)
dxdt = 0

which proves the claim.

Lemma 5.2.5. Let ψ ∈ C(�0) such that supp ψ ⊂⊂ �0. Then∫
D

ψ(x, τ )dvτ

is a continuous function of τ and∫ b

a

(∫
D

ψ(x, τ ) dvτ

)
dτ =

∫∫
�0

u ψ dxdτ.

Proof. By an approximation argument it suffices to prove the lemma for ψ ∈ C∞
0 (�0).

By definition we have that∫
D

ψ(x, τ )dvτ =
∫

�∩{t>τ }

(
um�ψ + u

∂ψ

∂t

)
dxdt.

Thus the continuity follows immediately. Also∫ b

a

(∫
D

ψ(x, τ )dvτ

)
dτ =

∫ {∫∫
�∩{t>τ }

(
um�ψ + u

∂ψ

∂t

)
dxdt

}
dτ.

By defining q(x, t) ≡ (t − a)ψ(x, t) and changing the order of integration the above
expression is equal to∫∫

u ψ dxdt −
∫∫ (

um�q + u
∂q

∂t

)
dxdt =

∫∫
u ψ dxdτ

which completes the proof of Lemma 5.2.5.
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We shall now give our most general trace result.

Lemma 5.2.6. Let μ, vτ be defined as above. Let ψ ∈ C∞
0 (�) such that ψ ≡ 0 on

S = ∂D × [a, b]. Then∫
D

ψ(x, b) dvb =
∫

D

ψ(x, a)dva

+
∫∫

�0

(
um�ψ + u

∂ψ

∂t

)
dxdt +

∫∫
S

∂ψ

∂n
dμ.

(5.2.4)

Proof. Pick ηk ∈ C∞
0 (R) with 0 ≤ ηk ≤ 1 and with support in (a, b) such that

η′
kdt → dδa − dδb weakly (where δc is the Dirac measure at c). We may also assume

that

lim
k→∞ ηk =

{
1 t ∈ [a, b],
0 otherwise.

Using q = ηkψ as a test function in the class B defined previously, it follows from
Lemma 5.2.4 that∫∫

�0

(
um ηk �ψ + u ηk

∂ψ

∂t

)
dxdt +

∫∫
S

ηk

∂ψ

∂n
dμ

= −
∫∫

�0

u η′
k ψ dxdt.

Letting k → ∞ and using the continuity result in Lemma 5.2.5 we obtain (5.2.4).

Step 2. As before D ⊆ R
n open bounded set with ∂D smooth I = (0, T ) and

D × I = �0 ⊂⊂ �. Let u ∈ Lm
loc(�), u ≥ 0 be a solution of the IDP

∂u

∂t
= �um in D′(�),

u(x, 0) = f (x) x ∈ D,

um = g on ∂D × [0, T ].

⎫⎪⎪⎬
⎪⎪⎭ (5.2.5)

Proposition 5.2.7. Assume that u ∈ C(�) solve (5.2.5), and that∫
D

δ(x) f (x) dx < L (δ(x) = dist(x, ∂D))

and ∫∫
S

g(x) dσx dt < L (S = ∂D × (0, T )).

Then ∫∫
�

umdxdt < C(L) (5.2.6)

and

sup
t∈I

∫
D

δ(x) u(x, t) dx < C(L). (5.2.7)
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Proof. Define η as the Green’s potential of −1, i.e.

�η = −1 in D,

η = 0 on ∂D.

We may recall that by properties of the Green’s function it follows that

C1 δ(x) ≤ η(x) ≤ C2 δ(x) for all x ∈ D.

By the Green’s formula

d

dt

∫
D

u(x, t) η(x) dx =
∫

D

�um η dx

= −
∫

D

um dx +
∫

∂D

(u(x, t))m
∂η

∂n
dσ(x).

(5.2.8)

Hence for t ∈ I∫
D

η(x) u(x, t) dx ≤
∫

D

η(x) f (x) dx +
∫

∂D

∫ t

0
g

∂η

∂n
dσdt

which proves (5.2.7). Using (5.2.7), the estimate (5.2.6) follows by integrating (5.2.8)
in t from 0 to T .

Step 3. We begin by proving Lemma 5.2.2 stated above.

Proof of Lemma 5.2.2. Without loss of generality we can assume that w ≥ 0 and
M = 1.

First we prove the lemma for w ∈ C∞(�0) such that w|∂D×(a,b) = 0. Thus

d

dt

∫
D

w �w =
∫

D

∂w

∂t
�w +

∫
D

w
∂�w

∂t
= 2

∫
D

∂w

∂t
�w

and ∫
D

w(x, b) �w(x, b) dx −
∫

D

w(x, a) �w(x, a) dx

= 2
∫ b

a

∫
D

∂w

∂t
�w ≤ C

which proves the desired result.

Now we consider a general w ∈ C∞(�0) which satisfies the hypothesis of our
lemma. We claim that there exists p > 1 such that:

if K̃ ⊂⊂ D then

(∫
K̃

|∇w|p dx

)1/p

≤ C. (5.2.9)
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To see the claim, let K̃ ⊂⊂ D̃ ⊂⊂ D with ∂D̃ smooth. We can write w restricted to D̃

in the following form:

w = Poisson’s integral of w|
∂D̃

+ Green’s potential of �w
D̃

≡ u + v.

Since u is harmonic we have that

‖∇u‖
L∞(K̃)

≤ C(K̃) ‖u‖
L∞(D̃)

≤ C1(K̃).

Also using that ∣∣∇xG
D̃

(x, y)
∣∣ ≤ C

|x − y|n−1

it follows that

|∇v(x)| ≤ C

∫
D̃

|�w(y)| 1

|x − y|n−1 dy.

But the operator L : L1(D̃) → L
p0
weak(R

n) defined as

f → f ∗ 1

|x|n−1

is continuous for p0 = n
n−1 . Therefore taking p < p0, and using the compactness of

the domain we complete the proof of the claim.

Now going back to the proof of the lemma, we define Dτ , τ ∈ [0, 1], a one parameter
family of domains such that

(i) K ⊂⊂ Dτ for all τ ∈ [0, 1],
(ii) ∂Dτ is smooth,

(iii) Dτ ⊂⊂ Dτ ′ if τ < τ ′,

(iv) D1 = D̃.

For each τ ∈ [0, 1] we introduce the function wτ where wτ = w in Dτ and wτ

harmonic in D − Dτ with boundary values 0 on ∂D̃ and w on ∂Dτ . Thus

(i) 0 ≤ wτ ≤ 1 (maximum principle),

(ii) ∂wτ

∂t
≤ 0 (hypothesis),

(iii) wτ is continuous on D̃ and in τ on [0,1],

(iv) wτ is superharmonic (note that wτ ≤ w).

Since wτ |∂D̃
= 0 we can apply the result proven above if we prove the estimate

sup
(a,b)

∫
D̃

|�wτ (x, t)| dx < M.
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But from the above estimate∫∫
K×(a,b)

∂w

∂t
�w dxdt ≤

∫∫
D̃×(a,b)

∂wτ

∂t
�wτ dx dt ≤ C

∫
D

|�wτ (x, a)| dx.

Therefore ∫∫
K×(a,b)

∂w

∂t
�w dxdt ≤ C

∫ 3/4

1/2

∫
D

|�wτ (x, a)| dx dt.

Let us estimate �wτ . Since

�wτ = (�w) χDτ +
(

∂w

∂n
− ∂wτ

∂n

)
dσ∂Dτ

we only have to bound∫ 3/4

1/2

∫
∂Dτ

(∣∣∣∣∂w

∂n

∣∣∣∣ +
∣∣∣∣∂wτ

∂n

∣∣∣∣
)

dσ∂Dτ dτ

≤ C

∫
D3/4\D1/2

|∇w| dx + C

∫ 3/4

1/2

(∫
∂Dτ

∣∣∣∣∂wτ

∂n

∣∣∣∣
p

dσ

)1/p

dτ

= I + II.

The integral I can be estimated by using (5.2.9). For II we combine the regularity
result that allows us to estimate the norm of the normal derivative in terms of tangential
derivatives together with Hölder’s inequality to obtain

II ≤
∫ 3/4

1/2

(∫
∂Dτ

|∇T wτ |p dx

)1/p

dτ ≤ C

(∫∫
D3/4\D1/2

|∇w|p
)1/p

≤ C

by (5.2.9).

Next we shall show that w(x, t) = ∫
D

G(x, y) dvt (where vt is the trace of u given
by Lemma 5.2.3) is locally bounded. For this purpose we shall use a variant of the
Moser [109] iteration technique introduced in [45]. We begin by establishing a useful
consequence of the classical Sobolev inequality.

Lemma 5.2.8. Let F be a non-negative smooth function in �0 = D × (a, b). Suppose
that m > 1 and K ⊂⊂ D are given. Then there exist constants k > 1 and θ > 0 such
that if H ≥ 0 and �F ≥ −H then

∫∫
K×[a,b]

Fkm ≤ C

{∫∫
�0

Hm dxdt · sup
t∈[a,b]

(∫
D

F(x, t) dx

)m(k−1)

+ dist(K, ∂D)−θ · sup
t∈[a,b]

(∫
D

F(x, t)dx

)mk }
.
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Proof. Let

p =
{

n
n−2m

if n > 2m,

2 otherwise,

and set q = p
p−1 . For k > 1 and t ∈ [a, b] it follows, from Hölder’s inequality, that

∫
K

Fkm(x, t)dx ≤
(∫

K

Fpm(x, t) dx

)1/p (∫
K

F (k−1)qm(x, t) dx

)1/q

.

Next, we choose k such that (k − 1)qm = 1. Let GH(x, t) be the Green’s potential
of H , i.e.

GH(x, t) =
∫

D

G(x, y) H(y, t) dy

and define f = max(F − GH, 0). Then

(i) f ≥ 0,

(ii) f ≤ F ,

(iii) f is superharmonic (F − GH , and 0 are superharmonic),

(iv) F ≤ f + GH .

By fractional integration

(∫
K

(GH)pm(x, t) dx

)1/p

≤ C

∫
D

Hm(x, t) dx.

Since f is subharmonic in x

f (ξ) ≤ C dist(K, ∂D)−n

∫
D

f dx.

Therefore (∫
K

f pm

)1/p

≤ C (dist K, ∂D)−nm

(∫
D

F

)m

.

Adding these estimates and integrating in t completes the proof of the proposition.

We recall that w(x, t) = GDu(x, t). Thus by the results proved in Step 1, for any
η ∈ C∞

0 (�0) we have∫∫
�0

∂η

∂t
w dxdt =

∫
�0

∂(Gη)

∂t
u dxdt

= −
∫∫

�0

η um dxdt +
∫∫

∂D×[a,b]
∂(Gη)

∂n
dμ.
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which can be written as∫∫
�0

(
∂η

∂t
w + η um

)
dxdt =

∫∫
∂D×[a,b]

∂(Gη)

∂n
dμ.

Defining the harmonic function h as

h(x, t) =
∫∫

∂D×[a,b]
∂G

∂n
(ξ, x) dμ(ξ)

we have

(i) �h = 0,

(ii)
∫
D

h(x, t)dx ≤ C,

(iii) h ≥ 0.

Therefore using Harnack’s inequality for harmonic functions, we have the pointwise
bound

h ≤ C(K) for any K ⊂⊂ D.

Define now q ≡ w − h so that �q = −u in D′(D) and ∂q/∂t + um = 0 in D′(�0).
Also, by the above it follows that supK×[a,b]h < ∞.

Next, x0 ∈ D and set Bρ = {x : |x − x0| < ρ}. Assume that Bρ ⊂⊂ D, a < T <

τ < b, and set
S = Bρ × (τ, b], R = Bρ × (T , b].

Fix M so large such that

Q = q + M ≥ 0 in Bρ × [a, b]. (5.2.10)

Lemma 5.2.9. Suppose P is a smooth and convex function with a bounded derivative
P ′ = p ∈ L∞([0, ∞)). Also suppose that P(0) = p(0) = 0. Define Z by

Z(t) =
∫ t

0
(p(s))1/s ds.

Then

sup
s∈[τ,b]

∫
Bρ

P (Q(x, s)) dx +
∫∫

S

[max(−�Z(Q), 0)]m dxdt

≤ C

(τ − T )

∫∫
R

P (Q)dxdt.

Proof. From the hypothesis we have that P and p are non-negative and non-decreasing.
Fix 0 < r < ρ and pick η ∈ C∞(Rn+1) such that 0 ≤ η ≤ 1, η ≡ 1 in Br ×[τ, ∞)

and η ≡ 0 if x ∈ R
n \ Bρ or t < T . We may also choose η so that∣∣∣∣∂η

∂t

∣∣∣∣ ≤ C

(τ − T )
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where C = C(n).
For s ∈ [τ, b] set S′ = Br × (τ, s], R′ = Bρ × (T , s]. Since ∂Q/∂t + um = 0 we

have by multiplying by P(Q)η2 and integrating over R′
∫∫

R′
p(Q) η2 ∂Q

∂t
dxdt +

∫∫
R′

p(Q) η2 um dxdt = 0.

Integration by parts shows that∫
Bρ

P (Q(x, s))η2 dx +
∫∫

R′
p(Q) η2 um dxdt = 2

∫∫
R′

P(Q)η
∂η

∂t
dxdt

and hence we can conclude that

sup
s∈[τ,b]

∫
Bρ

P (Q(x, s))ds +
∫∫

S

p(Q)um dxdt

≤ C

(τ − T )

∫∫
R

P (Q) dxdt.

Assuming that �Z(Q) ≥ −(p(Q))1/mu, we finish the proof of the lemma. To prove
that �Z(Q) ≥ −(p(Q))1/mu, we compute

�Z(Q) = div(∇Z(Q)) = div((p(Q))1/m · ∇Q)

= (p(Q))1/m�Q + 1

m
(P (Q))1/m−1 p′(Q) |∇Q|2 .

Since �Q = −u, and the last term above is non-negative the proof is completed.

As a consequence we have:

Lemma 5.2.10. Let α ≥ 0 and set β = (α + m)/m. Then

(α + 1)m−1 sup
τ<s<b

∫
Bρ

Qα+1(x, s) ds +
∫∫

S

(
max(−�Qβ, 0)

)m
dxdt

≤ C(α + 1)m−1

τ − T

∫∫
R

Qα+1 dxdt.

Proof. For L > 0 let p be defined by

p(s) =
{

(α + 1)sα 0 ≤ s ≤ L,

(α + 1)Lα otherwise.

Using Lemma 5.2.9 with P(s) = ∫ s

0 p(t) dt and then letting L → ∞ yields the lemma.

We can now prove the boundedness of w.
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Lemma 5.2.11. Let T ∈ (a, b) and ρ > 0 such that

B3ρ = {x : |x − x0| < 3ρ} ⊆ D

with D × (a, b) = �0 ⊂⊂ �. Then w = Gu is bounded in R = Bρ × [T , b].
Proof. Choose M so large in (5.2.10) such that Q ≥ 1 in B3ρ ×[a, b]. For j = 0, 1, . . .

define α0 = 0 and αj+1 = k(αj + m) − 1 where k is defined in Lemma 5.2.8. Set

βj = αj +m

m
, ρj = p

j+2
j+1 , Tj = a+jT

1+j
, Bj = Bρj

, Ij = (Tj , b], Rj = Bj × Ij and

Aj =
(∫∫

Rj

Q
αj +1
j dxdt

)1/(αj +1)

.

Since u ∈ Lm
loc(�) we have that A0 < ∞. Setting

Ej = sup
s∈Ij

∫
Bj

Qαj +1

we have by combining lemmas 5.2.8 and 5.2.10 that

A
αj+1+1
j+1 ≡

∫∫
Rj+1

Qαj+1+1 =
∫∫

Rj+1

Qkβj m

≤ C
{
(αj + 1)m−1 · A

αj+1+1
j · E

(αj +m)(k−1)/(αj +1)

j · (j + 1)2

+ (j + 1)θ · E
(αj +m)k/(αj +1)

j

}
.

Observe that (j + 1)θ ≤ C (αj + 1)m−1, so using Lemma 5.2.9 once again we obtain
that

A
αj+1+1
j+1 ≤ C (αj + 1)m−1(Ak(αj +m)−m+1

j + A
k(αj +m)

j

)
(j + 1)2.

Since Q ≥ 1 in B3ρ × [a, b]

Aj+1 ≤ (
C (αj + 1)m−1)1/(αj+1+1) · Aj(j + 1)2/(αj+1+1)

which easily gives that
A∞ = ‖Q‖L∞(R) ≤ C A0

and the lemma is proved.

Lemma 5.2.12. For any I = (a, b) and D such that D × I = �0 ⊂⊂ �, w(x, t) and∫ t

a
um(x, s) ds are bounded in �0. Furthermore if (x, t) ∈ �0

w(x, t) = Gva(x) −
∫ t

a

um(x, s) ds + h(x, t). (5.2.11)

where �h = 0 and h is bounded in �0.
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Proof. Define

h(x, t) =
∫∫

∂D×[a,t]
∂G

∂n
(x, ξ)dμ(ξ)

and observe that the relation (5.2.11) follows from the equations ∂q/∂t +um = 0 with
q = w − h. Since

sup
t∈I

∫
D

h(x, t) dx < ∞
by Harnack’s inequality

h(x, t) ≤ C for any (x, t) ∈ K × I with K ⊂⊂ D.

From Lemma 5.2.10 it follows that

sup
(x,t)∈K×I

∫ t

a

um(x, s) ds < ∞

which yields the lemma.

Notice that if D ⊂⊂ D̃ with ∂D̃ smooth, and G′
D̃

denotes the Green’s function of

D̃, by the maximum principle G′
D̃

≥ GD . Therefore w ≤ G′u in �0.

Next we study the regularity of w in Sobolev spaces. We recall that H 1
0 (D) denotes

the completion of C∞
0 (D) in the norm

‖η‖H 1
0

=
(∫

D

|∇η|2 dx

)1/2

.

First we observe that if D ⊆ R
n is a bounded domain such that D × (a, b) ⊂⊂ �,

then w = Gu = Gvt satisfies

w( ·, t) ∈ H 1
0 (D)

for all t ∈ [a, b]. This follows from the boundedness of w since∫
D

|∇w(x, t)|2 dx =
∫

wdvt < ∞.

where vt is the trace defined in the Step 1. For functions f ∈ H 0
1 (D) we shall use the

notation

E(f ) =
∫

D

|∇f |2 dx.

We want now to show that u ∈ Lm+1
loc (�).

Theorem 5.2.13. If u ∈ Lm
loc, m > 1, with u ≥ 0 a weak solution of the porous medium

equation
∂u

∂t
= �um

in �. Then u ∈ Lm+1
loc (�).



5.2 Weak solutions of the porous medium equation 181

Proof. Let �0 = D × (a, b) such that �0 ⊂⊂ �. Let K be a compact subset of D.
Denote by ν = va = the trace of u at t = a. Let

v(x, t) = Gν(x) −
∫ t

a

um(x, s)ds.

Pick ϕ ∈ C∞
0 (Rn+1) with ϕ(x, t) = θ(x) η(t), θ ≥ 0, η ≥ 0 and

∫
η = ∫

θ = 1. Let

λεv(x, t) =
∫∫

ϕε(ξ, τ ) v(x − ξ, t − τ) dξdτ (5.2.12)

where ϕε(ξ, τ ) = ε−1−n · ϕ(x/ε, t/ε). Thus

∂λεv

∂t
= −λεu

m ≤ 0

and

�λεv = −λεu ≤ 0.

From Lemma 5.2.2 we obtain that∫∫
K×(a,b)

∂v

∂t
�v dxdt =

∫∫
K×(a,b)

(λεu
m)(λεu) dxdt < C

where C is independent of ε. By Fatou’s Lemma we finally conclude that∫∫
K×(a,b)

um+1(x, t) dxdt < C

which is the desired result.

Let B = B(x, τ) = {x : |x| < r}. Assume that �0 = B × (a, b) ⊂⊂ �. We recall
that ∫

B

ψ(x, b) dvb =
∫

B

ψ(x, a) dva

+
∫∫

�0

{
um�ψ + u

∂ψ

∂t

}
dxdt +

∫∫
∂B×[a,b]

∂ψ

∂n
dμ

for any ψ ∈ C∞
0 (Rn+1) with ψ ≡ 0 on ∂B×R. Also we recall that vτ and μ are weakly

continuous measures, and that w = Gu (Green’s function of u in B) is bounded.

To complete the proof of Theorem 5.2.1 we need the following lemma.

Lemma 5.2.14. There exists a continuous weak solution u∗ ≥ 0 of the porous medium
equation ∂u∗/∂t = �(u∗)m in �0 = B × (a, b) such that u = u∗ a.e. in �0.
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Proof. Let ε0 be a small positive constant. For ε ∈ (0, ε0) denote Bε = B(x0, r − ε),
Gε = the Green’s function of Bε, wε = Gεuε, �0ε = Bε ×(a, b) and uε = uε(x, t) =
λεu(x, t) (where λε was defined in (5.2.12)).

Denote by u∗
ε the continuous weak solution of the porous medium equation in �0ε

with initial values

u∗
ε =

{
uε on Bε × {a},
(λεu

m))1/m on ∂Bε × [a, b].
Let δε(x) = dist(x, ∂Bε). We claim that there exists an ε0 > 0 such that for all
ε ∈ (0, ε0)

sup
t∈(a,b)

∫
Bε

δε(x)u∗
ε(x, t) dx ≤ C and

∫∫
�0ε

(u∗
ε)

m dxdt ≤ C. (5.2.13)

To prove this claim we use the weak continuity of the measure of the boundary side
respect to the radius R. For ψ ∈ C∞

0 (R) with ψ ≡ 0 on ∂B, define

ψε(x) = ψ

(
(x − x0)

r − ε
+ x0

)
.

Then ψε ≡ 0 on ∂Bε and

lim
ε↓0

∫
Bε

ψ(x)u∗
ε(x, a)dx =

∫
B

ψ(x) dva

by the weakly continuity of the measure vτ . Again by the weakly continuity

lim
ε→0

∫∫
∂Bε×(a,b)

∂ψε

∂ηε

(u∗
ε)

m dσdt ≡
∫∫

∂B×(a,b)

∂ψ

∂n
dμ

which proves the claim.
By our definition of weak solution (using the above claim) we have

−
∫∫

∂Bε×(a,b)

∂ψε

∂nε

(u∗
ε)

m =
∫

Bε

ψε(x, a)u∗
ε(x, a) dx +

∫∫
�0ε

(
(u∗

ε)
m�ψε + u∗

ε

∂ψε

∂t

)

−
∫

Bε

ψε(x, b) u∗
ε(x, b) dx.

Claim. There exists u∗ ∈ C(�0) non-negative weak solution of the porous medium
equation (no boundary value problem) such that u∗

ε → u∗ uniformly on compact
subsets of �0. Moreover,∫

B

ψ(x, b)u∗(x, b) dx

=
∫

B

ψ(x, a) dva +
∫

�0

{
(u∗)m�ψ + ∂ψ

∂t
u∗
}

dxdt +
∫∫

∂B×(a,b)

∂ψ

∂n
dμ.
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Indeed, let hε(x, t) be the solution of

�hε = 0 in �0ε ,

hε|∂Bε = λεu
m on ∂Bε × (a, b),

and let w∗
ε = Gεu

∗
ε . Then

∂wε

∂t
= ∂Gε(λεu)

∂t
= Gελε

(
∂u

∂t

)
= Gε�(λεu

m) = hε − λεu
m

and
∂w∗

ε

∂t
= Gε

∂u∗
ε

∂t
= Gε�(u∗

ε)
m = hε − (u∗

ε)
m.

Define Eε = w∗
ε − wε and

lε(t) = E(Eε( ·, t)) =
∫

Bε

|∇Eε|2 dx.

Notice that

Eε( ·, a) ≡ 0.

Therefore lε(a) = 0. Also

lε(t) =
∫

Bε

∣∣∇(w∗
ε − wε)

∣∣2 dx =
∫

Bε

(w∗
ε − wε) �(w∗

ε − wε) dx.

Thus

d

dt
lε(t) = −

∫
Bε

∂w∗
ε

∂t
�(w∗

ε − wε) −
∫

Bε

(w∗
ε − wε) �∂t (w

∗
ε − wε)

= −2
∫

Bε

∂Eε

∂t
�Eε.

Integration in time leads to

∫∫
�0ε

∂Eε

∂t
�Eε dxdt = −1

2

∫ b

a

∂lε

∂t
≤ 0 (5.2.14)

since lε(a) = 0 and lε( · ) ≥ 0.
Observe that λεu → u in Lm+1(�0) since we have already proved that u ∈

Lm+1(�0). Define Lm+1
ε ≡ ∫∫

�0ε
(u∗

ε)
(m+1)dxdt . Then Lm+1

ε is uniformly bounded
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in ε ∈ (0, ε0). To see this we compute

Lm+1
ε =

∫∫
�0ε

(u∗
ε) (u∗

ε)
m

=
∫∫

�0ε

u∗
ε (hε − ∂w∗

ε

∂t
)

=
∫∫

�0ε

u∗
ε hε +

∫∫
�0ε

�w∗
ε

∂w∗
ε

∂t

=
∫∫

�0ε

u∗
ε λεu

m +
∫∫

�0ε

u∗
ε

∂wε

∂t
+
∫∫

�0ε

�w∗
ε

∂w∗
ε

∂t

=
∫∫

u∗
ελεu

m +
∫∫ (

−�w∗
ε

∂wε

∂t
+ �w∗

ε

∂w∗
ε

∂t

)
.

Since ∫∫ (
∂w∗

ε

∂t
− ∂wε

∂t

) (
�w∗

ε − �wε

) ≤ 0

(proved above in (5.2.14)) the last expression is bounded by∫∫
u∗

ε λεu
m +

∫∫ (
−∂wε

∂t
�wε + ∂w∗

ε

∂t
�wε

)

=
∫∫

u∗
ελεu

m +
∫∫

uε

(
(u∗

ε)
m − λεu

m
)

≤
∫∫

u∗
ελεu

m +
∫∫

uε(u
∗
ε)

m.

Thus
Lm+1

ε ≤ C Lε + C Lm
ε

and therefore Lε is bounded uniformly in ε.
Thus we can assume that

(u∗
ε)

m → u∗ weakly in L(m+1)/m(�0)

and

u∗
ε → u∗ weakly in Lm+1(�0).

Now for T ∈ (a, b) we have

0 ≤ lε(T ) ≡ −2
∫∫

�0ε

∂Eε

∂t
�Eε

= 2
∫∫

�0ε

(uε − u∗
ε) (λεu

m − (u∗
ε)

m)

= 2
∫∫

λεu λεu
m − 2

∫∫
u∗

ελεu
m − 2

∫∫
uε(u

∗
ε)

m + 2
∫∫

u∗
ε (u∗

ε)
m.
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Hence letting ε → 0 we obtain

0 ≤ lε(T ) ≤ 0

from which the lemma follows.

Theorem 5.2.1 is an immediate consequence of the previous lemma.

5.3 Further results and open problems

1. The results in this chapter extend, without difficulty, to general ϕ ∈ Sa (slow
diffusion) which are in addition convex. It would be interesting to establish this for
general ϕ ∈ Sa .

2. One could ask about corresponding results for variable sign solutions with um

replaced by |u|m−1 u. In light of the counterexamples of Serrin [119], it is not clear
whether the corresponding results hold for variable sign solutions.

3. The corresponding questions can be formulated for weak solutions in a cylinder
and weak solutions respectively in the fast diffusion case with m1 < m < 1 and
mc < m < 1, as defined in Chapter 4. This is an interesting and challenging question.
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pointwise estimates, 15, 24, 58
porous medium equation, 2, 157, 166
pressure, 79

Ricci flow, 6, 94, 126

slow diffusion, 3, 58, 148
Sobolev embedding, 34
Sobolev inequality, 17, 175
solution of the IDP, 53
strong solution of the IDP, 133
sub-critical fast diffusion, 124
super-critical fast diffusion, 4, 84, 123

thin liquid film dynamics, 93
trace, 23, 58, 143, 152, 158, 172
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ultra-fast diffusion, 127
uniqueness

for strong solutions, 152
of solutions, 60
theorem, 90

Van-der-Waals interaction, 93, 127
variable coefficient porous medium

equation, 77

variable sign solution, 185
very hot spots, 131, 155

weak solution, 10, 157, 166
Widder theory, 2

Yamabe flow, 1, 124
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